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ABSTRACT. We construct the Lyapunov functional for the periodic waves of the Benjamin—Ono
equation based on the conservation of momentum, energy, and a higher-order energy, which exists
due to integrability. Positivity of the second variation of the Lyapunov functional for perturbations
in Sobolev space H!(R) is established by utilizing the basis properties of eigenfunctions of the lin-
earized Benjamin-Ono equation in L?(R). Coercivity of the Lyapunov functional for co-periodic
and multiple-periodic perturbations yields the nonlinear orbital stability of the periodic waves in the
periodic domain.

1. INTRODUCTION

The Benjamin—Ono (BO) equation is a popular model to describe dynamics of long internal waves
in a deep fluid [5, 36]. Although it has been known to be formally integrable with the inverse
scattering method for a long time [15} 23], it was only recently that many groundbreaking results
were obtained in the mathematical analysis of this model.

We are particularly concerned with the stability of traveling wave solutions with spatially decaying
or spatially periodic profiles. These are called solitary waves and periodic waves, respectively. We
take the BO equation in the standard form:

up + 2uu, + H(ug,) =0, (1.1)

where u(z,t) : Rx R — R and H is the Hilbert transform defined in the Fourier basis by H (e%%) =
isgn(£)e®, ¢ € R. The solitary wave is characterized by algebraically decaying tails:

2
u(@t) = 1= n ;52, (1.2)

where ¢ = z — ct — & is the traveling wave coordinate with an arbitrary wave speed ¢ > 0 and the
phase parameter £, € R. The periodic wave can be expressed in terms of elementary functions:

N k sinh ¢
u(e,t) = cos(k€) + cosh ¢’

(1.3)

where ¢ and &, are the same as in (I.2)), the two parameters k, ¢ > 0 are arbitrary, and the wave
speed c is uniquely found from ¢ = k coth ¢. Without loss of generality, we can set {; = 0 due to the
translational invariance of the BO equation (I.I)). Due to the scaling invariance of the BO equation
under the transformation u(z,t) — ku(kx, k*t), one can set k = 1 and restrict the periodic
solutions to the period 27, for which the requirement ¢ > 0 implies ¢ > 1. For computational
transparency, we will leave the scaling parameter £ > 0 arbitrary.
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1.1. Motivations and background references. Regarding the solitary waves (I.2)), uniqueness of
spatially decaying traveling wave solutions of the BO equation for each wave speed ¢ > 0 was
shown in [2]. Linear stability of a single solitary wave was shown in [[10] by constructing a complete
basis of eigenfunctions in the linearized BO equation. The complete basis of eigenfunctions of the
linearized BO equation was extended to the multi-soliton solutions [32, |33]], which implies their
linear stability.

For the nonlinear stability analysis, we recall the first three conserved quantities for the BO equa-

tion (L.

M(u) = %/zﬂdx, (1.4)

E(u) = —%/uH(um)dx - %/ude, (1.5)
_ L[ 3 [ o L[

R(u) = Z/dex+ 4/u H(ug)dx + 4/u dx. (1.6)

These quantities are well-defined in the Sobolev spaces H°(R), H'/?(R), and H'(R) respectively.
The list of conserved quantities can be continued to Sobolev spaces of higher regularity H"/?(R)
with NV € N due to integrability of the BO equation.

Nonlinear orbital stability of the solitary wave in H'/2(R) was shown in [ 6] by minimizing
the energy F'(u) subject to fixed momentum M (u). The method of using more conserved quantities
for the Lyapunov functional has been employed to show the nonlinear stability of multi-soliton solu-
tions. Nonlinear orbital stability of two-soliton solutions in H'(R) was shown in [34] by minimizing
the higher-order energy R(u) subject to fixed momentum A (u) and energy E'(u). The same strategy
was extended to show the nonlinear stability of N-solitons in Sobolev space H¥/?(R) by proving
their local constrained minimization properties in a linear combination of higher-order conserved
quantities [31]. The recent work [28] connected the proof of nonlinear stability of multi-solitons
with the completeness of eigenfunctions of the linearized BO equation.

The nonlinear stability of multi-solitons in Sobolev spaces of low regularity H*(R) with s >
—% was obtained in [3]] by using a new variational characterization of multi-solitons (avoiding the
energy conserved quantities) and by extending the spectral analysis of Lax operators to spaces of
low regularity. A more recent work [[17]] extends the nonlinear stability of multi-solitons to the level
of their global asymptotic stability and gives a proof of the so-called soliton resolution conjecture.
The long-time scattering of time-dependent solutions of the BO equation to the superposition of
several solitary waves requires sufficient regularity and spatial decay of the initial data and 1s based
on an explicit representation of solutions obtained in [[18]. The latest work [4] gives the proof of the
asymptotic stability of multi-solitons in L*(IR) without imposing the spatial decay condition on the
initial data.

