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Abstract

Relying upon tools from the theory of integrable systems, we discuss the linear insta-
bility of the Kuznetsov—Ma breathers and the Akhmediev breathers of the focusing
nonlinear Schrodinger equation. We use the Darboux transformation to construct
simultaneously the breathers and the exact solutions of the Lax system associated with
the breathers. We obtain a full description of the Lax spectra for the two breathers,
including multiplicities of eigenvalues. Solutions of the linearized NLS equations are
then obtained from the eigenfunctions and generalized eigenfunctions of the Lax sys-
tem. While we do not attempt to prove completeness of eigenfunctions, we aim to
determine the entire set of solutions of the linearized NLS equations generated by the
Lax system in appropriate function spaces.

Keywords Nonlinear Schrodinger equation - Breathers - Linear instability - Darboux
transformation - Lax spectrum - Zakharov—Shabat spectral problems
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1 Introduction

The focusing nonlinear Schrodinger (NLS) equation in the space of one dimension is
a fundamentally important model which brings together nonlinearity and dispersion
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of modulated waves in many physical systems (Fibich 2015; Sulem and Sulem 1999).
It has been used as the main testbed for rogue waves in fluids and optics (Kharif et al.
2009; Wabnitz 2018), where the rogue waves appear from nowhere and disappear
without any trace. One of the important properties of the focusing cubic NLS equation
is its integrability, which allows constructing the basic solutions for the rogue waves
in a closed analytical form. Although these solutions have been constructed long ago
in the works of Akhmediev et al. (1987), Kuznetsov (1977), Ma (1979), Peregrine
(1983), and Tajiri and Watanabe (1998), they have been studied a lot in the past few
years in physics literature (Copie et al. 2020; Dudley et al. 2019).

To explain the current state of art in the mathematical studies of these breather
solutions, we set up the stage and take the NLS equation in the following dimensionless
form:

1
i+ 5Vt [ >y =0, (1.1)

where the unknown v is a complex-valued function depending on time ¢+ € R and
space x € R. The NLS equation (1.1) is invariant under the scaling transformation

if ¥ (x, ) is asolution, so is ¢y (cx, czt), for every c € R,

and under translations in x and ¢. Up to these symmetries, the NLS equation (1.1)
admits the following exact solutions on the background of the constant-amplitude
wave ¥ (x, 1) = e'’:

e Akhmediev breather (AB)

2(1 — A%) cosh(rkt) + irk sinh(Akr) ]
) =1[-1 " 1.2
v |: + cosh(Akt) — A cos(kx) ¢ (1.2)
where k = 2+4/1 — A2, and A € (0, 1) is the only free parameter.
e Kuznetsov—Ma breather (KMB)
2(3% — 1) cos(ABt) + irBsin(AB1) ] ;
o = | -1+ ( ) cos(Apt) + iAp sin(Ap1) o, (1.3)
A cosh(Bx) — cos(AB1)
where B = 24/A2 — 1, and A € (1, 00) is the only free parameter.
e Peregrine’s rogue wave (PRW)
4(1 + 2i1) :
)= -1+ —F— " 1.4
vonn [ +1+4(x2+r2)]e (14

Note that PRW can be obtained in the limit A — 1 from either AB or KMB. Also note
the formal transformation £ = i 8 between AB and KMB. The main goal of this work
is to study the linear instability of AB and KMB.

Stability of breathers is a challenging question that has been extensively studied in
the mathematics literature. A major difficulty comes from the nontrivial dependence
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of the breathers on time 7. Therefore, many of the analytical methods developed for
stability of stationary or traveling waves in nonlinear partial differential equations do
not apply to breathers. For instance, spectral methods are out of reach for AB and
PRW which are localized in time ¢. Since KMB is periodic in time ¢, Floquet theory
can be used, at least formally, to compute stable and unstable modes of KMB. This
has been done numerically in Cuevas-Maraver et al. (2017) after KMB was truncated
on a spatially periodic domain in x. Further studies of KMB in discrete setting of the
NLS equation can be found in Sullivan et al. (2020).

Very recently, the authors of Zweck et al. (2021) set up a basis for a rigorous
investigation of stability of breathers which are periodic in time ¢ and localized in
space x. Using tools from the theory of semigroups and Fredholm operators, they
analyzed properties of the monodromy operator for the linearization of the cubic—
quintic complex Ginzburg—-Landau equation about such solutions and computed its
essential spectrum. These results being obtained in a dissipative setting do not directly
apply to KMB due to the Hamiltonian nature of the NLS equation.

Most of the existing instability results for breathers of the NLS equation strongly
rely upon the integrability properties of the NLS equation. Instability of spatially
periodic AB with respect to periodic perturbations of the same period was concluded
by using the variational characterization of breathers in the energy space in Alejo
et al. (2019). Similar instability results were found for spatially localized KMB and
PRW in Alejo et al. (2021) (reviewed also in Alejo et al. (2020)) by using localized
perturbations.

Evolution of KMB and PRW under spatially localized perturbations was studied
in Garnier and Kalimeris (2012) and Biondini and Kovacic (2014), where inverse
scattering transform was applied to the NLS equation with the nonzero boundary
conditions. Instability of PRW was visualized numerically in Klein and Haragus (2017)
by using time-dependent simulations of the NLS equation. Linear instability of PRW
was also studied numerically in Calini et al. (2019). By using perturbation theory for
embedded eigenvalues of the Lax system, it was shown in Klaus et al. (2006) that the
perturbed PRW is transformed to either KMB or two counter-propagating breathers,
and the latter solutions were constructed explicitly in Zakharov and Gelash (2013).

Our approach to linear instability is closely related to the recent works (Bilman and
Miller 2019; Calini and Schober 2012; Grinevich and Santini 2021), where solutions
of the linearized NLS equation are constructed from solutions of the associated Lax
system. Eigenfunctions of the Lax system related to the Lax spectrum provide solutions
of the linearized NLS equation relevant for the linear instability of breathers. The
completeness of the resulting solution set is a particularly challenging question. In the
class of spatially localized functions, it was shown in Bilman and Miller (2019, Section
3.4) how to obtain a complete set of solutions of the linearized NLS equation at PRW.
Stability of AB under periodic perturbations of the same period was stated in Calini
and Schober (2012) without the proof of completeness. It was recently discovered
in Grinevich and Santini (2021) that the set of eigenfunctions constructed in Calini
and Schober (2012) is incomplete and two unstable modes exist for AB. The spatially
periodic unstable modes for AB were constructed in Grinevich and Santini (2021) by
taking a suitable combination of unbounded solutions of the linearized NLS equation.
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The purpose of this paper is twofold. Firstly, we give a full description of the Lax
spectra for AB and KMB, including algebraic multiplicities of eigenvalues. Secondly,
we obtain all solutions of the linearized NLS equations at AB and KMB generated by
eigenfunctions and generalized eigenfunctions of the Lax systems. These solutions are
spatially periodic for AB and spatially localized for KMB. The completeness question
is outside the scope of this paper and will be the subject of subsequent studies.

Similar to Bilman and Miller (2019), Calini and Schober (2012), and Grinevich and
Santini (2021), we use the Darboux transformation to obtain AB and KMB from the
constant-amplitude wave and then to precisely determine the Lax spectra at AB and
KMB from the Lax spectrum at the constant-amplitude wave. For AB, we focus on
solutions of the linearized NLS equation with the first three spatially periodic Fourier
modes (which corresponds to m = 0 and m = %1 of Fourier series), whereas for
KMB, we focus on spatially localized solutions.

Aiming for a presentation accessible to readers who are not expert in integrable
systems, we review some properties of the Lax system and the Darboux transformation
in Sect. 2. In Sect. 3, we consider the constant-amplitude wave. We compute the Lax
spectrum and establish the explicit relation between the solutions of the linearized
NLS equation obtained by a standard Fourier analysis and the ones generated by the
Lax system. We focus on spatially periodic and spatially localized solutions. Then,
using the Darboux transformation, we determine the Lax spectra and the resulting
solutions of the linearized NLS equations for AB in Sect. 4 and for KMB in Sect. 5.
The paper is concluded in Sect. 6 with a discussion of further directions.

2 Preliminaries

We recall the Lax system for the NLS equation (1.1), its connection with the linearized
NLS equation, and the Darboux transformation for the NLS equation and its Lax
system.

For our purpose, it is convenient to write ¥ (x, t) = u(x, t)e'', where u satisfies the
normalized NLS equation

1
iu,+§uxx+(|u|2— Du = 0. 2.1

The constant-amplitude wave ¥ (x,t) = ¢! of the NLS equation (1.1) becomes
u(x,t) = 1, and breathers (1.2), (1.3), and (1.4) provide exact solutions of the nor-
malized equation (2.1) without the factor ¢' in these formulas.

2.1 Lax System

The normalized NLS equation (2.1) for u = u(x,t) is a compatibility condition
©xt = @z, for a 2-vector ¢ = @(x, t) satisfying the Lax system

or = U Ny, Ul ») = (fﬁ _”A> 22)
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and

P4+ Iqur-1 A+ Su )
=Vu,Ne, VA =i 2 _ * , (2.3
o=V g, Vi) ( Dili o2 Llgion) @

where X is a complex number. The x-derivative equation (2.2) is the Zakharov—Shabat
(ZS) spectral problem, which is a particular case of the AKNS spectral problem; see
pioneering works (Zakharov and Shabat 1972; Ablowitz et al. 1974). The ¢-derivative
equation (2.3) gives the time evolution of the solution ¢(x, ) of the ZS spectral
problem (2.2).

Spatially bounded solutions of the Lax system are referred to as eigenfunctions
and the corresponding values A as eigenvalues. The set of eigenvalues A form the Lax
spectrum of the ZS spectral problem (2.2). Rigorously, this terminology corresponds
to considering the ZS spectral problem in the space Cg (R) of x-dependent functions
which are bounded and continuous on R. However, depending on the properties of
the solution u = u(x, t) to the NLS equation (2.1) other function spaces may be
considered as, for instance, the space of L-periodic functions Lper(O L), or the space
of L-antiperiodic functions Lann (0, L), or the space of localized functions L2(R).
The choice of the function space affects the nature of the Lax spectrum, as this is
usual for spectra of differential operators. For the spaces mentioned above the Lax

spectrum is a purely point spectrum consisting of isolated eigenvalues for L per O, L),
or Lgmlper(O, L), whereas it is a purely continuous spectrum, up to possibly a finite
number of eigenvalues for L2(R).

The ZS spectral problem (2.2) can be rewritten as a classical eigenvalue problem

(L1 =0, £_<i_t__g‘). 2.4)

In particular, this allows to define generalized eigenfunctions and algebraic multiplic-
ities of eigenvalues in the usual way by the bounded solutions of (£ — AI)¥¢ = 0
for k € N. If A is a double eigenvalue with the only eigenfunction ¢ satisfying (2.4),
then there exists a generalized eigenfunction ¢, satisfying the nonhomogeneous linear
equation

(L—=AD) g = 0. 2.5)

In this case, A has geometric multiplicity one and algebraic multiplicity two.

