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1 | INTRODUCTION

The nonlinear Schrédinger (NLS) equation models wave dynamics in many physical problems
related to fluids, plasmas, and optics.> Complicated wave patterns can be expressed analytically
by using exact solutions of the NLS equation for periodic and double-periodic standing waves (see
review in Refs. 3, 4). The standing periodic waves are known to be modulationally unstable>°® and
rogue waves (localized perturbations in space and time) have been observed on their backgrounds
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in numerical experiments.”* Rogue waves are generated due to modulational instability of the
wave background.”'” The exact solutions for rogue waves arising on the periodic standing waves
were obtained analytically'' "> and confirmed experimentally for fluids and optics.™*

It is natural to ask if the modulational instability and rogue waves persist on the standing periodic
waves in the integrable discretizations of the integrable NLS equation. This question has received
much less attention in the literature. The main purpose of our work is to answer this question for
the Ablowitz-Ladik (AL) equation’ written in the normalized form:

iun + (1 + |un|2)(un+1 + un—l) =0, (1)

where the dot represents the derivative of {u,(t)},cz € CZ with respect to the time variable t € R,
and i = y/—1. The continuum limit of the AL equation (1) is obtained for slowly varying wave
packets of small amplitude, the leading order of which can be represented as

u,(t) = eu(en, et)e?", )

where ¢ > 0 is a formal small parameter. Substituting (2) into (1) and expanding u(X + ¢, T) with
X =¢enand T = £t in the Taylor series in ¢ yield at the formal order of O(¢?) the continuous NLS
equation in the form:

iy + uyy +2|ul?u =0. )

Rogue waves on the constant-amplitude wave background have been obtained for the AL
equation (1) and related discrete equations in Refs. 16-19. They have been observed in numeri-
cal experiments.”’ Higher-order rogue waves have been studied by using the inverse scattering
method.?! Further generalization of these rogue waves to fully discrete integrable NLS equa-
tion was recently given in Ref. 22. What we will develop in this work is the construction of rogue waves
on the background of discrete standing periodic waves. The discrete periodic and double-periodic
waves were obtained previously for the AL equation in Refs. 23-25.

In a series of recent works, we have constructed rogue waves on the background of standing
periodic waves in the continuous integrable models including the NLS equation,''? the deriva-
tive NLS equation,’®?’ the modified Korteweg-de Vries (KdV) equation,?®?° and the sine-Gordon
equation.’’ The latest work in this series was the first construction of such rogue waves in the
discrete modified KdV equation.*' In all works, we used the nonlinearization method>>3* which
allowed us to characterize the standing periodic waves as the restriction of solutions of nonlinear
models as squared eigenfunctions of the linear Lax equations.

However, we have failed to characterize the discrete standing periodic waves by using con-
straints of the nonlinearization method for the AL equation (developed in Refs. 34, 35) because
the constraints generate difference equations which are not satisfied by the standing periodic
waves. As a result, we had to develop new ideas based on separation of variables for the
standing periodic waves in the linear Lax equations. This separation of variables is similar
to the approach in Ref. 5 used to characterize the modulational stability of standing periodic
waves in the continuous NLS equation. With this approach, we can obtain analytically the end
points of spectral bands of the Lax spectrum and the corresponding eigenfunctions, which are
then used to obtain the rogue wave solutions on the background of discrete standing periodic
waves.
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Integrability of the AL equation can be expressed by using two different Lax formulations. The
standard formulation explored previously in the context of rogue waves on the constant-amplitude
wave background'®'®?! is irrelevant for the modulational stability and rogue waves on the stand-
ing periodic waves due to several issues: (i) the location of the Lax spectrum is different; (ii) there
exists no relation between squared eigenfunctions and the linearized AL equation; and conse-
quently, (iii) the rogue waves are not properly defined. On the other hand, we show here that the
alternative formulation related to integrable symplectic map of the nonlinearization method in
Ref. 34 allows us to fix issues (i), (ii), and (iii) and to describe properties of the rogue waves on the
standing periodic wave background. The main novelty of our work is that our results are derived
from nonstandard Lax formulation of the AL equation.

Among possible applications of our main results, we can mention recent studies of breathers
and rogue waves in nonintegrable discrete settings.*® Many numerical results are based on the
homotopy continuation of breathers and rogue waves from their integrable limits expressed by
the AL equation. With the precise construction of the standing periodic waves and their rogue
waves, we can then utilize these solutions in the homotopy continuation toward the nonintegrable
versions of the discrete NLS equations.

The article is organized as follows. Section 2 presents the main results of our computations.
Section 3 establishes the relation between squared eigenfunctions of the linear Lax equations and
solutions of the linearized AL equation. Section 4 presents analytical and numerical approxi-
mations of the Lax and stability spectra. Section 5 gives construction of nonperiodic solutions
of the linear Lax equations in terms of periodic eigenfunctions. Section 6 explains how the
Darboux transformation (DT) is used to obtain the rogue wave solutions from the nonperi-
odic solutions of the linear Lax equations and to study magnification factors of the rogue
waves.

2 | LAXPAIR, STANDING PERIODIC WAVES, AND ROGUE WAVES

The AL equation (1) can be represented as the compatibility condition for a Lax pair of linear
equations:

Pn+1 = U(unﬂl)gom Pn = V(unal)gon’ (4)

defined by the matrices

1 A u,
Ulup,A) = —— - -1
V14 |u, 2\ "Un

and

1

13 (22 + 272 + uyil, g + Gpty_) Auy, — A uy,
V(u,,A) =i

i} - 1 _ _ _ ,
—Al,_q + A7, —E(/Iz + AT Uty + Ty )

where {¢,,},c7z € (C*)? depends on time ¢, 1 € C is a spectral parameter which is constant in n
and ¢, and #,(t) denotes the complex conjugate of u,,(t).
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Remark 1. There exists a simpler Lax pair,

A u
Pn+1 = <_an /1—n1> Pno ©)
and

1
(A2 +2172) +u,i, Au, — A2y,
¢’n:i<2( ) o ) " Pn> (6)

Ny + A7, —% (22 +272) = dguyy
commutativity of which also yields the AL equation (1). We have found that the stability spectrum
of the standing periodic waves can be characterized from the Lax spectrum associated with the
linear system (4) due to the squared eigenfunction relation, however, we did not find the squared
eigenfunction relation for eigenfunctions of the linear system (5)-(6).

We consider the standing wave solution of the AL equation (1) in the form:

Un(t) = Upe?™, (7

where {U,},c7 € CZ and w € R is a frequency parameter. The AL equation (1) with the standing
wave reduction (7) becomes the second-order difference equation

A+ |U,1»)(Ups1 +U,_)) =2wU,, neZ. (8)
It can be integrated with two conserved quantities as in the following lemma.

