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Abstract

We consider a system of coupled Klein—Gordon equations, which models one-dimensional nonlinear wave processes in
two-component media. We find both linear and nonlinear solutions involving the exchange of energy between the different
components of the system. The solutions are a continuum generalization of the classical example of energy exchange in
Mandelshtam’s system of coupled pendulums.
© 2003 Elsevier Science B.V. All rights reserved.

1. Introduction

We consider the system of coupled Klein—Gordon equations in the form:

ute — uxx = fu(u, w), wit — Cw = fuu, ), 1)

where subscripts denote derivativeg$y, w) is a potential function of nonlinear coupling, andhe ratio of the
acoustic velocities of the componemtsindw. The dimensionless systefh) describes the long-wave dynamics
of two coupled one-dimensional periodic chains of partif1¢sThe elements of each chain are linked by a linear
coupling, while the chains interact via a nonlinear coupling.

The choice of the potential functiofiu, w) depends on the mathematical model of the physical system. For
instance, the coupled Klein—Gordequations (1yvith the proper choice of the functiof(uz, w) can be considered
as the long-wave limit of a lattice model for one-dimensional nonlinear wave processes in a pi-&y8imilar
lattice models were proposed for the modeling of crack propagation in composites (see, for ef@npany
advanced structures, such as joints, coatings and electronic packages, use bi-materials. When applied to the modeling
of bi-materials, the potential functiof{u, w) and parameter are determined by the type of interface and materials
forming the bi-layer. In addition, we note that similar models were proposed to describe dynamical processes in
hydrogen-bonded chains (e J§+6]), molecular crystals and polymer chains as well as ferroelectrics or ferromagnets
and thin films where rotational and vibrational degrees of freedom are coupled togethd7{d.g]), and in the
DNA double helix[13] (see alsq14] and references therein).
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As the functionf(u, w) in such phenomenological model should be found experimentally, its analytic form is not
unique. Some suitable choices fii:, w) andc can be found to simplify the analysis. The Lie group classification
of the systen{l) was carried out ifil] for ¢ #£ 1, fu.(u, w) # 0. The general systefit) with ¢ = 1 (and arbitrary
functions ofx andw on the right-hand side) was studied1®], where the cases admitting Lie—Backlund symmetries
were found, and integrable (completely or partially) examples were presentgg.(if, w) = 0, the systen{l)
splits into two independent Klein—Gordon equations, whose group classification with respect to point symmetries
was given in16] (see alsg17]) and that with respect to the Lie—Backlund symmetrield 8.

The general systeifl) is Lagrangian with the density:

L= %(ut2 + w,2 - ui - czwf) + fu, w).
The system exhibits two balance equations for the conserved energy and momentum:

d0[1
% |:§(utz + w,2 + u)zc + czw)zc) — f(u, w):|

ad

e [Mtux + Czwth] =0,

B a1
E[utux + wewy] — ™ |:§(u,2 + wt2 + uf + czwf) + f(u, w)} =0.

When the potential function if(u, w) = cos(du —w) — 1, the systen(l) reduces to coupled sine-Gordon equations:
Uit — U = —82 sin(u — w), Wit — Py = sin(u — w), (2

where the variable replacesiu, compared to the syste(d). The coupled sine-Gordon equations generalize the
Frenkel-Kontorovd19] dislocation model (see al4§@0] and references therein). Unlike the Frenkel-Kontorova
model, where the shear of one part of a crystal is considered with respect to the rigid base, thédystenived
under the assumption that both parts of a crystal are deformable. In the (@adble dimensionless parameter
82 is equal to the ratio of masses of particles in the “lower” and the “upper” parts of the crystaf Fer0 and

u = 0, the systen{2) reduces to the sine-Gordon equation for the variabl&hus, there is a natural limit to the
Frenkel-Kontorova model. We also notice that sys{ghwith ¢ = 1 was proposed to describe the open states in
DNA [13].

Invariant solutions of the systefR) and solutions describing dynamics of the system in the presence of additional
shear forces were constructed 1. It was shown that a gap appears in the spectrum of velocities of solitary waves
of the systen(?2) if the acoustic velocities of non-interacting chains are differefit£# 1). Therefore, the system
represents a filter of solitary waves (analogously to the acoustic filter in the linear theory). It was also shown that
the relative displacement of the “upper” particles with respect to the “lower” particles remains the same as in the
Frenkel-Kontorova model (by the period of the chain), whereas the absolute displacements depend on the wave
speed.