Remark 1 Solutions of the Lax equations (2.2) and (2.3) satisfy the followmg symme-
try. If ¢ = (p, ¢)T is a solution for A, then ¢ = (—¢, p)” is a solution for —

Taking a solution u = u(x,t) to the normalized NLS equation (2.1), solutions
v = v(x, t) of the corresponding linearized NLS equation

v+ zvxx + Qu)? = DHv+u’s =0, (2.6)
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can be constructed from solutions ¢ = ¢(x, t) of the Lax system (2.2)—(2.3). The
following well-known property is a result of a straightforward calculation.

Proposition 1 Assume u is a solution to the normalized NLS equation (2.1). If ¢ =
(¢1, <p2)T is a solution to the Lax system (2.2)—(2.3) for some X, then

v=9l =3 0=—¢3+ (X))
and
v=i(p] +¢)), U=—i(g3+}) (2.8)
are solutions to the linearized NLS equation (2.6).

Proof Due to the symmetry in Remark 1 and the linear superposition principle, it is
sufficient to confirm relations (2.7) and (2.8) by using v = g012 and v = —go%. This is
obtained directly:

. 1 2 2
lvt+2vm+(2|u| Dv+u“v

= 01Qig1 + ¢1x) + (0107 + Qlul* — Dof — u?p3

= 1((1 — ul®)p1 — 2221 — 2hu@r — uxz + A(Ap1 + ug2)
Fuypr + u(—up; — Ap2))
+(Ap1 + ug2)? + lul* — Dof — u’e3

=0.

Extending the solution by using (2.7) and (2.8) ensures that v is a complex conjugate
of v. O

Remark 2 Solutions ¢ = ¢(x, t) to the Lax system (2.2) and (2.3) which are bounded
functions in x generate bounded solutions v = v(x, t) to the linearized NLS equation
(2.6) by means of the transformations (2.7) and (2.8). On the other hand, solutions ¢ =
¢(x, t) which are unbounded functions in x generate unbounded solutions v = v(x, t)
but the linear superposition of unbounded solutions may become bounded (Grinevich
and Santini 2021). This latter property must be taken into account when constructing
solutions to the linearized NLS equation (2.6) either in Lger(O, L) or in L%(R) by
using Proposition 1.

The result in Proposition 1 can be extended by taking two linearly independent
solutions ¢ = (¢, <p2)T and ¢ = (¢1, ¢2)T to the Lax system (2.2) and (2.3) for the
same value of A. Then, from these two solutions we can construct the three pairs of
solutions of the linearized NLS equation (2.6) given in Table 1. The symmetry of the
Lax system in Remark 1 implies that the solutions of the Lax system for —2 lead, up
to sign, to the same solutions of the linearized NLS equation (2.6).
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Table 1 Possible solutions of

Pair I Pair I1 Pair 11T

the linearized NLS equation ar o =

2.6 ted from t 5 52 b

(2:6) generated from two v=¢?—§? V= 9161 — 262 v=¢f -
solutions ¢ = (¢1, ¢2)" and 2 ) Dy 2 b3
¢ = ($1,¢2)T to the Lax v=igy +igs v=ig1o1+iadn V=i +i0

system (2.2) and (2.3) for the
same value of A

Remark 3 If ) is a double eigenvalue with the only eigenfunction ¢ = (g1, ¢2)7
satisfying (2.4) and the generalized eigenfunction ¢, = (¢g1, gogz)T satisfying (2.5),
then the linearized NLS equation (2.6) admits the solutions

UV =201¢0g1 — 20202, U = 2001901 + 2i020¢2, (2.9)

in addition to the two solutions in Pair I of Table 1.

2.2 Darboux Transformation

For the construction of breathers, we use the following version of the onefold Darboux
transformation from Contreras and Pelinovsky (2014, Propositions 2.2 and 3.1).

Proposition 2 Assume that u = ug(x, t) is a solution to the normalized NLS equation
(2.1) and pick Ay € C. If ¢ = (po. qo)! is a particular solution of the Lax system
(2.2) and (2.3) with u = ug and ) = Ag, then

. 2(%0 + X0) podo
fig = up + 0T 2P0 (2.10)
|Pol* + lqol?
is a solution to the normalized NLS equation (2.1) and ¢ = (po, Go)T with
A )\, )_\’ -
[?0]=—2+ 0 2[_‘10] @.11)
40 |pol= =+ Igol* [ Po

is a particular solution of the Lax system (2.2) and (2.3) with u = g and A = .
Furthermore, the following identity holds:

. 92

liol” = luol” + —— log(Ipol” + Igol")- (2.12)
Remark 4 By the symmetry in Remark 1, ¢ = (—qo, po)l is a solution of the Lax
system (2.2) and (2.3) with u = ug and A = —Ag, whereas ¢ = (—qo, po)T is a
solution of the Lax system for u = 19 and A = —Ag.

Remark 5 The result in Proposition 2 provides new solutions to the normalized NLS
equation (2.1) and to the associated Lax system (2_.2) and (2.3), when Ao + 1o # O,
i.e., when Aq is not purely imaginary. When Ao + A9 = 0, it gives the same solution
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fig = ug to the normalized NLS equation (2.1) and the trivial solution ¢ = (0, 0)7
to the Lax system (2.2) and (2.3). Breathers are found by taking u#o = 1 and positive
values Lg: A9 € (0, 1) for AB, Ay € (1, 0co) for KMB, and Lo = 1 for PRW.

In addition to the Darboux transformation u( +> iig in Proposition 2, we have a
Darboux transformation ® (A1) +— CiD(A) between solutions of the Lax system (2.2)
and (2.3). More precisely, assuming that ®(A) is a 2 x 2 matrix solution to the Lax
system with u = uq, then

D) = D)D) (2.13)

is a2 x 2 matrix solution to the Lax system with u = ug if A # {Ag, —Xo}, where the
Darboux matrix D(A) is given by

D) =1+ L [{SO] [—q0 pol (2.14)
A—Ag | 40

and / stands for the 2 x 2 identity matrix. Since

AR
det D() = 2120
A—Xo

the matrix D) isinvertible, and the correspondence between the 2 x 2 matrix solutions
@ (1) and P (1) is one-to-one, when A # {Ag, —Ao}.

3 Constant-Amplitude Background

Here, we discuss the simple case of the constant solution # = 1. We determine the
Lax spectrum and compare the set of solutions of the linearized NLS equation

1
ivt+§v”+v+f)=0 3.1

obtained using standard tools of Fourier analysis with the one given by the solutions
of the Lax system (2.2) and (2.3). This comparison will be useful in the study of linear
instability of AB and KMB in Sects. 4 and 5, respectively.

3.1 Lax Spectrum

Since the solution # = 1 is constant, the Lax system (2.2) and (2.3) can be solved
explicitly. Two linearly independent solutions exist for every A since the Lax system
(2.2) and (2.3) is of the second order. We only consider real and purely imaginary
values of A because the solutions found for the other complex values A are unbounded.
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For A € R, two solutions to the Lax equations (2.2) and (2.3) are given by:

@ = v A — lik()‘) e—%ik(k)(x—i—ikt)
—JA+ 5k

- l_ Z

¢ = V A+ Ek()‘) e+%ik(k)(x+ikt)7 (3.2)
—JA = Sk

where k(1) := 2+/1 — A2. These solutions are bounded for A € (0, 1] and are linearly

independent for A # 1, that is, for k(1) # 0. For . = 1, two linearly independent
solutions are given by

A=1: <p=[1_1] ¢=[x+”+1]. (3.3)

—Xx — it

Solutions for A € R_, and in particular, for A € [—1, 0), are found from the symmetry
property of the Lax equations in Remark 1. This implies thatany A € (—1,0)U (0, 1)
is a geometrically double eigenvalue, whereas A = =1 are geometrically simple.

For A = iy with y € R, two solutions to the Lax equations (2.2) and (2.3) are

given by:
[ /1
V2k) —vy e~ 2k =D

| =iy 2k +y

/1
¢ _ zk(‘}/) +vy e+%ik(y)(x—yt)’ (34)

iy 2k —y

where k(y) := 2,/1 + y2. These solutions are bounded and linearly independent for
every y € R.. Solutions for y € R_ are found from the symmetry property of the Lax
equations in Remark 1. Consequently, any A = iy with y € R\{0} is a geometrically
double eigenvalue.

For A = 0 (y = 0), there are two linearly independent solutions,

A=0: w:[ll}e—”, ¢=[1}e+”, (3.5)

1

implying that A = 0 is a geometrically double eigenvalue. In contrast to the eigenvalues
above, the eigenvalue A = 0 has algebraic multiplicity four because the bounded
solutions of £?¢ = 0 are spanned by (3.5) and two additional solutions

t —i —t i
A=0: (pg=[_1_it]e”“, ¢g:|:_l_l.ti|€+lx. (3.6)
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These computations are summarized in the following lemma, where we have also
checked algebraic multiplicities of all eigenvalues.

Lemma 1 The Lax spectrum of the spectral problem (2.2) with u = 1 in the space
Cg (R) of bounded continuous functions is the set

Yo =iRU[-1,1], (3.7)

and the following properties hold:

(1) A = £1 are algebraically simple eigenvalues;

(2) each A € o\{0, =1} is a geometrically and algebraically double eigenvalue;

(3) X = 0is an eigenvalue with geometric multiplicity two and algebraic multiplicity
Sfour:

Proof Geometric multiplicity of all eigenvalues has been checked with direct com-
putations resulting in (3.2), (3.3), (3.4), and (3.5). In order to check the algebraic
multiplicity of eigenvalues, we note that for each eigenvalue A, the bounded eigen-
functions ¢ and ¢ in CQ(R) are periodic in x with some spatial period L. For the
algebraic multiplicity of A, we need to solve (£ — A1)p, = ¢ and (L — A1), = ¢ in
the space of periodic functions with the same period L. Consequently, we can check
the Fredholm condition in L?(0, L) equipped with the standard inner product (-, -).

Let ¢ = (¢1,¢2) be the bounded eigenfunction of the eigenvalue problem
(L — 11)¢ = 0. By the symmetry, the adjoint problem (L* — A1) ¢* = 0 admits the
eigenfunction * = (@2, ¢1)T. If A € o\ {+1, —1}, there exists another linearly inde-
pendent eigenfunction ¢ = (¢1, ¢»)”, for which we have similarly ¢* = (¢, ¢1)7.
Since (¥*, ) = (¥, ¢) = 0, the generalized eigenfunctions ¢, and ¢, exist if and
only if (¢p*, ) = 0 and (¢*, ¢) = 0.