Lemma 1. Let {U,},c7 € CZ be a solution of the difference equation (8). Then, the following real-
valued quantities

Fy :=i(U,Up_1 = U,U,_1) )
and
Fi = wU,U,_y + U,Upy) = Uy 1> = [Upa > = U P U | (10)
are independent of n € Z.
Proof. By multiplying (8) by U,, and subtracting the complex conjugate, we obtain
A+ U PNUp10, = Up1Uy) = (U,U,y = U,U,1)] = 0,

from which conservation of F, follows.
Similarly, multiplying (8) by U,_; and by U,,,; and adding the complex conjugate yield

(1 + IUnlz)IUn+1|2 - CU(UnUn+1 + UnUn+1) = (1 + |Un|2)|Un—1|2 - C‘)(UnUn—l + UnUn—l),

from which conservation of F, follows. [ ]
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Periodic waves with trivial phase are given by real-valued periodic solutions of the difference
equation (8) with F; = 0in (9). Two families were obtained in Ref. 31 (see also Refs. 24, 25), which
we refer to as the “dnoidal” and “cnoidal” waves. The dnoidal waves are given in the form:

n = %dn(an;k), = %, (11)
with two parameters of « € (0,K(k)) and k € (0, 1), where k is the elliptic modulus.
* Ask — 0, the dnoidal wave degenerates to the constant-amplitude wave
U, = tan(a), w = sec*(a), a € <0, %) . (12)
* Ask — 1, the dnoidal wave degenerates into the solitary wave
U,, = sinh(a)sech(an), w = cosh(a), a € (0, c0). (13)
The cnoidal waves are given in the form:
U, = %cn(an;k), = %, (14)

with two parameters of a € (0,2K(k)) and k € (0, 1). The limit k — 0 gives the trivial solution,
whereas the limit k — 1 gives the same solitary wave (13).

The standing waves in the limit @ — 0 recover the asymptotic approximation (2) with ¢ = «a.
Since

1 1
sn(a; k) =a+ O3, cn(a;k)=1- Eocz +0(a*), dn(a;k)=1-— Ekzoc2 + O(a™),
the dnoidal and cnoidal waves of the AL equation (1) yield solutions
u(X,T) = el Tdn(X; k), u(X,T) = i@Vl ken(X; k),

which are the dnoidal and cnoidal waves of the continuous NLS equation (3).
Remark 2. Since the continuous NLS equation (3) also has a family of the standing periodic waves
with nontrivial phase,'>> we conjecture that there exist complex-valued periodic solutions of the
difference equation (8) with F, # 0in (9). However, such solutions are not considered in our work.

Figures 1 and 2 present the main results which are the rogue waves on the dnoidal and cnoidal
wave backgrounds. We have obtained the rogue waves by using analytical methods with the
following steps:

(i) characterizing end points of the spectral bands associated with standing periodic waves,

(i) computing the corresponding periodic eigenfunctions for the end-point eigenvalues,
(iii) representing the second solutions of the linear system for the end-point eigenvalues,
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FIGURE 1 New solutions on the background of the dnoidal wave (11). Left: profiles of u, and v, := 1,
versus an obtained from the onefold Darboux transformation (DT) with the periodic eigenfunctions. Right:

solution surface |1,,(t)| versus an and ¢t obtained from the onefold DT with the nonperiodic eigenfunctions. Top

and bottom panels show rogue waves for two different end-point eigenvalues of the Lax spectrum.
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FIGURE 2 The same as on Figure 1 but for the cnoidal wave (14) for one end-point eigenvalue of the Lax

spectrum.

(iv) performing the onefold DT on the standing periodic waves with the periodic and nonperiodic

eigenfunctions in (ii) and (iii).

Numerical approximations are only used to represent the rogue waves graphically.
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Figure 1 shows the new solutions obtained by using the onefold DT on the background of the
dnoidal wave (11). The top panels correspond to the choice of 1 = A, and the bottom panels cor-
respond to the choice of 1 = 4,, see (37) and (38) below. The left panels show the profiles of u,
and v,, versus an, where u,, is the dnoidal wave (11) and v,, is a new solution obtained with the
periodic eigenfunctions after the onefold DT. The new solution is a half-period translation of the
original dnoidal wave with the sign flip for 1 = 1, and with no sign flip for A = 4;. The right pan-
els show the solution surface of |#,,(¢)| versus an and t, where #1,, is a new solution obtained with
the nonperiodic eigenfunctions after the onefold DT. The new solution is an isolated rogue wave
on the background of the half-period translated dnoidal wave.

As a practical outcome of the exact solutions, we can compute the magnification factor of the
rogue waves as the quotient between the maximal amplitude of the rogue wave and the maximal
amplitude of the dnoidal wave background. We have seen from Figure 1 that the maximal ampli-
tude of the rogue wave is attained at n = 0 and ¢ = 0, where we have computed analytically the
magnification factor in the closed form:

1—0'1\/1—1{2

M =1

15s)

with o1 = —1 for 1 = 4; and o, = +1 for 4 = 4,. In the continuum limit &« — 0, it converges to
Myn(a, k) - 2 — 01V 1 — k2, which reproduces the correct expression for the magnification factor
of the dnoidal wave in the continuous NLS equation (3) obtained in Ref. 11.

The rogue wave associated with A; has a bigger magnification factor than the one associated
with 4,. Since eigenvalues satisfy the order

0<A <A<1<Aj'<ayt,

we associate this difference with the fact that 1, is located further from the unit circle compared
to A, in the Lax spectrum of the dnoidal wave, see Section 4. The same rogue waves are computed
from reflected eigenvalues 1! and A, ' and from negative eigenvalues —1;, —1,, —1; ', and —4; ',
which exist due to the symmetry of the Lax system (4).

Figure 2 shows the new solutions obtained by using the onefold DT on the background of the
cnoidal wave (14). The profiles of |u, | and |v,| versus an on a single period are shown on the left
panel, where v,, is a new solution obtained with the periodic eigenfunctions after the onefold DT.
The new solution is a quarter-period translation of the original cnoidal wave with a phase factor.
The solution surface of |1,,(¢)| versus an and ¢ is shown on the right panel, where i, is a new
solution obtained with the nonperiodic eigenfunctions after the onefold DT. The new solution is
an isolated rogue wave on the background of the quarter-period translated cnoidal wave. Rogue
waves associated with the reflected eigenvalues due to complex conjugation, reflection about the
unit circle, and the sign reflection are displayed by similar solution surfaces since the complex
phase is neglected in plotting of |1,,(£)].

‘We have observed from Figure 2 that the maximal value of |11,,(¢)| is not attained atn = Oand t =
0. However, itis attained at a point located very close to the origin, therefore, a good approximation
of the magnification factor can still be computed at n = 0 and ¢ = 0, where we have computed
analytically the magnification factor for the rogue wave in the closed form:

1

M, k)=14+ —.
en(®, ) +dn(oc;k)

(16)
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In the continuum limit o — 0, it converges to M.,(a, k) — 2, which reproduces the double
magnification factor of the cnoidal wave in the continuous NLS equation (3) obtained in
Ref. 11.