In this paper we study in detail the linear and the nonlinear wave processes involving the exchange of energy
between the two physical components of the system. In particular, we describe the full and the partial transfer of
energy between the componeatandw in the situation when one component is initially excited (saywhile
the other componenty) is initially at rest. The periodic and quasi-periodic processes in the wave sy2jemre
analogous to the energy exchange in a system of coupled pendulums in classical mg2ha(ses als§22]).

The paper is organized as follows. $®ction 2 we construct linear solutions for exchanges of energy between
the two components. The exact nonlinear solution is foun8antion 3for the casec = 1. Weakly nonlinear
solutions for the general case are derive8attion 4oy means of reduction of the systé€R) to coupled nonlinear
Schradinger (NLS) equationSection 5concludes the paper.
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2. Energy exchangein thelinear approximation

In the case of small relative displacements of components, When w| <« 1, the coupled sine-Gordon
equations (2Jeduce to the linear system:

Ut — Uy = —82(u — w), Wit — W = U — w. 3)

Fourier solutions of the syste(8) take the form:

= U dkeon w =W dk—on
wherew = w(k) satisfies the dispersion relation:
D(@?, k) = (0® — (8 + k9)) (@ — (1+ k%) —8° =0 (4)
and the ratio between the two components is
W —w? 4 k%48 1
o= — = = : )
U 82 —w? + %%+ 1

Due to the symmetry — —k andw — —w, we consider the dispersion curve in the first quadrant:0, v > 0.
The dispersion curve consists of two brancheék) andw,(k), such thatw;(0) = 0 andw2(0) = /1 + 82. The
typical shape of the dispersion curve is showrfrig. 1 for ¢ = 1 (a) andc # 1 (b). Forc = 1, w1(k) = k and
wo(k) = V/1+ 624+ k2. Forc < 1 ands = 0, the two branches of the dispersion curve intersect at finifehe
couplings # 0 induces splitting of the two branches.

It is convenient to parameterize the dispersion cuwves w1 2(k) as follows:

1
wiz =5 [v%+v%:|:,/(v%—v§)2+482:| , (6)

wherev? = 6% + k? andv = 1+ c¢??, such thatr 2 = (V2 — ] ,)/82 = 1/(v3 — w? ). We notice thatr; > 0
andas < 0. For example, it = 1, thenay = 1 anday = —82.

There is a pronounced energy exchange between the two comporeks of the systenf2) when two different
branches of the dispersion curve coexist for the same wavenumbetrus consider a general superposition of two
linear waves with the same wavenumbéaut different frequenciess (k) andwz (k):

u = Uy e 4 g, d-w2n 4 o w = ayUp €010 4 o1, d—w2) | oo )
wherek > 0 andw1 2(k) > 0. ChoosingJ/1 andUs in such a way that the solutidid) satisfies the initial condition

u(0, x) = A coskx, w(0, x) =0,

we find
201 |a2]A . .
u = ——[|az| cos(kx — w1f) + a1 COS(kX — w2t)], w=———-"—"—siny_tsin(kx—y;1), (8)
a1 + |z a1 + a2
whereyy = (w2 + w1)/2.
w () w (b)
k + k

Fig. 1. The dispersion curve for= 1 (a) andc # 1 (b).
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Fig. 2. Energy exchange in the linear two-wave solu@n

A full exchange between the two componemtandw from zero to non-zero values occurs whz%n: vg =12,
and thereforer; = —a = §~1. The solution(8) in this case reduces to the form

u = Acosy_t cos(kx — y11), w=—A8"1 siny_r sin(kx — y,1). 9)

Solution(9) describes periodic exchange of energy between the two components of the coupled system with the
periodT = 2n/y_. Here, the waves propagate with the velogity/ k, with the phases shifted by/2 and the
amplitudes varying from 0 to the maximal value with the frequepcyTheu component is at maximum at= 0
and att = r/y_, while thew component is at maximum at= 7/(2y_) and so on. Thus, there is a periodic energy
exchange between theand thew components. Solutio(®) is shown inFig. 2forc =1, =1, A =1,k =16
in the quarter-period interval 8 r < wr/(2y_).