For A € (0, 1), we obtain

(0%, 9) = —2ALe™ M (g% ) = —2pLe KN

which are both nonzero for A # 0. For A = 1, only one linearly independent eigen-
function ¢ in (3.3) exists and we check that (¢*, ¢) = —2L # 0. For A = iy with
y € R, we obtain

(0", @) = =2iy Lkt (¢* @) = —2iy Le™ V)T

which are both nonzero for y # 0. Hence, the algebraic multiplicity of all nonzero
eigenvalues is equal to their geometric multiplicity.

For the eigenvalue A = 0 with the eigenfunctions (3.5), we obtain (p*, ¢) =
(9™, ¢) = 0, in agreement with the existence of the generalized eigenfunctions (3.6).
On the other hand, we also have

((/7*, ‘Pg) = —L, <¢*7 ¢> = _L’

which implies that no new generalized eigenfunctions satisfying £3¢ = Oexist. Hence,
the zero eigenvalue has algebraic multiplicity equal to four. O
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Fig.1 Left: The Lax spectrum X in L2(R). Right: The union E(()P) U E(()A) of the Lax spectra in L%er 0,L)

and Lgmlper(o, L) for some L € (r, 27)

Replacing the space CI?(R) by L*(R) in Lemma 1 the Lax spectrum does not
change, the difference being that %y becomes a purely continuous spectrum in L2 (R).
In the space Lper(O, L) of L-periodic functions, the Lax spectrum only contains the
eigenvalues A € X with L-periodic associated eigenfunctions; hence, the purely point
spectrum is located at

2

=P = (#EAP) e {0, Nowen}), AP = 1—%m2. (3.8)

Similarly, in the space Lemtlpcr (0, L) of L-antiperiodic functions, the Lax spectrum
only contains the eigenvalues A € Xg with L-antiperiodic associated eigenfunctions;
hence, the purely point spectrum is located at

2
A T
oM = (2D, m e Noga), AN =, [1- EmZ (3.9)

The algebraic and geometric multiplicities of these eigenvalues remain the same, as
given in Lemma 1. Notice that A = 0 is an eigenvalue only for particular periods
L enN.

Figure 1 illustrates these results. The left panel shows the purely continuous spec-
trum of Xy in Lz(R) given by (3.7). The right panel shows the union E(P) U E(A)
of the purely point spectra in Lzer(O L) and Lantl (0, L) given by (3. 8) and (3. 9)
respectively. We fix L € (r, 271) for which only one pair of double eigenvalues is real
in addition to the simple eigenvalues A = +1.

3.2 Localized Solutions
Since the linearized NLS equation (3.1) has constant coefficients, the Fourier transform

provides a basis of bounded solutions in x which can be used to represent a general
solution in L?(R). The following proposition gives the result.
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Proposition 3 Forevery vy € L?(R), there exists a unique solutionv € CO(R, L*(R))
to the linearized NLS equation (3.1) satisfying v(x, 0) = vo(x) in the form of a linear
superposition

v(x, 1) = / [0 (1) + ¢ T ()] cos(kx)dk
0

+ / (a5 @) + d; v ()] sin(kx)dk, (3.10)
0

where coefficients c,f and dki are uniquely found from vy € L*>(R), and the functions
T)’f(t) for k > 0 are given as follows:

o (B0, a
ke ,2): gfggizgiifgi%t A:x(k):%\/szz, (3.12)
e (B0 .
e [Tt s o

Proof The proof is based on separation of variables and straightforward computa-
tions. Indeed, substituting v(z, x) = vy (1)e'** into (3.1) yields the linear differential
equation

‘d~+ 1 K Tk + 0, =0
1 —0, — — ]V v = 0,
dl‘k ) k k

with two linearly independent solutions '17;' (t) and Uk_ (t) given by (3.11), (3.12),
(3.13), and (3.14) for different values of k > 0. Completeness of the basis of bounded
functions in L2 (R) is given by the Fourier theory. O

Remark 6 Since the points k = 0 and k = 2 are of measure zero in the integral (3.10)
we actually do not need the solutions for k = 0 and k = 2. However, these solutions
play a role when the space L>(R) is replaced by the space Lger (0, L) of L-periodic
functions.

Remark 7 From the Fourier decomposition (3.10), we can determine the spectrum of

the linear operator from the linearized NLS equation (3.1), when acting in the space
L?(R). We find that the purely continuous spectrum is located at

{£kr(k), k=>=0}=iRU[-1,1].
This implies the spectral instability of # = 1 in the linearized NLS equation (3.1).
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It follows from Proposition 1 that solutions of the linearized NLS equation (3.1)
can be constructed from solutions of the Lax equations (2.2) and (2.3) with u = 1 and
A € C. We show below how to recover the Fourier basis in the decomposition (3.10)
from the eigenfunctions associated with the Lax spectrum in Lemma 1. We use the
three pairs of solutions given in Table 1.

Pair II of Table 1. Using ¢ and ¢ in either (3.2) or (3.4), we obtain the same constant
solutions

v=0, Y5 @) =2i, (3.15)
where T)'(T is the same as in (3.11). Using ¢ and ¢ from (3.3), we find the solutions
Uy (1) =1+2it, v(x)=iQx+1), (3.16)

where '170_ is the same as in (3.11). The two bounded solutions in the Fourier decom-
position (3.10) with £ = 0 are recovered.

Pairs I and III of Table 1. Using the eigenfunction ¢ from (3.3) associated with the
simple eigenvalue A = 1, we obtain the solutions from (3.15), again. By the symmetry
of the Lax system in Remark 1, the solutions obtained for . = —1 are, up to sign, the
same.

Next, using ¢ and ¢ in (3.2) for A € (0, 1), we find the following four linearly
independent bounded solutions:

v (x, 1) = — ik + k)eM sin(kx),
vt (x, 1) = ik +k)e™* cos(kx), (3.17)

and

vy (x, 1) = (2ir — ke M sin(kx),
v, (x, 1) = (2ik — ke cos(kx), (3.18)

in which k = k(&) € (0, 2). These are, up to sign, equal to the four solutions in
the Fourier decomposition (3.10) given by (3.12) so that we have a one-to-one corre-
spondence between the solutions provided by the Lax system with A € (0, 1) and the
solutions in (3.10) with k € (0, 2) through the equalities k = k(1) and A = A (k). By
the symmetry of the Lax system in Remark 1, the solutions obtained for A = (—1, 0)
are, up to sign, the same.

Using ¢ and ¢ in (3.4) for A = iy with y € R, we only find two linearly
independent solutions

vr(x, t) = kcos(kx — kyt) + 2iy sin(kx — kyt),

vT, (x, 1) = —2iy cos(kx — kyt) + ksin(kx — kyt), (3.19)
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in which k = k(y) € (2, 0o0). However, using ¢ and ¢ in (3.4) with —y instead of y,
we obtain other two linearly independent solutions,

v, (x,1) = kcos(kx + kyt) — 2iy sin(kx + kyt), (3.20)
vo, (x,t) =2iy cos(kx + kyt) + ksin(kx + kyt). ’
Solutions (3.19) and (3.20) are linear combinations of the four solutions in the Fourier
decomposition (3.10) with k € (2, co) given by (3.14), and we have a one-to-one
correspondence between these solutions through the equalities k = k(y) and y =
y (k).

Finally, using ¢ and ¢ in (3.5) for . = 0, we obtain two linearly independent
solutions

v (x, 1) = =2sin(2x), vFy(x, 1) = 2cos(2x). (3.21)

These recover the two solutions with k& = 2 in the Fourier decomposition (3.10)
corresponding to '17; in (3.13). In order to recover the two solutions given by v, in
(3.13), we use (2.9) with the eigenfunctions (3.5) and the generalized eigenfunctions
(3.6) to obtain

vy (x, 1) = 2(i + 2¢t) cos(2x) — 2sin(2x),
v_(x, 1) = 2(i + 2¢) sin(2x) + 2 cos(2x). (3.22)

Using (2.9) with ¢ and ¢, produces the same solutions as (3.22) up to the change of
signs. Solutions (3.21) and (3.22) for A = 0 recover the four solutions in the Fourier
decomposition (3.10) given by (3.13) for k = 2.

Summarizing, the set of eigenfunctions of the Lax equations (2.2) and (2.3) with
u = 1 and A € ¥( allows us to recover the Fourier basis in the decomposition
(3.10), except for the two functions v, (¢) cos(2x) and v, () sin(2x) with k = 2.
The entire basis is recovered when also using the generalized eigenfunctions (3.6)
associated to the eigenvalue A = 0. This leads to an alternative expansion for solutions
v e COR, L2(R)) to the linearized NLS equation (3.1),

o0
vix,t) = / [c,':v;“(k) (x, 1)+ ck_v;(k)(x, t)
0

+Cirkvir)\(k)(xv 1)+ C:kv:k(k) (x, t):l dk, (3.23)

where coefficients cik are uniquely defined from the initial condition v(-, 0) = vg €
L2(R), and Ui:x(k) (x, t) are given by (3.17) and (3.18) if k € (0, 2) and by (3.19) and
(3.20) if k € (2, 00). Since the points k = 0 and k = 2 are of measure zero in the
integral (3.23), we do not need solutions (3.15), (3.16), (3.21), and (3.22).

Remark 8 Since the solutions for k = 0 and k = 2 are not used in the expansion
(3.23), the solutions found from Pair II of Table 1 and from the eigenvalues A = 0 and
A = =£1 play no role in the dynamics of localized perturbations on the background
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of u = 1. In particular, linearly growing in ¢ solutions play no role in this dynamics.
All relevant solutions are obtained using the eigenfunctions of the Lax system for
A€ Xo\ {0, £1} in Pairs I and III of Table 1.

3.3 Periodic Solutions

Solutions of the linearized NLS equation (3.1) in the space L%er(O, L) of periodic
functions with the fundamental period L > 0 are found by restricting the continuous
Fourier decomposition (3.10) to the discrete values

2
ky, = %, m e Np = {0, N} (3.24)

This leads to a decomposition in Fourier series

v =y [ck B0 + o T (t)] cos(kpx)

mENO
+3 [d+ S0 +d T (t)] sin(kpx), (3.25)
meN

where coefficients ckim and d,in are uniquely found from the initial condition v(-, 0) =
vy € Lper(O, L), and the functions U,fn (t) are given by (3.11) and (3.14).

We obtain an equivalent decomposition using the eigenfunctions of the Lax sys-
tem. For the Lax system, we have to consider both L-periodic and L-antiperiodic
solutions, because the solutions of the linearized NLS equation (3.1) are constructed
using squares of solutions of the Lax system.