Note that the magnification factors of the dnoidal and cnoidal waves for the continuous
NLS equation (3) have been verified experimentally in Ref. 14. These main results suggest new
experiments in the discrete setting modeled by the AL equation (1) and other nonintegrable
discretizations of the NLS equation (3).

Among other main results of this work, we mention the squared eigenfunction relation between
solutions of the linearized AL equation and the linear Lax equations (see Lemma 2). This allows
us to connect the Lax spectrum and the stability spectrum and to characterize the periodic eigen-
functions of the linear Lax system from the standing periodic waves (see Corollaries 1 and 2, and
Lemma 3). The Lax spectrum and the stability spectrum for the constant-amplitude wave are
obtained analytically (see Lemma 4). However, we have to approximate the Lax spectrum numer-
ically for the dnoidal and cnoidal waves. It follows from these numerical approximations that both
the dnoidal and cnoidal waves are modulationally unstable. Finally, we give analytical expressions
for the nonperiodic eigenfunctions in Lemmas 5 and 6 and we present the onefold DT in the closed
form in Lemma 7.

3 | SPECTRAL STABILITY OF STANDING PERIODIC WAVES

Here we will set up the spectral stability problem for the standing periodic waves and relate its
eigenfunctions with squared eigenfunctions of the linear system (4).

The spectral stability of the standing waves of the form (7) in the time evolution of the AL
equation (1) can be studied by adding a perturbation of the form

un(t) = U, + v, ()] 7)

Substituting (17) into the AL equation (1) and truncating at the linear terms in v,, gives rise to the
linearized AL equation

ivn - 2(1)0,, + (1 + |Un|2)(vn+1 + Un—l) + (Un+1 + Un—l)(UnUn + Unvn) =0 (18)
and its complex conjugate equation
_iljn - 26015” + (1 + |Un|2)(ﬁn+1 + 6n—1) + (Un+1 + Un—l)(UnUn + Unljn) =0.

Separation of variables with v,(t) = Ve and v,(t) = V,e’, where V,, is no longer a complex
conjugate of V,, if A ¢ R, gives the spectral stability problem in the form:

{iAVn — 20V, + (1 + Uy D)V gy + Vi) + Uy + U )ULV, + U, V,) = 0, 1)

_iAVn - 26"‘711 + (1 + |Un|2)(Vn+1 + Vn—l) + (Un+1 + Un—l)(UnVn + UnVn) =0.

Solutions of the spectral stability problem (19) are computed by using the squared eigenfunctions
of the linear system (4).
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Let us separate the variables for solutions ¢,, = (p,,q,)" of the linear system (4) by using
pa() = Po()e™,  gu(t) = Qu(t)e ™", (20)

Substituting (7) and (20) into (4) yields the following linear system:

Pn+1 _ 1 A Un Pn (21)
Quii) i+ U 2\-U, 271 J\Qu )’

d [ Pn W, —w AU, — AU, \ [ P,
e e : (22)
dr\ Q, —AU,_; + 2710, w—W, Qn

1

where W, := 5(/12 +12+U,0,_1 +U0,U,_).
The following lemma presents the squared eigenfunction relation between solutions of the
linearized AL equation (18) and the squared eigenfunctions of the linear system (21)-(22).

and

Lemma 2. Let {(P,(t),Q,(t))"} ez be a classical solution of the linear system (21)-(22) with an
arbitrary A € C and a solution {U,},c7 of the difference equation (8). Then, {v,(t)},c7 given by

Uy = AP; = 27'Q + Up(PhQn + P,Qp), ne€Z (23)
is a classical solution of the linearized AL equation (18).

Proof. 1t follows from (21) that

Py 1 AT =Upa\ [Py
= — | - . 24
Qn—1 V1+|U,_;|? Up-1 A Qn @)

By using (22) and (23), we obtain

iv, = 200, — P2(A> + A1+ AU, U, + A7 NU,1?) — Q2(AU2 — 17U, U,_1)
+ PnQn [_2/12Un + Un—l - Un+1 - |Un|2(Un+1 + Un—l)]
+Pr(A7U; — AU U, ) + Qi (A+ A3+ 2710, U,y + AU, |%)

+ PnQ_n [_21_2Un + Un—l - Un+1 - IUnlz(Un+1 + Un—l)]-
By using (21) and (24), we obtain

(1 + |Un|2)vn+1 = Przz(/13 - /1Un+1Un) + PnQn [2/12Un + Un+1(1 - |Un|2)]
+ QUL + 27U Upyy) = PR UL + AU, Up)

+ PnQn [2/_1_2Un + Un+1(1 - |Un|2)] + Q_%z(z_lUrHlUn - 1_3)
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and
Upoy = A71P; = Q5 — Uy (PrQy + P,Q).
By using (23), we obtain
Uny + Uy = AURP; = A7U,Qp + AU PR = A710,Q5 + 2|U, |(PaQy + PrQy).

When these expressions are substituted into the linearized AL equation (18), all terms cancel out
after direct computations. [ |

Two corollaries follow from the result of Lemma 2.
Corollary 1. If the linear system (21)-(22) is solved with the separation of variables as
Po(t) = P, Qu(0) = e, (25)
where {(P,,,Q,)"} is t-independent, then the spectral stability problem (19) is solved with
V,=AP2+U,P,Q,, V,=-110Q2+U0,P,Q,, A=2Q, (26)
where V,, is no longer a complex conjugate of V,, if A & R.

Proof. 1t follows from (23) that the squared eigenfunction relation yields

vy = AP; —17'Q} + U, (P,Q, + P,Q,),
U, = AP2 — 171Q% + U, (P,Q, + P,0,).

Substituting (25) into these expressions yields a linear superposition of two solutions in the form
v,(t) = Ve, 0,(t) = V,eM.

One solution is given by (26) for A = 2Q and another solution is given by

Vv, =2P2+U,P,0,
for A = 2Q. H
Corollary 2. The spectral parameters Q and A are related by the algebraic equation

Q?+ Q) =0, (27)
where

(R2+2172) (22 +272) +? + %FO(AZ —A72) - %Fg ~F,.

I

Q) :=
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Proof. After separation of variables with (25), the time-evolution problem (22) becomes a linear
algebraic system, which admits a nonzero solution if and only if the determinant of the coefficient
matrix is zero:

W,—w+iQ AU, —2"'U,_,
AU, +27'0, iQ+w-W,

Expanding the determinant and using the conserved quantities (9) and (10) yields the algebraic
equation for Q in the form (27). [ |

Remark 3. Corollaries 1 and 2 relate the spectral parameters A, Q, and 4. As a result, the stability
spectrum A of the spectral stability problem (19) is fully determined in terms of the Lax spectrum
A of the spectral problem (21), for which eigenfunctions {(V,,, V) },.c7 and {(P,;,0,) "}, are
required to be bounded inn € Z.