Regarding the periodic waves (I.3)), their linear stability was shown in [37] by using the method
of squared eigenfunctions. Modulation theory for the multi-periodic waves was developed in [14]
and [30] based on Whitham’s modulation theory. Rigorous characterization of the Lax spectrum
in spaces of co-periodic and decaying perturbations was developed recently in [19, 20, 21]]. This
construction was used in [[11] to identify the bright and dark breathers (solitary waves on the spatially
periodic background which exhibit temporally periodic dynamics) according to the eigenvalues in
the semi-infinite and finite spectral gaps of the Lax spectrum. The unique property of the breathers
dynamics in the BO equation is the zero phase shift in the soliton-wave interaction [11] similarly to
the zero phase shift in multi-soliton solutions [29].
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The purpose of this work is to establish the nonlinear stability of the periodic waves ([I.3) by using
the higher-order variational characterization of the periodic wave profiles. The characterization is
based on a linear combination of the momentum M (u), the energy E(u), and the higher-order
energy R(u) given by (1.4), (1.5), and (1.6)), which yields the Lyapunov functional in Sobolev space
HY(R).

The idea of finding a Lyapunov functional for the periodic waves from the higher-order energies
has been previously used for the Korteweg—de Vries (KdV) equation [12, 23] [35] as well as for
the defocusing versions of the modified KdV equation [[13]] and the nonlinear Schrédinger equation
[7,116]. An additional challenge for the BO equation appears from the nonlocal terms in the energy
functionals and (I.6). Nevertheless, we show how to adapt the squared eigenfunctions of the
linearized BO equation from [37]] to prove the Lyapunov property for periodic waves in the BO
equation.

The method can be extended for the N-periodic solutions at the price of using a higher-order vari-
ational formulation in Sobolev spaces of a higher regularity H¥+1)/2(R) compared to the standard
variational formulation in Sobolev space H™/2(R). It is not clear if any of the very recent treat-
ments of multi-solitons of the BO equation can be used to obtain similar nonlinear stability results
for periodic waves, e.g. working with the commuting flows [3, 4] or utilizing the explicit solution
formula [17,[18]. Given the sharp well-posedness of the BO equation in H*(R) for s > —% [22, 26|,
it is natural to look for the nonlinear stability of periodic waves in Sobolev spaces of low regularity,
which is an open problem.

1.2. Main results and applications. In what follows, we refer to U as the spatial profile of the
periodic waves u(z,t) = U(§) with { = x — ct. It is defined by the explicit formula (1.3) as the
2f—periodic function. Regarding perturbations to the periodic profile U, they can be considered in
Sobolev spaces of co-periodic, multiple-periodic, or decaying functions. These spaces are usually

denoted as

s s 2m < s 2r N s
Hper =H <R/?Z> ) HNper =H (R/TZ) ) H (R)

for N € Nand s € R, and we restrict these spaces to real-valued functions.
In what follows, we use the first and second derivatives of the functionals (1.4)), (1.5]), and (I.6):

M'(u) = u,
E'(u) = —H (u,) — u?,

R(u) = =ty + 2uH (uy) + 3 H(uu,) + u?,

and

M) = 1,
E"(u) = —HO, — 2u,
R'(u) = =02 + 2H(uy) + $uHO, + $HO,(u-) + 3u?.

Since U is the periodic profile, these derivatives are well defined for perturbations in Sobolev spaces
of co-periodic and multiple-periodic functions. By subtracting the densities of M (u), E(u), and
R(u) computed at the periodic profile U from the corresponding densities computed at U + v, these
derivatives are also well-defined for the perturbation v in Sobolev spaces of decaying functions
provided that U is a critical point of the corresponding energy functionals.

The following theorem presents the main result of this work.
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Theorem 1. The Lyapunov functional for the periodic wave with the spatial profile U is given by
1 1
S(u) = R(u) + 5(30 — k)E(u) + 1(30 + k)(c— k)M (u), (1.7)

in the sense that S'(U) = 0 and (S"(U)v,v) 2wy > 0 for every v € H'(R). The periodic profile
U is a local minimizer of S(u) in Hﬁlper for any fixed N € N, which is only degenerate due to the
translational symmetry in the sense that (S"(U)v, v}LzN = 0 ifand only if v = aU’ in Hﬁlper for

arbitrary o € R.