The Lax spectra Z(P) in L2 (0, L) and Z(A) in L2 (0, L) are given in (3.8) and

antiper

(3.9), respectively. For notational simplicity, we set A(k,,) = A(P) if m is even, and
Aky) = A(A) if m is odd, so that EOP) U E(A) {£A(k;), m € Np}. The arguments
above show that all functions in the Fourler series (3.25) are recovered from the
eigenfunctions of the Lax system associated with the eigenvalues A € E(SP) U ESA).

Indeed, for m = 0 we have the eigenvalues £A(0) = *1 € E(()P) leading to the
solutions '175r and v, given by (3.15) and (3.16), respectively, which are constant in
x.If0 < wm < L, then A(k,,) € (0, 1), and we have the four linearly independent
solutions in (3.17) and (3.18) with A = A(ky,). If mm > L, then A(k;,) = iy (kp) is
purely imaginary, and we have the four linearly independent solutions in (3.19) and
(3.20) with y = y (k). In the particular case L = mm, for some m € N, we have
M(ky) = 0 and four linearly independent solutions are given in (3.21) and (3.22).

As a consequence, an arbitrary solution of the linearized NLS equation (3.1) in
Lf,er(O, L) can be written in the series form:

per

v(x, 1) = ¢ Vg (1) + ¢o Uy (1)

+) [Crﬁvf(km)(x’ 1)+ Vi, (X: 1)

meN
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et vt o D) T t)], (3.26)

where coefficients cim are uniquely defined from the initial condition v(-,0) = vy €
Lger(O, L), and vil(km)(x, t) are given by (3.17) and (3.18) if 0 < wm < L, by (3.21)
and (3.22) if rm = L, and by (3.19) and (3.20) if mm > L.

Remark9 When L ¢ nN, the functions vik(km)(x, t) in the decomposition (3.26)
are all obtained from the eigenfunctions associated to nonzero eigenvalues X (k).
When L = mm, the eigenvalues £A (k,,,) vanish and the associated eigenfunctions only
provide the two linearly independent solutions (3.21). The generalized eigenfunctions
associated to the eigenvalue A(k;,;) = 0 must be used in this case to obtain the other
two solutions in (3.22).

Remark 10 If L € (0, &), there are no unstable eigenvalues in the space Lger(O, L)
so that the linearized NLS equation (3.1) admits no exponential instability. If L €
(€, (£ + 1)) for some £ € N, there exist exactly £ pairs of unstable modes Uix(km)

which grow exponentially in time 7.

4 Akhmediev Breather (AB)

By using the Darboux transformation in Proposition 2, we obtain AB from the constant
solution # = 1. We describe the associate Lax spectrum in Sect. 4.1 and construct
periodic solutions of the linearized NLS equation in Sect. 4.2.

Let Ao € (0, 1) and define the particular solution ¢ = (po, qo)T of the Lax system
(2.2) and (2.3) withu = 1 and A = Aq:

po(x, 1) = [ 2o — iko 3 Cikoxtoon) _ [5 oy iko o3 (ikox—o01)
’ 2 2 @D

go(x,t) = — [ 1o + %ko e%(—ik0X+Got) +./r — %ko e%(ikox—tfot)’

where kg =2,/1 — )% € (0,2) and op = Aoko. Elementary computations give

|pol? + Igol* = 4[cosh(opt) — Ao cos(kox)],
|pol? — Igol? = 2ko sin(kox),
Pogo = 2 cos(kpx) — 2xo cosh(opt) + ik sinh(opt).

and the onefold Darboux transformation (2.10) yields the formula for AB:

2(1 — A3) cosh(opt) + io sinh(oot)

no(x, 1) = —1
to(x, 1) + cosh(ogt) — Ag cos(kpx)

4.2)
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Fig. 2 The union 25{2 U E;Ag of the Lax spectra in Lger(O, L) and L2 (0, L) for AB. The red

antiper
dots represent the eigenvalues {+1g, —Ag} which are the only real eigenvalues in addition to {41, —1} if

L € (m,2m)
The AB solution g is L-periodic in x with L = 27 /ky > 7 and

2
lim dg(x, 1) = 1 — 223 +ikoho = (,/1 - A3+ i,\()) ,
t—+o00

from which it follows that , 111;1 lito(x, t)| = 1. The complementary transformation
—> 00
(2.12) gives

h(opt kox) — A
g, D2 = 1+ rokd MO0 cOstkor) — 2o
[cosh(ogpt) — Ao cos(kox)]

which is consistent with the exact solution (4.2).

4.1 Lax Spectrum at AB

For the Lax system (2.2) and (2.3), we consider both L-periodic and L-antiperiodic
eigenfunctions ¢ = ¢(x, t) in x. We use the Darboux transformation (2.13) and the
result of Lemma 1 to determine the Lax spectrum for AB, which is illustrated in Fig. 2
for the particular case L € (i, 2) for which only one pair of double eigenvalues is
real in addition to the simple eigenvalues A = =£1.

In the space of L-antiperiodic functions, we show that Lax spectrum of AB consists
of the same eigenvalues (3.9) as for the constant-amplitude solution # = 1. The only
difference between the two spectra is that the eigenvalues {+Ao, —X¢} are geometri-
cally double for u = 1, while they are geometrically simple and algebraically double
for u = uy.
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Remark 11 The results of the following Lemmas 2 and 3 have no restrictions on the
actual value of L := 27 /kg aslongas L ¢ nN.If L € (¢x, (€4 1)), then there exist
£ pairs of the double real eigenvalues in addition to the pair of simple eigenvalues at
A = =£1. Figure 2 only illustrates the case for £ = 1.

Lemma 2 Consider AB given by (4.2) and assume L ¢ 7w Nyqq. The spectrum of the ZS

spectral problem (2.2) with u = g in Lintiper (0, L) consists of isolated eigenvalues

A
S = (2D, moeNoga), AW =, /1 - Zm?,

m

with the following properties:

(1) For each m € Noqq, m # 1, the eigenvalues :I:)\g,,A) are geometrically and
algebraically double.

(2) The eigenvalues X(IA) = Ao and —A(IA) = —X\o are geometrically simple
and algebraically double with associated eigenfunctions ¢ = (po, o)’ and
¢ = (=qo, po)T and generalized eigenfunctions @, = (q)],],q)],z)T and
9g = (@12, 91,07, where g = (po, Go)! and 1 = (1,1, ¢12)T are given
by (A.7) and (A.10) in “Appendix A”.

Proof The Darboux matrix D (1) given by (2.14) is L-periodic in x and invertible for
every A # £. It follows from relation (2.13) that there is one-to-one correspondence
between the L-antiperiodic solutions of the Lax systems with u = 1 and u = iy when
A # £Xp. Consequently, with the exception of m = 1, the L-antiperiodic Lax spectrum
for u = g is the same as the L-antiperiodic Lax spectrum for u = 1 in (3.9) and
the property (1) holds. The linearly independent eigenfunctions for the eigenvalues

A= :i:)hﬁ,,A) are given in the form

5= o

<p~—¢+k_k0[éo][ q0 pol e

v U [Pl _

¢'_¢+A—ko[6}0}[ q0 pol¢, (4.3)

where the two linearly independent eigenfunctions ¢ and ¢ are given by (3.2) if
0 < L < wm and by (3.4) if L > mrm. The marginal case L = mm is excluded by the
assumption.

For A = Ao, transformation (2.11) gives the eigenfunction ¢y = (po, go)” of
the Lax system with u = il and it is easy to check that ¢ is L-antiperiodic in x.
For A = —Xo we have the eigenfunction ¢ = (—go, po)’ due to the symmetry in
Remark 1. Hence, {+X¢, —Ao} belong to the L-antiperiodic Lax spectrum for u = .
It remains to show that Aq is geometrically simple and algebraically double, the result
for —Ag following then by the symmetry of the Lax system.

For this part of the proof, we rely on the explicit computation of the expansion
into Laurent series of the 2 x 2 matrix solution <i>()») to the Lax system with u = i
given in Appendix A. The vector ¢y given by (A.11) is a second linearly independent
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solution to the Lax system (2.2) and (2.3) for u = 19 and A = Ag. Since it is not L-
antiperiodic in x, we deduce that )¢ is geometrically simple. Next, ¢; given by (A.10)
is L-antiperiodic and satisfies (L — Agl)@1 = ¢o, whereas ¢, given by (A.13) satisfies
(L — rol)gpa = ¢y, but it is not L-antiperiodic. This implies that A is algebraically
double and completes the proof. O

Remark 12 For an alternative proof that Aq is algebraically double, we can check the
Fredholm condition for the eigenfunction ¢ and the first generalized eigenfunction ¢;.
Taking the eigenfunction ¢} = (4o, po)” of the adjoint problem (L* — 1o1) ¢ = 0
and the inner product (-, -) in L2(0, L), we find that

L .
cosh(ogt — ikgx) — Ao
i) =23 [ _dv =0
o (cosh(opt) — Agcos(kox))
and
N ro [F cos(kox)
(po. 1) = =
2 Jo cosh(opt) — Agcos(kox)
% L (cosh (oot + ikox) — ko) (cosh(apt — ikox) — Xo) dr
kg Jo (cosh(aot) — A cos(kox))?
2 2 2 2 2 2
_ 2_);() /L cosh”(opt) + Aj cos” (kox) —22)»de _ 2—);0L £0,
ks Jo (cosh(opt) — Ag cos(kox)) kg
Since (g5, 90) = O, there exists the generalized eigenfunction ¢; satisfying
(L = xol)p; = ¢p in Lﬁmiper(O, L). Since (¢;,¢1) # 0, there is no the second

generalized eigenfunction ¢, satisfying (£ — Xol)g2 = ¢; in Limiper(o, L). This
implies that Aq is algebraically double.

For L-periodic solutions, we show that Lax spectrum of AB consists of the same
eigenvalues (3.8) as for the constant-amplitude solution © = 1. Moreover, algebraic
multiplicities of the eigenvalues coincide.

Lemma 3 Consider AB given by (4.2) and assume L ¢ 1 Neyen. The spectrum of the

ZS spectral problem (2.2) with u = tig in Lger (0, L) consists of isolated eigenvalues

P
2I(XB) = {i)‘(P) m e {0, Neven}}, ?»,(nP) = 1— —mz,

m

with the following properties:

(1) For eachm € Neyen, the eigenvalues :I:)»fnp) are geometrically and algebraically
double.