Remark 4. Solving (27) for F, = 0, we obtain

i
Q= to7 VP, (28)

where

P(A) = 42*Q(A) = 13 — 4wA® + 2(1 4 20w? — 2FDA* — 42?2 + 1 (29)

is the same polynomial as in our previous work>! up to the definition of w and F;. The polynomial
P(1) was obtained in Ref. 31 by using the nonlinearization method, for which a certain relation
between squared eigenfunctions {(P,, Q,) },cz of the linear system (21)-(22) with some 1 = 1,
and the potential {U,},c7 is imposed. After the relation is imposed for the discrete modified
KdV equation, the Lax system becomes nonlinear and the potential satisfies a second-order differ-
ence equation (8) which is satisfied by the periodic waves with trivial phase. Integrability of both
the nonlinear Lax system and the difference equation results in the construction of the polynomial
P(A) with A being a root of P(1).*!

Remark 5. We were not able to recover the standing periodic waves by using the nonlinearization
method for the Lax system (21)—(22) associated with the AL equation (1), which was developed in
Ref. 34. The relation between the squared eigenfunctions and the potential imposes constraints
which do not recover the second-order difference equation (8) for the standing periodic waves
of the AL equation. Consequently, we have obtained the polynomial P(1) by using separation of
variables for the standing periodic waves without relation to the nonlinearization method. Note
that the separation of variables does not work for the discrete modified KdV equation considered
in Ref. 31.

The following lemma presents relations between the squared eigenfunctions {(P,,, Q) },cz of
the linear system (21)-(22) with A = 1, being a root of P(1) and the potential {U,, },c 7 satisfying (8),
(9), and (10) with Fy = 0. In the case of the real-valued potentials (e.g., for the standing periodic
waves with trivial phase), these relations recover those obtained in Ref. 31 with the nonlineariza-
tion method. Since the nonlinearization method does not work for the AL equation (1), we have
established these relations by using substitutions.
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Lemma 3. Let{U,},c7 € CZ be a solution of (8), (9), and (10) with F = 0. Let 1, € C be a root of
the polynomial P(1) in (29) and define

1 _
W= E(Af + A7) + o1V, (30)

with o, = +1. Then, the eigenfunction {(P,, Q,) "}, of the linear system (21)-(22) with A = A, is
given up to a multiplicative constant by

Py =4U, —A]'U,,

Qn =AU, —A]'U,, (31)
1 - -

P,Q, = o1\/F1 — E(UnUn—l +U,Uy1).

Proof. Relation (30) is found by solving P(1;) = 0 in w and picking one of the two squared roots.
Since the root of P(4) corresponds to Q = 0, it follows from (22) with A = 4, that P,, and Q,, are
related by

1 - - _
E(UnUn—l +Un,Up_1 —201VF)P, + (LU, — 4] 'U,-1)Q, = 0.

Multiplying this relation by P, and by Q,, verifies the relations (31) in view of (9) with Fy = 0
and (10). The relations (31) are compatible with the spectral problem (21), which results in the
constraints

(1+|Uu|)PL, | = A1P; + 24U, P,Q, + URQ;,

(141U, HQ%,, = UsPa —2A7'U,P,Q, + A]%Q;,

n+1

L+ |UnPPy1Qns1 = =4 UPy + (1 — U, |DP,Q, + AU Q5.
Substituting (31) into these relations yields identities by using (8) and (30). [ ]

Remark 6. Both U, and (P,,Q,)T in Lemma 3 are independent of time ¢. Although the dnoidal
and cnoidal waves have real-valued profile {U,,},c» € R%, Lemma 3 also holds for complex-valued
profiles with F, = 0.

Remark 7. The eigenfunction {(P,;, Q,,)"},c7 in Lemma 2 is defined for an arbitrary value of 1 € C.
The eigenfunction {(P,,Q,)"},c7 in Lemma 3 is defined for the root A = 4, of the polynomial
P(1) in (29). The latter eigenfunction generates solutions of the spectral stability problem (19) by
Corollaries 1 and 2 with A = 0.

4 | LAXAND STABILITY SPECTRA FOR PERIODIC WAVES WITH
TRIVIAL PHASE

Here we construct the Lax spectrum and the stability spectrum for the constant-amplitude wave
(12), the dnoidal wave (11), and the cnoidal wave (14). The stability result for the constant-
amplitude wave (12) is obtained with the band-limited Fourier transform. The stability results
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for the dnoidal and cnoidal waves are obtained with the assistance of numerical approximations
of the Lax spectrum from the spectral problem (21).

4.1 | Constant-amplitude wave

We set U,, = Awith A = tan(a) and w = sec?(«) for a € (0, %) as follows from (12). The following
lemma gives the exact location of the Lax spectrum and the stability spectrum for the constant-

amplitude wave.

Lemma 4. The Lax spectrum A of the spectral problem (21) with U,, = tan(a) and w = sec(ct)
consists of the unit circle in C and two segments on the real axis:

Vo - Vo —-1,-Vo+ Vo -1]U[Vo - Vo -1, Vo + Vo —1].

The stability spectrum A of the spectral problem (19) consists of the segment [—2(w — 1), 2(w — 1)]
on the real axis and the segment [—4i \/5 4i \/5] on the purely imaginary axis.

Proof. We solve the spectral problem (21) with constant U,, = A by using the band-limited Fourier
transform

1 27 1 27
- 5 i6n - 3 i6n
P, = 27r/0 P(6)e*"do, Q, 2”/0 Q(B)e“"db.

A nontrivial solution for (P(8), Q(8))" exists if and only if the following characteristic equation is
satisfied:

V1+ A2 — 1 -A

This yields

V1 + A2 [2\/1 + A2 cos(0) — A — /1—1] —o,

which is equivalenttoz := 1+ 17! = 2y/1 + A2cos(8) = 2\/5 cos(8). When 6 = 0, two roots of
the quadratic equation 4 + ™! = 24/w are given by 1 = \/w + Vo —1and 1 = \/w — Vo — 1.
When 6 changes in the interval [0, 27], the two roots of the quadratic equation cover the two
segments on the real axis and the unit circle in C.
The stability spectrum (19) with constant U,, = A is written in the form:
iINV, =20V, + 1+ AV + V,q) + 242V, +V,) =0,
—iAV, =20V, + (1 + AV, + V,_y) + 242V, + V) = 0.

Using the band-limited Fourier transform with parameter 20 instead of 0, we obtain a
nontrivial solution for (V(6),V(6))T if and only if the following characteristic equation is
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satisfied:

2(1 + A?) cos(20) — 2w + 2A% + iA 2A2
242 2(1 + A2) cos(20) — 2w + 2A% —iA|

El

which implies for A = 2Q that

Q = +iV/((1 + A2) cos(26) + A2 — w)2 — A%. (32)

Since w = 1 + A2, we obtain that
Q = +2i1/wsin(6) V1 — w cos(6).