Partial exchange between the two componerdadw occurs When)f + v%. In this case, the solutiof8) takes
a more complicated form:

2 A . .
u = U(r) cos kx — wot + x(1)], = _2oloalA sin y_z sin(kKx — y41), (10)
ay + o]
where
A |ao| Sin (w2 — w1)t
U() = ———Ja? + o2 + 2a1|az| cOS(w2 — w1)t, t:arctan[ )
() = o + o+ 2mloal cOs@o — w0t 1) T e o

Itis clear from(10) that the amplitude of the wave propagating in the “upper” component varies between non-zero
valuesu = (Alay — |a2]])/ (@1 + |a2]) coskx andu = A coskx.

Solutiong9) and (10describe the exchange of energy between the right-propagating waves. Using the symmetry
t — —t, one can obtain solutions for energy exchange between the left-propagating waves.

Combining all four possible waves with the same wavenumbee construct a general linear superposition for
energy exchange between the two pairs of counter-propagating waves:

U= Ulei(kxfa)]_l) + Usei(kx+a)1[) + Uzei(kxfwzt) + U4 ei(kX+a)2t) + CC,
w = a1(Us g (x—w1n) + U3z ei(kXJr“’lf)) + as (U g (—wzr) + Uy ei(kX“L‘”Z’)) + c.C. (12)

We choose the constariiy » 3 4 to satisfy the initial data:
1(0, x) = A coskx, w(0, x) = 0, (0, x) = w(0,x) =0

and transform the solutiofi1)to the form:

A 2 A .
u = ———(Ja2| COSw1t + @1 COSwat) COSKX, = M siny_tz siny.t coskx, (12)

ay + |az| a1 + |az|

where notations are the same as above.
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Fig. 3. Energy exchange in the linear four-wave solufibs).

If v2 = v3 = 2, then the solutiorf12) takes a simple form:

u = A COSy_t COSy.t COSKX, w = A§ Lsiny_rsiny,.rcoskx. (13)

Sinceys = (w2 £ w1)/2, theny_ < y4. The linear solutior{13) describes a periodic exchange of energy with
the larger period” = 2r/y_ between the componenisandw which represent the standing wave solutions. The
process looks similar to the energy exchange in the two-wave case. Itis shéig 8forc = 1,6 =1, A =1,
k = 1.6 in the quarter-period interval. The amplitude of oscillations is modulated by the functid«. daw fixed
x we observe the classical pattern of beating between the components, shieign4rior the pointx = 0. The
energy exchange in the four-wave solut{d@3) is the continuum generalization of the classical example of beating
oscillations in a system of coupled penduluf2s] (see alsg22]).

If v% #* v%, then

u = U(t) cos fwat — x(r)] coskx

and the “upper” component oscillates between non-zero values (Ala1 — |a2||)/(x1 + |az|) coskx and
u = A coskx.

If y_ is small enough, i.e., if the frequencies andw; are close for some wave numbdeithen thex component
in the solutions(9) and (13)atr = m/2y_ is almost in equilibrium, and its total energy is transferred to the
w-component. At = xr/y_ itis vice versa and so on. (Notice that physical variables in the Lagrangian formulation
of the problem are/§ andw.) If v? >> §, then the period’ of the energy exchange tends to infinity.

Let us now consider, when the conditiofn = v% is met. This condition corresponds to the full exchange (up
to zero) between the two componentand w. If ¢ = 1, this condition can be satisfied only fér= 1, while
wavenumberk is arbitrary. Ifc £ 1, then the conditionv% = v% cannot be satisfied with any wavenumlaeif
(1-6%)/(1—c? < 0. Otherwise, i.e., whefl — §2)/(1 — ¢?) > 0, the condition’? = v3 is satisfied for a single
value of wavenumbet = |1 — §2|%/2|1 — ¢2|71/2,

A\/M\M qiaveine
[ZANUEASRRA AL

Fig. 4. Beating between the componentandw in the solution(13) for x = 0.
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3. Exact solutionsfor energy exchangeat ¢ = 1

Exact solution describing the energy exchange between the two compenamtiisy of the systen(2) can be
constructed ifc = 1, i.e., if the acoustic velocities of the components coincide. In this case, we introduce new
variables

p=u-—uw, g=u-+8w (14)
and transform the syste(8) to the form

pit — pox = —(1+ 89 sinp, (15)

gt — gxx = 0. (16)