(2) The eigenvalues A(()P) = 1 and —)»(()P) = —1 are algebraically simple with
associated eigenfunctions ¢ = (@1, $2) and ¢ = (—@a, p1)T, respectively,
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where ¢ = (@1, $2)7 is given by

R 1 po+4qo | po
- _ T A0 o 4.4
o= L] h] @

Proof As in the proof of Lemma 2, the set of eigenvalues and their geometric and
algebraic multiplicities are found from the Darboux matrix D(A) in (2.14) and the
transformation (2.13). Since D(A) is L-periodic in x and invertible for every A =
j:kﬁnP), there is one-to-one correspondence between the L-periodic solutions of the
Lax systems with u = 1 and u = #19. Moreover, the explicit expressions (4.3) for
eigenfunctions ¢ and ¢ hold for every A = £A4/ ),

For the eigenvalue A = AE)P) = 1, only one linearly independent eigenfunction
¢ =@ = (@1, 9) in Lger(O, L) exists in the form (4.4). In order to check the
algebraic multiplicity of A = 1, we take eigenfunction ¢* = (¢, »1)7 of the adjoint
problem (L* — I)¢* = 0 and compute the scalar product

. L 20 podo + Pogo + |pol* + 90l
((/) a(p) = _2 1 + 2 2
0 L—2o [pol* + Iqol
423 pogo(po + do)?
(1 = 20)% (Ipol? + 1g01*)?

_ 1+Xo /L |:1 2% cosh(ogt) cos(kox) —Ag—iAg sinh(oozt) sin(kox)] dx
I—40 Jo [cosh(ogt) — Ag cos(kox)]
1+ A

S
1—2Xo

Since (p*, ) # 0, there exists no generalized eigenfunction satisfying (L — 1)@y = ¢
in le)er(O, L) so that the eigenvalue A = 1 is algebraically simple. The result for
A = —1 is a consequence of the symmetry of the Lax system in Remark 1. O

4.2 Linearized NLS Equation at AB

As in the case of the constant-amplitude solution u = 1, we construct L-periodic
solutions of the linearized NLS equation at AB from the L-periodic and L-antiperiodic
solutions of the Lax equations. These solutions are generated by the eigenvalues Xf,,A)
and )»,(HP) in Lemmas 2 and 3, respectively.

We focus on the solutions related to the positive eigenvalues AEA) = Xp and A(()P) =
1. By the symmetry of the Lax system, the negative eigenvalues —AiA) = —X¢ and

—A(()P) = —1 provide the same solutions up to the sign change. The particular goal
is to identify six linearly independent solutions of the linearized NLS equation at AB
which correspond to the six linearly independent solutions in the decomposition (3.26)
with m = 0 and m = 1 for the solutions of the linearized NLS equation at u = 1.
The correspondence is established by showing that the solutions constructed for AB
become identical to the ones for u = 1 asymptotically as t — Fo0.
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The following theorem presents the main result of these computations.

Theorem 1 Consider AB given by (4.2). Solutions of the Lax system (2.2) and (2.3)
with u = U for the eigenvalues A = 1 and A = Ao generate the following six linearly
independent L-periodic solutions of the linearized NLS equation (2.6) at AB:

(1) the solutions vy in (4.6) and v, in (4.7), which are asymptotically equivalent to the
solutions U)L_(kl) and 53 , respectively, in the decomposition (3.26);

(2) the solution wy in (4.11), which is asymptotically equivalent to the solution v_, k1)
in the decomposition (3.26);

(3) the solution v in (4.15), which is asymptotically equivalent to the solution v in
the decomposition (3.26);

(4) the solutions v in (4.19) and (4.20), which are asymptotically equivalent to the
solutions ”tx(kl) and U)T(kl)’ respectively, in the decomposition (3.26).

The six solutions in this theorem are computed explicitly in the next three subsec-
tions.

Remark 13 Due to the two exponentially growing solutions in item (4) of Theorem 1,
AB is linearly unstable. This agrees with the main conclusion of Grinevich and Santini
(2021) based on symbolic computations. For periods L € (i, 27), the eigenvalues A
and 1 are the only positive eigenvalues of the Lax system, as shown in Fig. 2. For larger
periods L > 2, there are additional positive eigenvalues which lead to exponentially
growing solutions for the linearized NLS equation at AB.

4.2.1 Solutions Related to 1 = 1

Recall from Lemma 3 that A = 1 is an algebraically simple eigenvalue in E/(Q asso-
ciated with eigenfunction ¢ given by (4.4). The second linearly independent solution
of the Lax system (2.2) and (2.3) for u = iip and A = 1 is obtained from the second
vector in (3.3) by using the transformation formula (2.13) and (2.14) with 1 = 1:

é 4.5)

_x+ir+1] G +inpo+go) +qo0 | po
T —x—it 1— o do |

By using the L-periodic eigenfunction ¢ in (4.4) in Pair I in Table 1, we obtain the
following two L-periodic solutions of the linearized NLS equation (2.6):

2x0(1 4+ Ag) sin(kox) [ko cosh(ogt) + 2iAg sinh(ogt)]

vi(x,t) = — 4.6
10 1 =20 [cosh(oot) — Ao cos(kox)]? (4.6)
and
2i(1 4+ Ag) [ ikoAo sinh(opt) cosh(ogt)
v2(x, 1) = 3
1 =20 [cosh(opt) — Ao cos(kox)]
(11— 2)»%) cosh?(opt) — )% cos2(kox) + 2)\% @7)
[cosh(opt) — Ao cos(kox)]2 ' '
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Ast — =00, the periodic solution v decays to 0, whereas the periodic solution v
approaches a nonzero constant. These two solutions are asymptotically equivalent to
the solutions v;(kl) and U(J{ in the decomposition (3.26).

By using both the L-periodic eigenfunction ¢ in (4.4) and the non-periodic solution
$ in (4.5) in Pair I in Table 1, we obtain the following two non-periodic solutions of
the linearized NLS equation (2.6):

v3(x, 1) = xvi(x, 1) +tva(x, 1) + fi(x, 1), 4.8)
va(x,t) = xvo(x, t) —tv(x,t) + fo(x,1), 4.9)

where the periodic parts fi and f> are given by

A 4i )\
fien = 5 L+20 [1+ ;Osinh(aot)
0

Ao cosh(ogpt) — cos(kox)
[cosh(opt) — Ag cos(kox)]2
2cosh2 (o0t) — cos?(kox) — i sin(kox) sinh(ogt)

[cosh(oo?) — Ao cos(kox)]?
ok cosh(og?) sin(kgx) ] '
[cosh(opt) — Ao cos(kox)]2

— Ao

+2A5

and
14 o
1) =
falx, 1) = l e
| koAo sin(kox) i Mokg cosh(ogt) sinh(ogpt)
1 — a2 cosh(apt) — Ao cos(kox) — [cosh(opr) — A cos(kox)]?

4ro(1 — Ag) cos(kox) 5 cosh(200t) + cos(2kox)
cosh(ogt) — A cos(kox) -0 [cosh(opt) — Ao cos(kox)]?
Ao(1 4+ 4o)(1 — A3) cos(kox)? 243 cosh(apt) cos(kox)

[cosh(ogt) — Ao cos(kox)]2 [cosh(opt) — Ao cos(kox)]z] )

Both solutions grow linearly in x and are not L-periodic. Ast — 300, the non-periodic
solution v3 becomes asymptotically periodic, because v decays to 0, and could rep-
resent v, in the decomposition (3.26). However, one needs to cancel the polynomial
term in x by using a linear combination with other solutions of the linearized NLS
equation (2.6).

Finally, by using the non-periodic solution (4.5) in Pair Il in Table 1, we obtain two
other non-periodic solutions of the linearized NLS equation (2.6), which are quadratic
with respect to x. As is described in the symbolic computations in Grinevich and
Santini (2021), such quadratic solutions in x play no role in the proof of Theorem 1.
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4.2.2 Solutions Relatedto A = A

By Lemma 2, the eigenvalue Aq is geometrically simple with L-antiperiodic eigen-
function @9 = (po, §o)T given by (A.7). A second linearly independent solution of
the Lax system is the non-periodic solution ¢ given by (A.11) in Appendix A.

By using Pair I in Table 1 with ¢g, we obtain the following two L-periodic solutions
of the linearized NLS equation (2.6):

wi = p§ — 4o
A2 sin(kox) [ko cosh(ogt) + 2i Ao sinh (oot
_ o sin(kox) [ko cosh(opt) + 2i oSlr21 (o01)] — k22 410,
2 [cosh(ogt) — Ag cos(kpx)] X

and

wy =i (p5 +40)
A3 [ko sinh(aot) cos(kox) + 2iAg cosh(ogt) cos(kox) — 2i]
2 [cosh(opt) — Ao cos(kox)]?

-2 8[20

= . 4.11
0 5, (4.11)

These are neutral modes generated by the translational symmetries of the NLS equation
(2.1) in x and ¢. Note that w; is proportional to the solution v in (4.6),

401+ 20)

V] =

Ast — =00, the two periodic solutions w; and w, decay to 0. These two solutions
are asymptotically equivalent to the solutions V) k) and Vs k) in the decomposition
(3.26).

Next, we record the following algebraic computations:

—qop+(A0) + pog+(ho) = 4i sin(kox),

—qop—(*0) + pog—(ro) =0,

—qop+(A20) — pog+(Ao) = 44 sinh(oot) — 2iko cosh(op?),

—qop—(ho) — pog—(ro) = 4[Lo cosh(opt) — cos(kox)] — 2iko sinh(opt).

Then, by using Pair II in Table 1 with the L-antiperiodic eigenfunction ¢g in (A.7)
and the non-periodic solution ¢ in (A.11), we obtain the following two non-periodic
solutions of the linearized NLS equation (2.6):

w3 (x, 1) = —4roxwy (x, 1) +4(1 — 223 rwa(x, 1) + g1(x, 1),  (4.13)
wa(x, 1) = —4hoxwa(x, 1) — 4(1 — 221w (x, 1) + ga(x, 1), (4.14)

where the periodic parts g1 and g, are given by

g1(x, 1) = 4k071 [cosh(opt) sin(kgx)w; (x, t) + sinh(ogt) cos(kox)wa(x, 1)]
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2Ao cosh(ogt) — 2 cos(kgx) — ikg sinh(opt)
cosh(ogt) — Ay cos(kox)

0

and
gx,t) = 4k071 [cosh(opt) sin(kgx)wy (x, t) — sinh(ogt) cos(kox)wi(x, 1)].

Note that the components g; and g, are bounded in 7 as t — F00. In view of (4.12),
the linear combination

11—
v(x, 1) = A%H—kovﬂx, 1) —w3(x, 1) = tso(x, 1) + folx, 1), (4.15)
0

where 59 and fj are L-periodic in x and bounded as r — o0, e.g.,

ikoAo sinh(opt)
cosh(ogt) — Ag cos(kpx)

so = 2ir3 [1 - 225+

+(1—23)

iko sinh(ogt) cos(kox) + 2(1 — A3 cos? (kox))
[cosh(opt) — Ao cos(kox)]2 ’

As t — =00, the solution v in (4.15) is asymptotically equivalent to the solution v,
in the decomposition (3.26).