When 6 € [0, arccos(w™/2)], the values of Q cover the segment [—(w — 1), (w — 1)] on the real
axis, where the maximal value is found from the extremal value of 6 — sin(6)+/w cos2(6) — 1
located at 6, = % arccos(w™1), for which

w—1 Vo+1

cosf, = .

V2w V2w

When 6 € [arccos(w™1/2), %], the values of Q cover the segment [—2i \/5, 2i \/5] on the purely

sin @, =

imaginary axis, where the maximal value is attained at 6 = % This yields the result for A since
A =2Q. [ |

Remark 8. The explicit expression (32) for Q is consistent with the representation (28) for F; =
A*=(Q-w)?andz =21+ 17! =24y/wcos(d) since

Q = +2/2% — 4027 + 21 + 207 — 2F)) — 4wd 2 + 2

i
= ii\/z4_4(1 + w)z2 +4(1 + 2w + w2 — Fy)

= iZi\/Z\/w cos*(®) — (1 + w) cos2(B) + 1

= +2iv/wsin(©)V/1 — w cos2(6),

which recovers (32).

Remark 9. It follows from Lemma 4 that the constant-amplitude wave (12) is modulationally
unstable with the maximal growth rate being Ay = 2(w — 1) = 2A2. The maximal growth rate
coincides exactly with the maximal growth rate A, = 2 of the constant-amplitude wave u(X,T) =
e of the continuous NLS equation (3), where the parameter A > 0 is included in the formal
scaling e = A.
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FIGURE 3 Laxspectrum (left) and its zoom (right) for the dnoidal wave with & = K(k)/M with M = 20 for
k = 0.8. Red dots show roots of P(1).

4.2 | Dnoidal wave

Weset U, = Adn(an; k) according to (11) with A = sn(a; k)/cn(a; k) and look for nontrivial solu-
tions of the spectral problem (21) for which {(P,,Q,) },c7 is a bounded sequence as |n| — co.
Using the equivalent spectral problem (24) with real U,,, we rewrite the spectral problem in the
symmetric form:

\/ 1+ U%Pn+1 + V 1+ Ur21_1Pn—1 - (Un - Un—l)Qn = ZPna (33)

14 U2Qu1 + \/1+ U Quoy + (Uy — Up_1)Py = 2Q,,
wherez := 1+ 171,

The dnoidal function dn(£; k) has the period of 2K(k). If « = K(k)/M for integer M, then
U,+om = Uy, so that we can use the discrete Floquet theory and set

P, = pn(e)eien7 Qn = On(e)eien7 (34)

with periodic P, ,,/(8) = P, (8), Q,om(8) = Q,(8) for fixed Floquet parameter 6 € [0, 7/M].
Solving the 4M X 4M matrix eigenvalue problem numerically gives the spectrum of 4M
eigenvalues z which are then traced by changing 6 in [0, 7/M].

The Lax (Floquet) spectrum of the spectral problem (33) for k = 0.8 and M = 20 is shown in
Figure 3 on the A-plane. The admissible values of 1 are found from invertion of z = 1 + 2~! with
two roots

2
1=2EVEA (35)

The red dots on the 1-plane show zeros {+4;, 1] L 42,, +4; 13 of the polynomial P(1) in (29) with

_dn(a;k)
T en2(a; k)

sn*(a; k)

cnt(as k) (36)

and F, =(1-k?
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FIGURE 4 Left: Stability spectrum in the Q plane for the dnoidal wave with a = K(k)/M with M = 20 for
k = 0.8. Right: Q,/a? versus parameter « for fixed k = 0.8 (dots) and the constant value V/1 — k2 (dotted line).

Applying the ordering 0 < 4; < 1, < 1, the two roots 4; and A, were obtained in Ref. 31 in the
explicit form:

\/(1 —sn(a; k))(dn(oc; k) — V1 —k2sn(a; k))

A4 P . 0 (37

and

\/(1 —sn(a; k))(dn(oc; k) + V1 —k2sn(a; k))

cn(a; k)

A , o =+1. (38)

The choice of g, refers to the relation (30) when either 4; or 4, are taken in place of 1,. The left
panel suggests that the Lax spectrum consists of the unit circle and four segments on the real axis
between the eight real roots of P(1). The right panel shows the zoomed version to indicate that
the spectral bands are connected between the roots.

The left panel of Figure 4 shows the stability spectrum in the Q plane, where we recall that A in
the spectral stability problem (19) is given by A = 2Q in Corollary 1. We relate the values of Q and
z by using (28)-(29) with the substitution z> = 2> + 172 + 2. This yields the explicit expression

Q= i%\/z“ —4(1 + w)z2 + 4(1 + 2w + w2 — Fy). (39)

The values of z are obtained from the Lax spectrum computed numerically from the spectral prob-
lem (33). Since the stability spectrum include the band on the positive real axis of Q, the dnoidal
wave is modulationally unstable similar to the constant-amplitude wave in Remark 8.

The right panel of Figure 4 shows T := Q,/a? versus a, where Q is the maximal positive Q
of the stability spectrum in the Q plane. The numerically obtained values are shown by blue dots.
The red dashed line shows the constant value V/1 — k2 which is the maximal positive Q of the
dnoidal waves in the continuous NLS equation (3).!* As k — 0, this limiting value agrees with the
value Qy = Ay/2 = 1in Remark 9.
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FIGURE 5 Lax spectrum (left) and stability spectrum on the Q plane (right) for the cnoidal wave with
a = K(k)/M with M = 20 for k = 0.8 (top) and k = 0.95 (bottom).

4.3 | Cnoidal wave

Wesset U,, = Acn(an; k) according to (14) with A = ksn(a; k) /dn(a; k) and look for bounded solu-
tions of the spectral problem (33) in the form (34). Figure 5 shows the Lax spectrum (left) and the
stability spectrum (right) for the cnoidal wave with k = 0.8 (top) and k = 0.95 (bottom). The red
dots on the A-plane show again zeros {+1;,+1; ', +4;, +1; '} of the polynomial P(1) in (29) with

A,
. 4¢
- w, F, = _k2(1 _ k%w_ (40)
dn“(a; k) dn'(a; k)
The complex value of A; was obtained in Ref. 31 in the explicit form:
\/(1 — ksn(a; k))(en(a; k) +ivV1 — k2sn(a; k))
A = o =+1. (41)

! dn(a; k) ’

The numerical results suggest that the Lax spectrum consists of the unit circle and four com-
plex bands which are either connected across the unit circle for k = 0.8 or connected away from
the unit circle for k = 0.95. The stability spectrum in both cases displays the figure-eight insta-
bility bands in addition to two finite segments along the imaginary axis, boundary of which are
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beyond the margins of the right panels. The segments on the imaginary axis intersect the figure-
eight bands for k = 0.8 and avoid intersection for k = 0.95. Because the figure-eight instability
bands intersect the origin, the cnoidal wave is also declared to be modulationally unstable with a
different instability pattern compared to the dnoidal wave.