The system decomposes into the sine-Goredguation (15uncoupled from the wavequation (16) The exact
periodic solution of the sine-Gordaguation (15)s (e.g.,[23])

p = 2arcsink sn(kx — w2 (k) + 6o, ©)], (17)

wherew, (k) = +/1+ 82 + k2 is the second branch of the dispersion curvéehe modulus (O< x < 1), anddp a
constant. The general solution of the wagpiation (16has the form
q = f(kx— w11) + g(kx + w11),

wherew1 (k) = k is the first branch of the dispersion curve. We chaopse0 andf to have the same expression as
(17). As aresult, the explicit two-wave solution describing the exchange of energy between the two components
andw can be found in terms of Jacobi elliptic functions:

2 . 5 .
= m[arcsmfpl + < arcsingz],

2 . .
W=7 . [arcsingy — arcsings], ¢1,2 = k SN(Kx — w1, 2t + 0o, k). (18)
The solution(18) approaches the linear soluti¢d) ask — 0. Whens? = 1 (i.e., v% = vg), we prove that the
nonlinear solutior(18) describes a full periodic exchange of energy between the two components of the system.
Indeed, in this case, using the addition theorems for elliptic functions (sed24]y.we transforn(18)to the form

2k cn(y_t, k) F1(t, x) i| ”— arcsin[ZK SN(y_t, k) Fo(t, x) i|

D(t, x) D(t, x) (19)

U= arcsin[

where O< ¥ < 1 and

F1(t, x) = dn(kx — y1 + 60, k) S(kX — y1t + 6o, k), Fo(t, x) = dn(y—t, k) cn(kXx — y4.t + 6, k),
D(t, x) = 1 — k2 srP(y_t, k) STP(KX — vt + 60, k).

Since the Jacobi function dn «) has no zeros on the real axis, zeros of the nonlinear sol(t@coincide with
zeros of the functions ¢p, «) and sriz, k). Zeros of the function g@, «) on the real axis are located at the points
z = 2mK, while those of the function cp, «) are located at the points= (2n — 1)K, wherem, n € Z, and

/2
K=/ (1 — k?sin%p) Y2 dg
0

is the complete elliptic integral of the first kind. The real period of these functions is equ&l.tdhe time of
exchange of energy from one component to anoth@r4s K/y_. The nonlinear two-wave solutidi9) is shown
in Fig. 5forc = 1,8 = 1,k = 1.6, and«? = 0.99999. The qualitative behaviour of the nonlinear sysfgjris
similar to that described in the linear approximation (Bags. 2 and »
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Fig. 5. Energy exchange in the nonlinear two-wave solufi®).

4, Weakly nonlinear solution for energy exchange

The exact solution of the systg@) for periodic exchange of energy is found only fo& 1. This condition is very
restrictive. In the general case, we can construct, however, approximate, weakly nonlinear solutions describing the
energy exchange between the componertisdw. Weakly nonlinear solutions are found with the use of asymptotic
methodq25] by reduction of the coupled sine-Gordeqguations (2}o the coupled NLS equations. The coupled
NLS equations are derived for the slow spatio-temporal evolution of the wave amplitudes. The slow evolution is
captured by the asymptotic multi-scale expansion:

(o)== (o) e (02) + (02) roe
w w1 w2 w3

where
<ul> — [A(z, &) 0010 | p(r g dlocton] ( 1 )
w1 a1
+[C(z, &) €02 4 p(z, £) dxTen) (al ) +c.c. (20)
2

T =et, & =ex, T = &1, X = &2x are the slow variables, anda small amplitude parameter. After lengthy but
straightforward calculations, and rescalings, we arrive at the system of coupled equations for the wave amplitudes
A, B,C andD:

(A7 + v Ax) + u1(| AP + 21BIA) A + pua(ICI? + |DIP)A = — 362w Axx,

i(Br — vg1Bx) — na(|BI?> + 2|A]>) B — u2(IC1? + |DI*)B = 28 2w Bxx,

I(Cr +v2Cx) + p3(IC? + 2DIA)C + na(|AI? + | BIP)C = —;ezwzcxx

i(Dr — vg2Dx) — u3(IDI> + 2IC1*)D — ua(|AP? + |BI*) D = 3e°w} Dxx, (21)
where
k 1+ o?52c2 L, L= 0G4 a8 — vg) + dofai(vg — (k/w))(vg — c2<k/wz>)
O e 1 T i (1+ a28?)
82(1— ap? 82(1— a1)?(1 — ap)? 82(1— ap)?
M= aond+a2? "7 T 200422 T dpatr2ed)

_ P -’ - a)?
2w0p(1+a28%)
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The dispersive terms in the right-hand side(21) are small and beyond the leading order of the asymptotic
multi-scale expansion method. Similar coupled NLS equations were recently deri\@gj26a]for two counter-
propagating waves. A system of coupled two-dimensional NLS equations for two counter-propagating waves was
derived in[27]. We notice that the couplestjuations (21are valid in the general non-resonant case, whes veo
(see, for examplg28]).