An immediate consequence of Theorem |1|is the orbital stability of periodic waves with respect to
co-periodic or multiple-periodic perturbations.

Theorem 2. For every fixed N € N, the periodic wave with the spatial profile U is orbitally stable

in the time evolution of the BO equation in Hﬁlper. To be precise, for every ¢ > 0, there exists § > 0

such that for every ug € Hy,, such that ||ug — U|| ., < 0, the unique solution u € C (R, Hyper)
satisfies

igﬂgggﬂg fu(-t) =U(C =0y, <e (1.8)

The result of Theorem 2| follows from the coercivity of the quadratic form (5" (U)v,v)p  for

v E Hﬁlper\ (uy+, where the constraint is satisfied by the choice of the translational parameter ¢ in
(1.8). The coercivity is obtained using the Lyapunov property of the functional S(u) due to the
spectral gap between the zero eigenvalue of S”(U) in L% .. with Ker 2 (S"(U)) = span(U’) and

Nper
the rest of the spectrum of S”(U) in L%,,. The proof of Theorem [2]is standard and follows the
previous works [12,16], hence it is omitted.

As is well-known, the problem of nonlinear stability of periodic waves with respect to spatially
decaying perturbations has been open in Hamiltonian systems due to the lack of the spectral gap
of $”(U) in L*(R). This problem has been recently solved in [8] for the KdV equation, where
variational arguments, Floquet—Bloch theory, and Duhamel-based estimates were combined with
the spatiotemporal modulations of the periodic waves. The translational modulations were shown in
[8, Theorem 1.4] to be growing in time in the L?(IR) norm due to the phase shift accumulating after
multiple soliton-wave interactions. See also [9]] for a related work.

Compared to the KdV equation, where the phase shift was analyzed in [24], the BO equation
admits no phase shift in the soliton-wave interactions [11]. Therefore, it is an interesting open
question to extend the proof of nonlinear stability of periodic waves under the spatially decaying
perturbations to the BO equation and to study if the translational modulations of the periodic waves
can be bounded in space and time.

1.3. Methods and organization of the paper. To prove Theorem [I| we build a complete basis of
eigenfunctions of the linearized BO equation

@ + 2(uq)s + H(¢sz) = 0, (1.9)

where u(z,t) = U(z — ct) is the traveling wave solution with the spatial profile (1.3). The construc-
tion of eigenfunctions was developed in [37]] based on the formal dressing method used previously
in [27]. Orthogonality and completeness of eigenfunctions were shown in Appendices B and C of
[37] with a brief discussion. For transparency of presentation, we are going to recover the main
conclusions of [37] with a complete study, where the construction, orthogonality, and completeness
of eigenfunctions are rigorously proven with explicit details. These results are included in Sections
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2] Bl and {] where we use the following generalized identities which follow from the theory of
distributions and Fourier transform:

/ edr = 2n6(a), a€R (1.10)
R
and
d .
/ —e"dr =0, a€eR, (1.11)
r dz

where 0 is the Dirac delta distribution.
Once the complete basis of eigenfunctions is verified, we identify the spatial profile U as the
relative equilibrium in two commuting flows:

up = 0, E' () (1.12)
and
uy = 0, R (u). (1.13)

The flow (I.12)) corresponds to the BO equation (I.1I) with the time variable ¢. The flow (I.13]) corre-
sponds to the higher-order BO equation with the time variable 7. Similar to the standard variational

characterization, we show that U is a critical point of the augmented energy E(u) + ¢M (u) in Hrl,éf .
Due to the commuting flow, we also show that U 1is a critical point of the augmented higher-order
energy R(u) + M (u) in H},, withy = —3(k* + 3¢?).
For the convexity analysis, we diagonalize the quadratic forms associated to the Hessian operators
L:HY(R) C L*(R) — L*(R) and L : H*(R) C L*(R) — L*(R) given by
I I
{L_E (U) + eM"(U), 0

L =R'U)+yM"(U).

Due to the duality of H~'/?(R) and H'/?(R) as well as H~'(R) and H'(R) under the L*(R) inner
product, the quadratic forms (Lgq, ¢) r2() and (Lq,q) 12(r) are well-defined for every ¢ € H'/?(R)
and ¢ € H'(R) respectively.