We admit that the resolution of numerical data is poor near the origin on the right panels of
Figure 5 because resolution of the Lax spectrum is poor near the points +1 on the left panels. It is
likely that sensitivity of numerical detected eigenvalues is related to evaluating the square roots
in (35) and (39) near z = +2.

5 | NONPERIODIC SOLUTIONS OF LINEAR EQUATIONS

Since the dnoidal and cnoidal waves are modulationally unstable, as is shown in Section 4
based on numerical approximations of the Lax spectrum, we expect the existence of rogue waves
(spatially and temporally localized solutions) on the modulationally unstable background. Such
solutions were obtained for the continuous NLS equation in Refs. 11-13 and for other related
continuous equations in Refs. 26, 29, 30, 37.

To obtain the rogue waves, as we do in Section 6 by using the analytical theory, we will consider
here eigenfunctions of the linear system (21)-(22) for the eigenvalue A = 1; given by a root of the
polynomial P(4) in (29). Since any root of P(1) is suitable, this notation for 4, is abstract and is
not related to the particular choices in (37), (38), or (41).

According to the relations (31), the squared eigenfunctions corresponding to the eigenvalue 1 =
A4 are periodic. In addition to the periodic eigenfunctions, we construct here the second solution
of the linear equations (21)-(22) which are unbounded bothinn € Z and t € R.

The following lemma gives a construction of the second solution of the linear equations (21)-
(22) for an eigenvalue 1 = 4.

Lemma 5. Let {(P,(t),Q,(t)) },c7 be the eigenfunction of the linear system (21)-(22) for an eigen-
value A = 1. The second solution {(P,,(t), 0,,(t)) },cz of the linear system (21)-(22) for the same
eigenvalue A = A, can be represented in the form

3 Qn(t) A P, (1)
P,(t) = P, (t)8,(t) — , 0, =Q,(18,() + , 42
N T A To s T A R TN EF R To N ER
where 0,,(t) is a solution of the linear equations
(4P = DALULP, - 4,U0,Q; — (A + |415)P,Q,)
Ore1 = On = (IPAF + 10,5, @)
and
den i(l/ll |2 - 1)271
= 44
dt |4 12(1Py > +1Qu12)? (4
with

An = M'1|4|Pn|2 + |Qn|2 + |/11|2|Un|2(|Pn|2 + |Qn|2) + (l/‘lll2 - 1)(ZIUnPnQn +AlUnPnQn)5

T i= WU, + 4 U)Pr + (LU, + 40,21)Q; — (1 + |/11|_2)(/1% - Z%)PnQ_n'
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Proof. We obtain from (21) that

|/11Pn + Uninz + Ml_lQn - UnPn|2

45
1+|U,|? (45)

|Pug1l? +1Quia|* =

If (P,,Q,)" and (P,, Q,)" satisfy the linear equation (21), then expression (42) implies that {6,,},,c 7
is a solution of

Unpn - /IIQ_n _ Unpn - /Tl_lQ_n

IPal? +1Qu1%  |Pps1l? + 1Qusa?

(/11Pn + UnQn)(6n+1 - en) =

Substituting (45) and dividing by (1,P,, + U,,Q,,) yield (43) after simplifications.
We obtain from (22) that
d 2 2y _ i " 2 2
a(lpn| + |Qn| ) = l(Wn - Wn)(lpnl - |Qn| )
+i[(4 = A7DU, + (4 = 27U, 1] PaQs

- l[(il - )Ll_l)Un + (/11 - /il_l)Un—l]PnQn- (46)

If (P,,Q,)" and (P,, Q,)" satisfy the linear equation (22), then substituting (42) and (46) into (22)
and dividing by P,, yield (44) after simplifications. [ |

Remark 10. The result of Lemma 5 does not use the relations (31). In other words, 1, in Lemma 5
does not have to be a root of P(1) in (29).

If we use the relations (31) as in Remark 10, then we can simplify the relations (43) and (44). This
is done separately for the case of dnoidal and cnoidal waves. The following lemma summarizes
the results of these computations.

Lemma 6. Let{U,},c7 be either the dnoidal or cnoidal waves given by (11) or (14) and 1, be a root

of the polynomial P(1) in (29). Then, 6,,(t) = ©,, + it in the representation (42) with {©,},c7 being
a time-independent solution of the difference equations:

A+ AU = 014/Fy)

6,1 —6, = 47)
T Q= ATNE + 20+ 0)|U, P+ (UL
or
(412 = DA + A7)0 + VE (4 = 14172
6n+1 - 6n = T s (48)
n
with

r,= |Un|2(|/11|4 + |/11|_4 + 2|[]n—1|2 - 2|Un|2) + 2|Un—1|2

+ (4P + 41U = Fy = 4347 0,U i — 447U Uy)

where (47) and (48) correspond to the dnoidal or cnoidal waves, respectively.
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Proof. For the cnoidal wave, we assume that A4; € C is given by (41), whereas w > 0 and F; <0
are given by (40). It follows from (30) with 0; = 1 and F; < 0 that

B+ 424177 = 4o,

2 - (49)
B4+ A2 =22 -2 =—4\F,.

It follows from (31) with o; = 1, Fy = 0, and F; < 0 that

P + QY = 10U = A7 U s P 11Uy = A7 02 4 35U, Uy + 0,0, = 28,
= (412 + 41 DAULP + 1Upa|?) = 2247 40, Uy — 24470, U,
+2|U, |2 |Upoq |* = 2F;.
Similarly, we obtain from (31) that
(1= 141DZ, = (4P =2+ 41D + U 1)) + 24 = A47D0,U,

- - _ 1 _ _ B _
+ 207 A = AU T ey + 5@ + 27 = A = A7) U Upy + UnUpy + 2VF)),

where we have used that 4/F; € iR. By using F, = 0 and (49), we can simplify the previous
expression to the form:

(1 - |/11|_2)2n = (|/11|2 -2+ |/11|_2)(|Un|2 + |Un—1|2) - 2/11/11_1[_];1Un—1 - 2/Tl_l/llUnUn—l
1 _ - . - -
+ 5(/lf + A7 = = I U, g + U,Uyq +24/Fp)
= (|/11|2 -2+ |/11|_2)(|Un|2 + |Un—1|2) - 2/11/11_1[-7;'1(-];1—1 - szlllUnUn—l
+ 2CU(UnUn_1 + UnUn—l) - 4F1

Due to the conservation (10), this implies that (1 —|4;|72)%, = (|P,|> + |Q,]*)? and hence
(44) becomes a trivial equation 8, =i, with the solution 6,(t) = ©, + it, where ©, is t-
independent. To get {©,},c7, we substitute (31) into (43) and simplify the result with a
lengthy but direct computation to the form (48), where we have used that o, = 1, F, =0, and
\Fi €iR.