The coupled NLSquations (21have thex-independent coupled-wave solution:

A= Agexpiw,T), B = Boexp(—iwpT), C = Coexplio.T), D = Doexp(—iwgT), (22)
where

wa = p1(lAol® + 2|Bol?) + u2(1Col? + Do),  wp = n1(2lAol? + |Bol?) + n2(|Col? + | Dol?),

we = u3(|Col? + 21 Dol?) + pa(lAol® + |Bod),  wa = na(2|Col? + |Dol?) + wa(|Aol? + | Bol?).

Substituting(22) into (20) we obtain the solution in the form of two pairs of counter-propagating waves:

( u ) = ¢(Ag ei(kX—w1t+a)a52T) + B ei(kX+w1t—wb52T)) < 1 >
w a1

+8(C0ei(kx—w2t+w(,»52T) + Doei(kX+w2t—w,132T)) ( 1 ) Lce 23)
a

Solution(23) describes a weakly nonlinear energy exchange between the two components. The only change com-
pared to the linear solutions discussedSection 2is the nonlinear corrections to the frequencigs w; of the

linear waves, wherej (k) andwz (k) are given by(6). Fore — 0, solution(23) reduces to the linear solutidB) in

the case of two waves with

loo| A a1A
0= 5 8C0=—, Bo=D0=O
2(a1 + |o2]) 2(a1 + |a2])
and to the linear solutioflL2) in the case of four waves:
A A
8A0=830=L, 8C0:8D0=L.
2(a1 + |az]) 2(a1 + |o2])

Fore = 0, solution(23) generalizes the linear solutions by nonlinearity-induced correction of or@@) @ the
frequenciesos 2(k). Forc = 1, the exact nonlinear solutiqi8) reduces to the weakly nonlinear soluti(#8) in
the asymptotic expansion as— 0. Using the well-known approximation (e.(R4])

1,2

SN(x, k) = sinx — 1k%(x — sinx cosx) cosx + O(k™),

we eliminate the secular terms by renormalizing the frequengiesk) in the solution(18). As a result, we find
the asymptotic expansion with the leading order terms:

2 . .
u= m[/c sin(kx — w1t + Q216%t + ok™) + 8% sin(kx — wot + Q01%t + Ok™) + O(/cz)],

[« sin(kx — w1t + Q1% + O(kY)) — ke sin (kX — wot + 22x%t + O(k™Y)) + O(KZ)],

YEIr s
where

1+ 682
2, =0, 2, = .
1 2 4602
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This expansion matches the weakly nonlinear soluf#®) for ¢ = 1 with the correspondence:

K 82
8A0=m, ECOZW, Bo = Do =0, wg =wp =wg =0,
wee? = 3l Col®e? = 2ok%,
since forc = 1:
b wi—0 1+
m1=p2=pus =0, n3 = dagdh

5. Conclusion

The situation when the linear dispersion relation has two or more branches for the same wavenumber is typical in
multi-component systems. Many interesting phenomena can take place in such systems, including wave resonances
and gap solitons. In this paper, by considering a system of coupled Klein—Gordon equations, we have discussed the
processes involving the exchange of energy between the physical components of the system. The energy exchange
constitutes an essential feature of multi-component systems. It would be interesting to study the energy exchange
processes in other physical systems admitting a similar dispersion relation. For example, an attractive candidate is
the sine-Gordon—d’Alembert systems introduced in the study of the propagation of electroacoustic walls in elastic
ferroelectrics (sef8,9]) and magnetoacoustic domain walls in elastic ferromadaéiqsee alsd29,30).

Harmonic waves in a scalar sine-Gordon equation are modulationally unstable with respect to amplitude variations.
Since the systeni2) with ¢ = 1 reduces to the sine-Gordaguation (15)and to the wave=quation (16)the
coupled linear and nonlinear waves are expected to be modulationally unstable too. In the general case, stability of
coupled-wave solutions can be considered in the framework of couple@ijllBions (21yith the small dispersive
terms in the right-hand side ¢21) (see[26,26a,27]and references there in). Analytical and numerical results on
stability of coupled-wave solutions will be published elsewhere[@EHdor the influence of modulational instability
on the two-wave solution).
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