Remark 14 Since vy and w; are not linearly dependent from each other, there is no a
linear combination of v4 and w4 which would be L-periodic in x.

Finally, by using Pair IIT in Table 1 with the non-periodic solution ¢ in (A.11),
we obtain two non-periodic solutions which are quadratic in x. Again, such quadratic
solutions in x play no role in the proof of Theorem 1.

4.2.3 Solutions Related to the Generalized Eigenfunctionat 1 = A¢

With the account of vy, vo, wi, wy, relation (4.12), and the linear combination (4.15),
it remains to obtain two L-periodic solutions of the linearized NLS equation (2.6) at
AB, which would be asymptotically equivalent to the remaining solutions v;'(kl) and

vfk(kl) in the decomposition (3.26). These solutions will be constructed from linear
combinations of non-periodic solutions that grows linearly in x, just as the solution v
in (4.15).

Remark 15 By Lemma 2, the eigenvalue ) is algebraically double with the general-
ized eigenfunction ¢; given by (A.10) in addition to the eigenfunction ¢y given by
(A.7). It is natural to expect additional solutions for the linearized NLS equation to
be obtained from the eigenfunction ¢ and the generalized eigenfunction ¢;. It is sur-
prising, however, that this is not the case. As a result, we have to use the eigenfunction
¢o and the generalized eigenfunction ¢ together with the non-periodic solutions ¢
and ¢ given by (A.11) and (A.14).
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By using the expansion of the 2 x 2 matrix solution D) computed in Appendix A,
we write

D) = Rikop(R), (M1,

where
P0) = 2591+ 9200 = 20) + O = 207, (4.16)
(1) = bo + 1 (1 — o) + O(0. — 1)), @.17)

Here, ¢g, ¢1, and ¢, are given by (A.7), (A.10), and (A.13), whereas ¢ and ¢; are
given by (A.11) and (A.14).

Both columns of &D(A) being solutions of the Lax system (2.2) and (2.3), the three
pairs in Table 1 give solutions v(X) of the linearized NLS equation (2.6) at AB.
Expanding v(X) at A = X generates a set of possible solutions to the linearized
NLS equation (2.6) at AB. It turns out that the L-periodic solutions and the linearly
growing in x solutions obtained from Pair I in Table 1 are all linear combinations of
the previously obtained solutions and that the solutions obtained from Pair Il in Table
1 are all at least quadratic in x. As a result, the new suitable solutions to the linearized
NLS equation (2.6) must be obtained by using Pair II in Table 1.

Using Pair II in Table 1 with the two columns in the matrix D) expanded at
A = Ao, we obtain the following expansions

v = (ko) I:)»f—i)»o T+ OO — xo)} , (4.18)

where each term of the expansion gives a solution v to the linearized NLS equation
(2.6) at AB. It follows that w4 = w3 and w_ = w4 were previously obtained in (4.13)
and (4.14), respectively. The next corrections in (4.18) give two new solutions:

v = 90,101.1 — $02¢1.2 + @1.160,1 — §1.260,2,
Vo =1¢0,1P1,1 +i0o2¢12 +i¢11¢0,1 + i¢1,200,2,
where the first subscript stands for ¢g, ¢1, ¢o, and ¢1 and the second subscript stands

for the first and second components of the two vectors. For further computations of
V4, We obtain

Pop+(*0) + Gog+(ro) = 2 cos(kox) [24¢ sinh(oot) — iko cosh(op?)],
PoP+(20) — qog+(ro) = —2sin(kox) [ko sinh(oo?) + 2iko cosh(oo?)] .

After substitution of (A.7), (A.10), (A.11), and (A.14) into v4, we obtain
v (x, 1) = xre(x, 1) + 51 (x, 1) + falx, 1),

where the L-periodic parts are computed explicitly:
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8 2
re == G- 2w,

0

8 222
P BT E . L B

kg( w2t T2

4 . - 16 , ,
Sy = E(1 — 228 (Pop+(R0) — QoG+ (ko)) + ﬁ(l — 21§) sinh(oy?) sin(kox)w;
0
8
+a- 213) (2 cosh(opt) cos(kox) — Ao) w2 — Srowa,
0

4 R - _ 16 . .
s_ = E(l — 203)(Pop+(h0) + Gog+(10)) + 2= 223) sinh(oo?) sin(kox)wa
0

8
—k—2(1 — 2)%) (2 cosh(ogt) cos(kpx) — Lo) wi + 8rowi,
0

and

1 i _
Fo = 5o (Pop+(ho) + dod (o)) + L (pop+(ho) — dodis (0))
iko ko

2 R _ =
+k_2 (cosh(aopt) cos(kox) — Ao) (PoPo — qogo)
0

20 . . R _ x
2 sinh(oot?) sin(kox)(po po + goqo)
0

2 . s
+k—2 sinh(o9?) cos(kox)(pop+(*o) — Gog+(1o))
0

2i . . -
2 cosh(op?) sin(kox) (pop+(Ao) + gog+(Ao))
0

4 4
+k_3 cosh(2o9t) sin(2kox)wy + k_3 sinh(200t) cos(2kpx)w>,
0 0

1 1 _
f-= T (pop+(o) — Gog+(Xo)) — k—(ﬁolu(ko) + 4og+(20))
0 0

2i R _ =
+k—2 (cosh(opt) cos(kox) — Ao) (popo + Gogo)
0

2 . . -z
+k—2 sinh(oot) sin(kox)(po po — goqo)
0

2 . . z
+k—2 sinh(oo?) cos(kox)(pop+(Xo) + Gog+(1o))
0

2 ) . s
+k—2 cosh(op?) sin(kox) (pop+(Ao) — gog+(Ao))
0

4 4
+k—3 cosh(2o¢t) sin(2kox)wy — k_3 sinh(2o00t) cos(2kpx) w1 .
0 0
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The x-growing part of v is canceled in the linear combination

2103 — 223 (1 — Xo)

v(x, 1) = kv (x, 1) — T v3(x, 1)
2003 —222)(1 — A
= r100 )+ R fy (1) — 2 1+°£§ D fi ., (@19

where

(22§ — 1) cosh(ogt) — i Aoko sinh(agt) — Ao cos(kox)

1) = 4irg(7 — 1043
s1(x, 1) iho( 0) cosh(opt) — Ag cos(kox)

’

and fi(x,t), fi(x,t) are L-periodic in x. Note that ¢s1(x, ¢) is irreducible in the
sense that there are no other solutions of the linearized NLS equation (2.6) with the
same behavior as 7s1(x, ). On the other hand, s;(x, t) and fi(x, t) are bounded as
t — oo, whereas k(% f4(x,t) is unbounded. As t — =400, we deduce that the
exponentially growing component of v(x, ¢) is given by

v(x, 1) ~ —4k3 (1 — 423) cosh(oot) cos(kox) — 8iroko(3 — 443) sinh(apr) cos(kox).
We conclude that the solution v in (4.19) is L-periodic and asymptotically equivalent

to the mode vfwﬂ) in the decomposition (3.26) as t — F00.
The x-growing part of v_ is canceled in the linear combination

2(1 — 422 8A2(1 — A
v(x, 1) = kGv_(x,1) — %wﬂk ) — ()1(+—)L()())U4(X, r)
2(1 — 422
=t55(x, 1) + kG f-(x, 1) — %gz(x, 1)
0
8A3(1 — Ap)
_ -0 77 D), 4.20
Ty fa(x, 1) (4.20)

where

sin(kgx)[ko cosh(ogt) + 2i Ay sinh(opt)]

1) = —okg 223 + 1
s2(x, 1) 0k (245 + 1) [cosh(opt) — Ao cos(kgx)]?

)

and f_(x,1), fa(x, 1), g2(x, t) are L-periodic in x. Again, the solution v(x, f) grows
exponentially in time as ¢t — oo due to the unbounded component k% f-(x,1),
according to

v(x, 1) ~ —4k3 (1 — 413) sinh(oor) sin(kox) — 8iroko(3 — 413) cosh(ogr) sin(kox).
We conclude that the solution v in (4.20) is L-periodic and asymptotically equivalent

to the mode U;(k.) in the decomposition (3.26) as t — Fo00. This completes the proof
of the theorem.
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Remark 16 The unbounded terms fi(x,f) as t — oo grow at most at the rate
op because w; » decay exponentially to zero at the rate op as t — =00 so that
cosh(2opt)wi 2(x, t) and sinh(2opt)wi 2(x, t) grow at the rate op.

4.2.4 Solutions Related to Other Eigenvalues

We conclude this section with some comments on the solutions generated by the
remaining eigenvalues in the Lax spectrum. These are the geometrically double eigen-
values {)L,(np)}meNeven for L-periodic solutions and {Aan)}meNodd\{l} for L-antiperiodic
solutions. We exclude the case L € wN when 0 is an eigenvalue of higher alge-
braic multiplicity and the two eigenfunctions alone were not enough to obtain the
decomposition (3.26) for the constant solution # = 1. Then, using Pairs I and III in
Table 1, from the associated eigenfunctions we obtain L-periodic solutions of the lin-
earized NLS equation (2.6) at AB which are asymptotically equivalent to the solutions
{vix(km)}meN\{Oyl}’ in the decomposition (3.26). Pair II in Table 1 generates two L-
periodic solutions which are linear combinations of the solutions vy, v, and w» from
Theorem 1. Together with the other three solutions from Theorem 1, the resulting set
of solutions is asymptotically equivalent to the one in the decomposition (3.26). While
we do not attempt to prove completeness of this set, we refer to Grinevich and Santini
(2021, Section 4) for a recent discussion of this question.

5 Kuznetsov-Ma Breather (KMB)

Here, we apply the same procedure of Sect. 4 for KMB. Since KMB is localized in x,
we have to consider the Lax spectrum and bounded solutions of the linearized NLS
equation in the function space L2(R).