For the dnoidal wave, we assume that A; € R is given by either (37) or (38), whereas w > 0 and
F; > 0are given by (36). Without loss of generality, we consider (37) with o; = —1. It follows from
(31) with g; = —1 that

- 1 - -
(IPoI* +1QuI*) = (A + 27U, + U 1) + SWUnUna +UpUp + 2VF)

- 2(UnUn—l + UnUn—l)

= (/1% + /11_2 - 2)(UnUn—1 + UnUn—l + |Un|2 + |Un—1|2)
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and
(1=279%, = A + 272 = (U, 1> + Uy 1) + 204 = DULU,y — 201 = 47U, U,y

= (/1% + /11_2 - 2)(UnUn—1 + UnUn—l + |Un|2 + |Un—1|2)a

where we have used (9) and (10) with F; = 0 and F; > 0 and (30) with g; = —1. Thus, we have
(1 =279 = (IP,? + 1Q|?)? so that (44) becomes again a trivial equation 6, = i. Again, we have
6,(t) = ©, + it, where the t-independent ®,, is obtained from the difference equation (43). After
long but straightforward computations, we have simplified the expression to the form (47), where
we have used (30) and restored the value of g, for either (37) or (38). [ |

6 | CONSTRUCTION OF ROGUE WAVES

Here we construct the rogue waves on the background of the standing periodic waves. To do so,
we use the onefold DT. The onefold DT has already been constructed for the AL equation (1) in
Ref. 38 but the formulas used eigenfunctions of the Lax system (5)—(6), which is not suitable for
the standing periodic waves as in Remark 1. Therefore, our first task is to extend the onefold DT to
the eigenfunctions of the Lax system (4). We achieve the task with direct computations similarly
to computations in Ref. 39.

The following lemma presents the 1-fold DT for the AL equation (1) in terms of solutions of the
linear system (5).

Lemma 7. Let {u,(t)},c7 be a solution of the AL equation (1), {(p,(t), q,,(t))  },ez be a nontrivial
solution to the linear system (4) with A = A,, and {p,(t)},c7 be any solution to the linear system (4)
with arbitrary A € C. Then, {i,,(t)},c7 given by

__Alpal®* + |/11|2|qn|2)u A = 141)Pndn

== _ (50)
LU 212 + 1841 " 2412 1Pal? + 1ga1?)

n

is a new solution of the AL equation (1) and {¢,(t)},c7 given by ¢,, = M, (1)@, is a new solution to
the linear system (4) with arbitrary A, where

24 P12 (A + 217 a b
Mn(/1)= \/lpnl | 1| |qn| g n i n B
VIUPIpa? + 1,2\ =bn A8y +2
with
o = MOl +1941%) P € e 71 ) 21:
" LUpal? + 14121, " TMPUPR + 141121,12)

Proof. We need to show validity of the Darboux equations
Uy, OMy(A) = My (DU (uy, 1) (51)

and
V (i, AM,(1) = My(A) + M, (D)V (u, ). (52)
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Substituting U(u,, 1) and M,,(1) into (51) and collecting different powers with respect to 1 yields
the system of equations

a,u, +b,—u, =0,
Uy — ApyrUy — by =0,

e (53)
Apt1 — Ap — by, + by, =0,

an+1(1 + |un|2) - an(l + |an|2) =0.

It follows from ¢,,.; = U(u,, )¢, that

1Pt + 14121 gnia |2 = 1411 pal? + 1gn |,
A+ [t (A P 1 Prsa 1 + 1041 1) = (A1 1* + [ 1D pal® + 4 PG (A 411> = 27D

+ 8, Pp@n 11 1 = A7) + (P un ) + 1211721 gn )%,

and

(1 + |un|2)pn+1qn+1 = _Alunlpnlz + Alil_lpn(jn - u%ann + Zl_lunlqnlz-

By using the previous expressions and the definitions of a,, and b,,, we have verified that the first
two equations in system (53) are equivalent to each other and yield the transformation formula
(50). The third equation in system (53) transforms to the relation

|an|2 + |bn|2 - anan+1 + andnbn+1 - unbn = 0,

which holds true after straightforward computations. Finally, the fourth equation in system (53)
is consistent with the first three equations after substitutions.

Substituting V(u,,, ) and M,,(1) into (52) and collecting different powers with respect to A yields
the system of equations

a,u, +b, —u, =0,

Up—1 — Aplip— — by =0,

S Gn — iy (Up g + WUy — WDy — Dy — 2by 11,y + 2b,10,) =0, (54)
a, — i[an(anﬁn—l + ﬁnﬁn—l — Uplly—1 — anun—l) + 25nan—l - 2bnan] =0,

by, — i[(1 + [by |2y + by (Uil + Bpty—1) = by — Gplly_y — Gnlty + Uyq] = 0.

It is obvious that the first two equations in system (54) repeat the first two equations in system
(53), while the third and the fourth equations in system (54) are identical to each other. The third
and fifth equations in system (54) are further reduced to the form:

an = i[/lfil_zl;n(un - bn) + an(un—an - bnan—l) - bn(ﬁn - Bn)]’

8518017 SUOWIWIOD A1) 3(eoljdde ay) Aq peusenob aie a1 O ‘88N Jo sajni 10} ARiq1T3UIUQ AB|IA U (SUOTHIPUOD-pUE-SWLBYW0D" A3 | 1M AfeIq 1 BUIUO//SCIL) SUORIPUED pUe SWie 18U} 885 *[202/T0/ZT] Lo ArigiTauliuo A|im Ariqi AseAun jesewd | Aq 1921 Wdes/TTTT 0T/I0pAu00 A8 M Ateiq Ul |uo//Sdhy Woiy papeojumod ‘T ‘7202 ‘065629 T



CHEN and PELINOVSKY 169

and
bn = i[(l;l(l + |bn|2)(un - bn) + bn(unan—l + anun—l)
-1+ |an|2)un—1 - b%an—l — ayu, — a,b,].

It follows from ¢,, = V(u,, )g, that

d i 2 32 3—
E(I/hlzlpnl2 +1g,1%) = E(Af +A7% =21 = A7 P1pal® = 1ga1®)

+i(1211* = DA wn Py — A7 80 Pndn),

d i D N
a(lpnl2 +1411%1gnl?) = E(Af +A72 =27 = 27Ul = 1 P1gal?)
+ i(|/11 |4 - 1)(/‘Ll_1un—1ann - /il_lan—lpn(jn)’
and

d - .3 5 . -
E(pnqn) = l(llun—l - /11 1un)lpnl2 + l(/‘llun - /11 lu'n—l)lqnl2

i _ 3 T _ _ _
+ E(ﬂ.f + 4] 24 /1% + A 2 4 2(uytiy_q + 1)) Pndn)-

We have verified with the help of the Wolfram’s Mathematica that the two equations for d,, and
b,, are satisfied by using the previous expressions and the definitions of a,, and b,,. [ |

The following two remarks report applications of the onefold DT with the periodic eigenfunc-
tions of the dnoidal and cnoidal waves. As expected from similar applications in Refs. 11, 12, the
onefold DT recovers the same dnoidal and cnoidal waves after translations in space and complex
phase.

