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The non-linear Schrödinger equation is used to
model many physical processes. Everything
from deep water waves to Bose-Einstein
condensate. In general, the form of the NonLinear Schrödinger (NLS) equation in one
dimension is

Where σ=1 is the defocusing case and σ=-1 is
the focusing case.

We rewrite the focusing time-independent
Schrödinger equation in the Fourier transform
form.

In

order to verify the convergence of a method, it is
convenient to run it where an exact solution is
known. For the NLS equation, this exists.

Initial approximation and final solution
for localization with no potential

As you can see from the graph on the right, the
method is clearly converging.

Convergence of method for singlepulse solution

Where the modulus square is removed as the
solution is real. The iteration scheme is then
defined as

Where Mn is introduced for convergence
purposes.

The equation that is being analyzed here is the
focusing time-independent NLS equation.

With potential

Numerical Method #1

One Pulse Solution with
V(x)=0

Introduction

Stable Two-Pulse Solution

Figure 1. Photograph or drawing
of organism, chemical structure, or
whatever. Don’t use graphics from
the web (they usually look terrible
when printed).

The stable solutions exist at the minimum of the
potential. The numerical method converges if we
enforce the symmetry (anti-symmetry) of the solution
through reducing the Fourier series to either a cosine
(sine) series.

All solutions can be taken to be real due to the
gauge symmetry of the system.
Initial approximation and final solution
for two-pulse localization with periodic
potential.

Numerical Method #2
Instead of using the Fourier space for
iterations, we use the finite difference
approximation for the L,

For the anti-symmetric solution on the left, the sine
series was used.

Convergence of method for the stable
two-pulse localizations.

with periodic boundary conditions.
The convergence factor Mn is now defined as

Multi-Pulse Localizations
The fundamental solution to the NLS equation
is given by a single-pulse function with
exponentially decaying tails. Multi-pulse
solutions can be thought to be a composition of
individual pulses with sufficient separations
between them.

a

b

Because of the periodic potential, two pulses do
not diverge or collapse but stabilize near the
points of equilibrium. This is abalance
between the tail-tail interactions and the
periodic potential itself.

c

Such that I is the identity matrix.
The unstable solution exists at the maximum of the
potential. In general, the numerical method diverges
for this solution. However, with proper starting
points, the error can approach machine precision
before diverging.

Tail-Tail Interactions for NLS solitons when
V(x)=0
1. Anti-Phase solitons repel each other
2. In-Phase solitons attract each other

Unstable Two-Pulse Solution

Starting Points
•1.3x10-6 outward from potential maximum for antisymmetric localizations (right)
•4.5x10-5 inward from potential maximum for
symmetric localizations (left)

Left: Solution (a) and convergence (b) for in-phase
pulses.
Right: Solution (c) and convergence (d) for antiphase pulses.
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Future Work
1. Compare the two numerical methods for
convergence and efficiency.
2. Extend numerical solutions to N-Pulses
3. Apply the two methods to sign-varying
periodic non-linearities.