Let A9 € (1, 0o) and define the particular solution ¢ = (pg, go)” of the Lax system
(2.2) and (2.3) withu = 1 and A = Aq:

po(x, 1) =4/2o + lﬂo e3(Poxricon) _ VAo — l[30 o3 (Poxicon
2 2 (5.1)
qo(x,t) = — /Ao — 1130 e%(ﬁoxHaot) 4 /)»0 4 1130 e—%(ﬂoﬂriaot)
9 2 2 b

where Bg = 2,/)% — 1 and o9 = XpBp. Notice that py and ¢gg in (5.1) are related
symbolically to the ones for AB in (4.1) through the equalities kg = i By and og = i .
Elementary computations give

1pol? + Igol* = 4 [xo cosh(Box) — cos(ao?)]
Ipol* — Igol* = 20 sinh(Box)
Pogo = —2cosh(Bpx) + 21 cos(apt) + i Bo sin(xpt), 5.2)
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Fig.3 The Lax spectrum Xgyp in Lz(]R) for KMB
so that the onefold Darboux transformation (2.10) yields the formula for KMB:

2(A3 — 1) cos(aot) + i sin(eot)
Ao cosh(Box) — cos(aot)

do(x, 1) = —1 + (5.3)

The complementary transformation (2.12) gives a consistent relation

Lo — cosh(Box) cos(aot)

. 2 _
lio(x, )I” =1+ aofo (o cosh(Box) — cos(apt))?’

which can also be derived from (5.3). KMB is periodic in ¢ with period 7 = 2 /g
and localized in x with liljl:l uo(x, 1) = —1.
X—> 00

5.1 Lax Spectrum at KMB

As for AB, we use the Darboux matrix (2.14) to construct the bounded solutions of the

Lax system (2.2) and (2.3) with u = i from the bounded solutions of the Lax system

with u = 1 and then determine the Lax spectrum at KMB in L2(R). The Lax spectrum

YxwmsB is shown in Fig. 3 where the red dots show isolated eigenvalues {+Ag, —Xo}.
The following lemma gives precisely the spectrum Xgvp.

Lemma4 Consider KMB given by (5.3). The spectrum of the ZS spectral problem
(2.2) withu = G in L(R) is the set

Ykmp = iR U [—1, 1TU {X0, =20}, (5.4)
with the following properties:
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(1) Foreach X € iRU(—1, 1), there exist two linearly independent bounded solutions.

(2) For A = 1 and » = —1, there exists only one bounded solution.

(3) The eigenvalues . = Ly and . = —Xo are algebraically simple with associated
eigenfunctions ¢ = (po, Go)! and ¢ = (qo, —po)’, respectively.

Proof The Darboux matrix D()) given by (2.14) is invertible for A # +X(. Moreover,
both D()) and its inverse are bounded in x for A # +Xo. As a result, we have a
one-to-one correspondence between the bounded solutions of the Lax systems with
u = 1and u = g for A # +Ag. This implies that, up to the values +A(, the ZS
spectral problems (2.2) with u = 1 and u = i have the same continuous spectrum
¥ given by (3.7), so that properties (1) and (2) hold.

It remains to prove (3). Due to the symmetry property of the Lax system, it is enough
to show the result for .

The vector ¢ = (po, go)” given by (5.1) is a solution of the Lax system (2.2)
and (2.3) with u = 1 and A = X¢. The Darboux transformation (2.11) gives the
solution ¢ = (po, go)! of the Lax system (2.2) and (2.3) with u = fig and A = Ao.
From formulas (5.1) and (5.2), we find that po(x, t), go(x,1) — 0 as |x| - oo
exponentially fast; hence, ¢ = (pg, o) is an eigenfunction in L2(R) associated with
Ao. Furthermore, the Lax system (2.2) and (2.3) having zero-trace, the Wronskian of
any two solutions is constant both in x and 7. Since one solution is decaying to zero
as |x| — oo, another linearly independent solution is necessarily growing at infinity.
Consequently, Ag is geometrically simple.

For the algebraic multiplicity, we use the form (£ — Aol) o = O with the eigen-
function ¢y = (po, c}o)T € LZ(R) and show that the linear nonhomogeneous equation

(£ — Aol) Yo = go, (5.5

does not have the generalized eigenfunction yo € L*(R). The solvability condition for
this equation is given by the Fredholm condition (¢g, ¢o) = 0, where (-, -) is the inner
productin L?(R) and ¢ is an eigenfunction of the adjoint problem (L* — Xo1) @5 = 0.
A direct calculation shows that go(’)k = (éo, EO)T, and then, we compute

823 pogo
2 22 9%

r (Ipol= + Iqol°)

2 cosh(Box + iagt) — Ao
X

0 Jz (o cosh(Box) — cos(at))?

| Mo sinh(Box) + i sin(agt) [T O
= =208, -

Ao cosh(Box) — cos(apt)

X—>—00

(95, 90) = —

= —hoBy

Consequently, (¢, ¢o) # 0 so that A is a simple eigenvalue and property (3) holds.
O
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5.2 Linearized NLS Equation at KMB

As in the case of the constant-amplitude solution # = 1, we construct bounded solu-
tions of the linearized NLS equation (2.6) at KMB from the bounded solutions of the
Lax equations for A € Xxmp in Lemma 4. Recall that the solutions are unbounded in
x when A ¢ ZkmB.-

Here, we focus on solutions generated by the eigenvalue ¢, and in particular on
those which are decaying to zero as |x| — oo. The eigenvalue . = —X¢ produces the
same solutions of the linearized NLS equation, due to the symmetry in Remark 1. The
following theorem provides the main result of these computations.

Theorem 2 Consider KMB given by (5.3). The eigenvalue L of the Lax system gen-
erates three linearly independent exponentially decaying solutions of the linearized
NLS equation (2.6). These solutions are proportional to the three derivatives of KMB
with respect to x, t, and .

Remark 17 Besides the three exponentially decaying solutions in Theorem 2, we also
find three linearly independent bounded solutions which are asymptotically constant
as x — =zoo. These six solutions are the analog for KMB of the six solutions given
in Theorem 1 for AB.

5.2.1 Solutions Related to A = A

Since X is a simple eigenvalue in Xxyp, the eigenfunction gg = (P, c}o)T provides
an exponentially decaying solution of the Lax system (2.2) and (2.3) with 1 = Xo.
The second linearly independent solution is exponentially growing in x. According to
Remark 21 in Appendix A, this second solution is given by:

b0 = [58} +4 [—on +i(1 —223)t + By " sinh(Box + iaot)] [;’8} . (5.6)

By using Pair I in Table 1 with ¢g, we obtain the solutions

S 23 sinh(Box) (Bo cos(aot) + 2iAg sin(aot))

A2
1) = —q5 = 5.7
wix. 1) = po = d 2(h cosh(Box) — cos(apt))? 5.7)
and
wa(x, 1) = ip§ +i4]
. i)%(2)»0 cosh(Box) cos(apt) — 2 4 i By cosh(Box) sin(apt)) (5.8)

2(%o cosh(Box) — cos(agt))?

which are periodic in ¢ and exponentially decaying in x. It turns out that these solutions
are proportional to the derivatives of iy with respect to x and ¢,

_23'20
wi = AoBy x w2 = B

_28’20
O 9t
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Hence, these solutions are generated by the symmetries of the NLS equation (2.1)
with respect to translation in x and ¢.

While Pair IIT in Table 1 with ¢ gives exponentially growing solutions, Pair IT with
¢o and ¢g gives two bounded solutions:

wi(x, 1) = —drgxwi(x, 1) +4( — 2k(2))tw2(x, 1)+ filx, 1), 5.9
wq(x,t) = —4roxwy(x,t) —4(1 — 2k(z))tw] x,t)+ falx, 1), (5.10)

where w and w» are given by (5.7) and (5.8), respectively, and

2A0 cos(apt) — (1 + k(z)) cosh(Box)
[Xo cosh(Box) — cos(ozot)]2
(ZA% — 1) cos(apt) — AS cosh(Box)
[Xo cosh(Box) — cos(oq)t)]2
sinh(Box)
Sl ) = 41%0}30 Ao cosh(Box) — cos(apt)

fi(x, 1) = 21 cos(apt)

+4iroBy ' sin(aot)

Here, fi is exponentially decreasing as |x| — oo, whereas f> is bounded but not
decaying as |x| — oo, and both f] and f> are periodic in ¢. Consequently, w3 is also
exponentially decaying in x, and a direct computation shows that it is proportional to
the derivative of g with respect to Ao,

du() _ dug  ddg -1
Jo =xBy ,30()»0)—+l01 /(Ko)?‘l‘ﬁ = —Ay V3.
In this computation, X is an arbitrary parameter and we write Bg = Bo(ro) =

2,/)% — 1 and a9 = ag(rg) = ApBo(ro). The solution wy is asymptotically con-
stant, with

lim wa(x, 1) = £4irofBy (5.11)
x—+o00

The solutions w1, wy, and w3 are the three linearly independent exponentially decaying
solutions in Theorem 2.

5.2.2 Solutions Relatedto A € X,

First, we consider the solutions of the linearized NLS equation which are asymptoti-
cally constant, but not decaying to 0. These solutions are obtained from Pairs I and II
in Table 1 for A = 1 and from Pair II for any A € X(. We are looking for a suitably
chosen linear combination of these solutions with w4 which might lead to a fourth
exponentially decaying solution of the linearized NLS equation (2.6). We show below
that this is not the case.
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Fori =1, the Lax system has the bounded solution ¢ in (4.4) and the unbounded
solution ¢ in (4.5) in which (pg, qo) is given by (5.1). Using Pair I of Table 1 with ¢,
we find the solutions

210(1 + Ag) sinh(Box)(Bo cos(apt) + 2i Ao sin(apt))

ule ) = —r— [0 cosh(Box) — cos(ao)]? (5-12)
and

B 2i —Xxo cosh(Box) + (2)% — 1) cos(apt) + 2iroBo sin(apt)
v2(¥ 1) = (1 — Xp)2 Ao cosh(Box) — cos(aot)

22 2/30 sinh?(Box) 4+ (—2 cosh(Box) + 2Aq cos(aot) + i By sin(agt))?
4 Ao cosh(Box) — cos(aot)]

(5.13)
The solution vy is proportional to wy given in (5.7),
4(1 + Ao)
V] = ————— Wi,
~ o(1 — Ao)
whereas the solution v, is asymptotically constant with
2i(14+ A
lim va(x, 1) = — A 20)
x— o0 1—2o
By using Pair IT with ¢ and é, we find the bounded solution
1
v3(x,1) = x—i—z vi(x, 1) +tva(x, 1) + g1(x, 1), (5.14)
where
gi(x, 1) =

(1202

L2 B3 sinh?(Box) + (—2 cosh(Box) + 2xg cos(aot) + i By sin(aot))?
4 [rg cosh(Bpx) — cos(ozot)]2 '

and a solution v4(x, ) which is unbounded in x. The solution v3 grows linearly in ¢
and

2i(14 2 22
lim wv3(x,1) = —t i+ o) U
x—>Fo0 1 =20 (1 = 0)?

Pair III gives two unbounded solutions. The three bounded, but not decaying to 0,
solutions vy, v3, and wy are linearly independent. Comparing their limits at x = 400,
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we conclude that there is no linear combination of these solutions which could lead
to a localized solution.

Using Pair II in Table 1 with the two linearly independent solutions of the Lax sys-
tem for & € iRU(—1, 1), we do not find any new solutions. After some computations,
we obtain that all these solutions are linear combinations of the exponentially decay-
ing solutions wi, wy, obtained from the eigenvalue A = A¢, and the asymptotically
constant solution vy obtained from A = 1.