Remark 11. Let {u,(t)},c7 be the dnoidal wave in the form (7) and (11), and {(p,,(¢), ¢,,(t)) " },e7 be
the eigenfunction of the linear system (4) associated with 4 = 4; in the form (20) and (31). Since
U, and 1, are real, the onefold DT (50) yields

_ |Pn|2 +A%|Qn|2U _ (Af _/ll_l)PnQ_n e2icut
n
AP +1Qu 2 AP +1Qu 2

u, =

oivVF, ..
eZlcut,

Un

where we have used (31) after multiplying the numerator and the denominator by P, Q,,. By using
(11) and (36), we obtain

0= —o sn(a; k) V1—k? (2ot

! cn(a; k) dn(an; k)

n=

8518017 SUOWIWIOD A1) 3(eoljdde ay) Aq peusenob aie a1 O ‘88N Jo sajni 10} ARiq1T3UIUQ AB|IA U (SUOTHIPUOD-pUE-SWLBYW0D" A3 | 1M AfeIq 1 BUIUO//SCIL) SUORIPUED pUe SWie 18U} 885 *[202/T0/ZT] Lo ArigiTauliuo A|im Ariqi AseAun jesewd | Aq 1921 Wdes/TTTT 0T/I0pAu00 A8 M Ateiq Ul |uo//Sdhy Woiy papeojumod ‘T ‘7202 ‘065629 T



170 CHEN and PELINOVSKY

= -0, sn(a; k) dn(an + K(k); k)e?«!
cn(e; k)

= —ou,(an + K(k)).

The new solution 7, is a half-period translation of the dnoidal wave u,, with sign flip for o; = +1
in case of eigenvalue (38). There is no sign flip for 0; = —1 in case of eigenvalue (37).

Remark 12. Let {u,(t)},c7 be the cnoidal wave in the form (7) and (14), and {(p,(t), g,()) } ez
be the eigenfunction of the linear system (4) associated with 1 = 4, in the form (20) and (31). The
onefold DT (50) yields:

1= | AP PRI o A= PO | i
T AP+ QD) T R PIPAR + Q)

R|=F1(1 = |49 = 28VFUZ + V(A + DUU,
— e
B VF (Il + DU, = 283U, + (1= [ )URU, |

2iwt

APV - 2U; = VR - 2)
2+ 47U, = 2U,_, + (WF) 12 = DUU,

elet

where we have used (31) after multiplying the numerator and the denominator by P, Q,,. Inserting
(14), (40), and (41) into this formula yields

_ kvV1 —k2sn(a; k)(cn(a; k) +ivV1 — k2sn(a; k))Y oot
dn(a; k)(en(a; k) —ivV1 — k2sn(a; k)) ! ’

where
cn(an; k)en(an — a; k) — en(a; k)en?(an; k) — i1 — k2sn(a; k)sn?(an; k)
V1 — k2(cn(an; k) — cn(a; k)en(an — a; k)) — isn(a; k)en(an — a; k)dnz(ocn; k)

_i(en(a; k) —iv1 — k2sn(a; k))sn(an; k)
B dn(a; k)dn(an; k) ‘

Y, =

After simplification, we obtain

o ikV/1 — k2sn(a; k)(en(a; k) + iV/1 — k2sn(a; k))sn(an; k) g2ict
n dn’(a; k)dn(an; k)

__iksn(a; k)(en(a; k) +iV1 — k?sn(a; k) en(an + K(k): k)t

dn’(a; k)

_i(en(o; k) + i1 — k2sn(a; k))
=— ) u,(an + K(k)).
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Since the amplitude factor has the unit modulus, the new solution is a quarter-period translation
of the cnoidal wave (14) with a suitable phase factor.

Remarks 11 and 12 are used to generate the left panels on Figures 1 and 2. For the right panels,
we use the onefold DT with the nonperiodic solutions computed in the form (42) with 6,,(t) =
0, + it, where 0, is computed numerically from (47) and (48) for the dnoidal and cnoidal waves,
respectively. The integration constant in ©,, is chosen from the condition ®, = 0 so that 8,(0) = 0.

To compute the magnification factors (15) and (16) for the rogue waves on the dnoidal and
cnoidal backgrounds, respectively, we substitute the second solution in the form (42) with 6 = 0
(attained at n = 0 and ¢t = 0) into the onefold DT in the form (50). This yields

U, (1) = Uy(t)e*
with

U. = _/11(|/11|2|Pn|2 + |Qn|2)U _ /11(1 B |lll4)PnQn

== _ . (55)
AP+ IR T P2 + 1A 21Q,12)

Multiplying the numerator and the denominator in (55) by P,Q,, and using (31) yields the explicit
relation between the new solution U,, and the standing wave U,, forn = 0 and t = 0:

o — AP, =AU, OV = UUn) + WU =47 U VE —UU)

4 (/Tl U, - Z]_lUn—l)(o.l \/E -U,U,_)+ 4 1PAU0,, - /11_1Un)(01 F,-U,U,)

n n

A (4 1* =)0, VF, = U,Un )01 VFy = UpU,)

+ — £
2 _ _
A AU, = 27U, )0 Fr = UU, ) + A PG, — 410,60, /Fr — U,U,_)

where we have used that U, is real-valued for both dnoidal and cnoidal waves.
In the case of the dnoidal wave (11), we use the fact that 1; € R and F; > 0 to simplify the
expression for U, to the form

o U2+ U,U,_, —o\F;

" Un—l

which together with (11) and (36), and (37) yields

sn(a; k) + dn(a; k) — o3 V1 — k2)

[Up(0)] = en(a; k)dn(a; k)

Dividing this formula to A = sn(a; k)/cn(a; k) yields the magnification factor for the dnoidal
wave in the form (15).

In the case of the cnoidal wave (14), we use the fact that 1; € C\R, F; <0, and 0; =1 to
simplify the expression for U, to the form

ksn(e; k)(dn(e; k) + 1)(en(a; k) +ivV1 — k2sn(a; k))
dn(a; k)[k2cn?(a; k) + (1 — k2)]

Up(0) =

E}
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where we have used (14), (40), and (41). This yields

ksn(e; k)(dn(e; k) + 1)
dnz(a; k) .

|Uo(0)| =

Dividing by A = ksn(a; k)/dn(a; k) yields the magnification factor for the cnoidal wave in the
form (16).
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