The remaining solutions of the linearized NLS equation (2.6) are obtained using
Pairs I and IITin Table 1 for A € iRU(—1, 1). Since the Darboux matrix D(A) in (2.14)
is invertible with constant limits as x — 00, these solutions are asymptotically the
linear combinations of the solutions found for u = 1. For A € iR U (—1, 1), the latter
solutions are asymptotically periodic in x with wavenumber k = k(L) = 2+/1 — A% >
0. By analogy with the case u = 1, we denote by ﬁi)\(k) (x, t) the four solutions of
the linearized NLS equation at KMB for k € (0, c0)\{2}. Although only two linearly
independent solutions are obtained for k = 2, the point k = 2 is of measure zero in
the continuous spectrum Xg\B-

5.2.3 Localized Solutions

Based on these explicit computations, we expect that a solution v € C O(R, L2(R))
of the linearized NLS equation (2.6) at KMB can be uniquely expressed in the linear
superposition form

v(x, 1) = crwi(x, 1) + cowa(x, 1) + c3wsz(x, 1)
oo
[ e & 1)+ 5,07 )
0

FEZ0T5 g (s t)] dk, (5.15)

where the coefficients ¢y, ¢3, ¢3, and Ef_ﬁk are uniquely determined by the coefficients
by the initial condition v(-,0) = vy € LZ(R). A rigorous justification of this formula
requires an additional completeness proof which is outside the scope of this paper.

Remark 18 The decomposition (5.15) precisely shows how many linearly indepen-
dent solutions of the linearized NLS equation (2.6) at KMB correspond to the point
and continuous parts of the Lax spectrum Xxnp. Interestingly, this decomposition is
different from the complete set of solutions of the linearized NLS equation at the NLS
soliton (Kaup 1976a,b) where perturbations to a single NLS soliton are decomposed
over four exponentially decaying solutions which correspond to translations of the
NLS soliton over four parameters and the four continuous families of eigenfunctions
of the continuous spectrum. We have only found here the three exponentially decaying
solutions wi, w», w3, whereas the three other solutions wy, v, v3 are bounded but not
exponentially decaying as |x| — oo.

Remark 19 1t follows from (5.15) that the linear instability of KMB is related to the
continuous spectrum X in Xy Wwith exactly the same growth rate as the one of
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the constant-amplitude background u = 1. This is in agreement with the numerical
computation of unstable modes for KMB in Cuevas-Maraver et al. (2017), where KMB
was truncated on a spatially periodic domain [—L, L]. According to Figs. 1, 2, and 3
in Cuevas-Maraver et al. (2017), the number of unstable modes of KMB depends on
the period T for every fixed L. In the limit T — 0 (A9 — 00), the number of unstable
modes corresponds to those of the constant-amplitude background u = 1. However,
for each fixed L, the number of unstable modes decreases as T decreases. Our analysis
corresponds to the case L = oo, when the unstable modes form a continuous spectrum
which is independent of period 7. Indeed, the results in Cuevas-Maraver et al. (2017)
showed that the number of unstable modes increases when L increases.

6 Conclusion

We have classified solutions of the linearized NLS equation (2.6) at two breather
solutions of the NLS equation (2.1) given by AB and KMB. In the case of AB, our
results agree with the symbolic computations in Grinevich and Santini (2021) where
exactly two exponentially growing in time and spatially periodic solutions of the
linearized NLS equation were discovered. In the case of KMB, we provide the set of
solutions for characterizing the linear instability of breathers which was not achieved
in the previous work (Zweck et al. 2021) due to lack of spectral mapping properties.
In both cases, the question of completeness was left opened and is the future open
problem of highest priority.

Among further directions, it is worth mentioning that AB and KMB are particular
solutions of the third-order Lax—Novikov equation

u"” + 6lul?u’ + 2ic(u” + 2|ul*u) + 4bu’ + S8iau = 0, (6.1)

for a = ¢ = 0. More general solutions of the third-order Lax—Novikov equation
with a = ¢ = 0 are represented by the double-periodic solutions which are periodic
both in x and t (Akhmediev et al. 1987; Chen et al. 2019). Linear instabilities of the
double-periodic solutions were recently explored in Pelinovsky (2021) by utilizing
the Floquet theory in both x and ¢. The linear unstable bands of the double-periodic
solutions should correspond to the linear unstable modes of AB and KMB in the case
of degeneration of the double-periodic solutions; this limiting procedure is still to be
studied in future.

Overall, characterizing instability of breathers on the constant-amplitude back-
ground is a more difficult problem compared with characterizing modulation instability
of traveling periodic waves in the NLS equation (Chen et al. 2020; Deconinck and
Segal 2017). Further understanding of the linear and nonlinear instability of breathers
will provide better clarity of the formation of complex rogue wave patterns and inte-
grable turbulence in the framework of the NLS equation (1.1).
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Appendix A: Computation of &J(,l) Near 1 = 1o

Let u = 119 be AB given by (4.2) and consider the 2 x 2 matrix solution ® (1) to the
Lax system (2.2) and (2.3) with # = 1 in the form:

_[p0p-)
ORl Pratard| (.1

where

Pe(h) = /)L . %k(k) e—%ik(k)x—i—%a(k)t + /)wl— %k(k) e%ik(k)x—%a()\)t’
ge(h) = — [5 + %k(k) e~ 2ikG)x 30 () T /5 — %k(k) e%ik()»)xf%a()»)t’

with k(L) 1= 24/1 — A2, 6 (X) := Ak(L), and A € R.

Remark 20 Solution (4.1) used for the construction of g corresponds to the second
column of ® (1) evaluated at A = X, so that pyp = p_(Ag) and go = g—(Ao).

The 2 x 2 matrix solution dA>()L) of the Lax system (2.2) and (2.3) with u = i is
given by the transformation (2.13) and (2.14), or explicitly by

X B 1 Do _
o) =@M+ 57— o [6}0 ] [=g0 po]l ®(2). (A2)

Expanding @ (1) into Laurent series near the simple pole at A = A, we write

A

D

d(L) = — Do+ D1 (L — 1o) + O — 20)?), (A.3)
— A0
where
5 Po
b= |0 [= @A),
1 [qo}[% pol @ (o)

dg = d(ro) + [;ﬂ [—q0 pol @ (ho),

. oo 1 130 ”

1= @'ho) + 5 | 2 [=g0 pol @ (Ro)-
q0
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Further expanding the eigenvalue problem
(L—=ADD(O) =0,

into Laurent series near the simple pole at A = A, we find successively at orders
O((r — x0)™h), O(1), and O(A — Ag) the equalities

(L—=2oD)®_1 =0, (L—2rDDPo=d_1, (L—2rDD =Dg. (A4
We use these equalities to identify the eigenfunctions and the generalized eigenfunc-
tions of the Lax system for A = Ag from the columns of b 1 CDO, and CI>1

We record the following algebraic computations:

—qop+(ro) + poq+(Xo) = 2iko,
—qop—(Xo) + pog—(ro) =0,

. . A5
—qop+ () — pog+ (o) = 4sinh(aot — ikox), (A-5)
—qop-(20) — poq—(ro) = 4 cosh(opt — ikox) — 4Ap.
By using the first two lines of (A.5), we obtain
d_y = [2ikog, 0], (A.6)
where
A 2 .
oo =P = 0 a0 (A7)
q0 2 [cosh(ogt) — Ao cos(kox)] | PO

is precisely the L-antiperiodic eigenfunction of the Lax system (2.2) and (2.3) for
u =iigand A = Ag.
Next, using the equalities

d [ i ifo i
—JrE k() =F—\[A £ k(2
O FkO) =F7 7k

we compute the derivatives

{ PO = k)7 i + 2iax +2(1 — 202)t] p= (L), (AS)

g ) = kW) =i + 2iax +2(1 = 222t g ().
which, together with the four equalities of (A.5), lead to

[—g0 pol ' (hg) = 4ik0_1 [cosh(ogt — ikox) — Xo, ko(irox
+(1 — 222)1) + sinh (oot — ikox)] .

Then, we compute
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do = [2ikog1, ¢ol, (A.9)

where

I [ pr(ho) 2 . Po
= — = [cosh(opt — ikox) — Aol | % A.10
¥1 3k |:é1+()»0) + k(% [cosh(opt — ikox) — Aol do ( )

is the L-antiperiodic generalized eigenfunction satisfying (£ — Agl)¢; = ¢o and

b0 = [Zg} +4 [—on +i(1 =223t + iky ! sinh(opt — ikox)] [Zﬂ (A.11)

is a second linearly independent solution to the Lax system (2.2) and (2.3) for u = i

and A = Aq, which is not L-antiperiodic in x.
Finally, by differentiating (A.8) in A and using (A.5) we obtain

—q0p!L (o) + pog’y (ho) = 2iky " [4(ihox + (1 = 223)n* 1]
+16ik; > [i,\ox +(— z,\g)z] sinh(cof — ikox)
+16i roky > [cosh(ogr — ikox) — Aol -
and
—qop” (0) + poq” (o) = 16iky> [ikox +- 2xg)t] cosh (oot — ikox)
+16i roky > sinh (ot — ikox) -+ 4i(ix — 4xot).
Then, we compute

®y = [2ikoga, $1], (A.12)

which consists of non-L-antiperiodic functions,

1 1
= —(hox —i(1 —222)t p0]+—[p°}
v k(%( ox —i( o)1) |:CIO 2k5 L =40

1 Po
+—[4iAx+ 1—2,\%2—1][A }

+i(ikox + (1 = 222)1) sinh(oot — ikox) Do
K} qo

0
41 5
+—= [cosh(ogt — ikox) — Aol [130} , (A.13)
K do

satisfying (£ — Aol)g2 = ¢1, and
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_ 2. o2 | P+ 0 | E | p+(ho)
1 = g Whox + (1 =200 [61+()»0)] o [—Q+()»o)}

8i .
—i——;(ikox + (1 - 2A%)t) cosh(opt — ikox) [IZO:|
ko qo0

8 5 5
+=22 sinh(oot — ikox) [’fo] +2i(ix — 4hot) [{’0} L (A14)
kg q0 90

satisfying (£ — Aol)¢1 = ¢o.

Remark 21 These computations can be transferred to KMB given by (5.3) by taking
ko = iBp and o9 = iag. In particular, we obtain two linearly independent solutions
of the Lax system (2.2) and (2.3) with u = iip and A = A9 for KMB from (A.7) and
(A.11). The first one is the solution g9 = (pg, §o)” in Lemma 4, and the second one
is the solution ¢ given by (5.6).

Remark 22 Derivatives of the matrix solution Ci>()L) in A at A = +Xxo were computed
in the recent work (Grinevich and Santini 2021) without discussing geometric and
algebraic multiplicities of the eigenvalue Aq.
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