To diagonalize the linearized operators (I.14), we use the complete basis of eigenfunctions of the
linearized BO equation with u(x,t) = U(x — ct), as well as the complete basis of eigenfunc-
tions of the adjoint linearized BO equation

Yy + 2uthy + H(Yge) = 0. (1.15)

As a result of explicit computations, we show that the quadratic forms (Lgq, ¢) .2(r) and <Eq, q) L2(R)

are not positive semi-definite, but their linear combination ((L + 6L)q, ¢) 12y With § = (3¢ — k)
is positive semi-definite. The linear combination yields the Lyapunov functional and thus the
proof of the first assertion of Theorem[I] This result is described in Section [5]

Finally, we extend the proof of orthogonality and completeness of squared eigenfunctions in L%er.
Using the complete basis of eigenfunctions in L7, we prove that Kerzz (S”(U)) = span(U’) and
the rest of the spectrum of S”(U) in L2, is bounded away from the simple zero eigenvalue of S”(U)
in Lger. Moreover, we extend the proof to L%\Iper for every N € N with the Floquet-Bloch theory

and this yields the proof of the second assertion of Theorem|[I] This result is described in Section [6]
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2. EIGENFUNCTIONS OF THE LINEARIZED BO EQUATION

The BO equation (1.1]) arises as a compatibility condition of the following system of Lax equations
[15, 25]:

ot + _ +_
{warA(w ©7) Fupt =0, 2.1

i — 2i\py + ¢, — [Fiu + H(u,)|p* =0,
where ¢*(z,t) : R x R — C are continued off the real line for z as analytic functions in C* and
A € R is the spectral parameter.

It was formally found in [[14] and rigorously justified in [19, 20, 21] that if u(z,t) = U(x — ct)
is the traveling wave with the spatial profile (I.3)), then the Lax equations (2.1I)) admit the purely
continuous spectrum in L?(IR) located at

c+k c—k
— =— 2.2
9 ) Ko 2 ) ( )
see [19} Proposition 2.2] and [19} Proposition C.2]. We note that ;1o = A\¢ + k. In addition, we can
write down some relations between Ay and i obtained from (2.2) with ¢ = k coth ¢:

ke? B ke=¢

_€¢_6_¢)7 MO__€¢_€_¢)7

To introduce the eigenfunctions, we are going to use the Hirota bilinear form for the periodic
traveling wave (1.3) with the spatial profile U given by

I S A fo1 4 ehero

U = Za&: log ? =1 7 — ? s f, _ 1 + eikf—¢ . (24)
We note that f has no zeros in C~ and f’ has no zeros in C* in the complex z-plane due to the
constraints k, ¢ > 0. As a result, % is analytic in C~ and -+ is analytic in C*. If ¢)* is analytically

continued off R to C* and if ¢)* decays to 0 sufficiently fast (e.g., exponentially fast) as Im(z) —
+00, then Hy™ = +ip*. As a result, we can write

orlrzm = [, o] U[0,00), Ao =

Ao = = e ? = poe?. (2.3)

f f&-) .
HU = — (i ) ik, (2.5)
o f
where we have represented
] ketké+o k ; 15
B N S o (R (WL G A )
[ 1+ ekers f f f f
in order to ensure the exponential decay of —% to 0 as Im(z) — —oo, whereas H(k) = 0. No

modification is needed for ’fiflﬂ since this function decays exponentially to 0 as Im(z) — +o0.
For the two parts of the spectrum in (2.2, the two sets of eigenfunctions of the Lax equations
(2.1) have been derived in [11] in the explicit form:

IAT+iN2t flz —ct)

of (N, t) =e Pl —cl) or (Nz,t) =0, Ae0,00) (2.6)
and for any A € R\{\o},
k k
i, t) =1— er(Na,t) =1 - (2.7)

(A= Xo)f'(x —ct)’ (A= Xo)f(z —ct)

Based on the computations in [37], we have recovered the set of four particular solutions to the
adjoint linearized BO equation from the sets of eigenfunctions and (2.7). We give a
self-contained proof of the following proposition for ease of reading.
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Proposition 1. The adjoint linearized BO equation (I.15) admits the following four solutions:

) _oarina /(@ —ct) k
st = L o ) =

) ez (@ —ct) _ k
i) =G | - e .

where \ € (0, 00), and
e—i(>\0$+>\(2)t)

YNz, t) = W@MO\; z,t), (2.10)
ei(oz+pgt)
Vv (N z,t) = mﬁ)n(/\;%t), (2.11)

where A € (Ao, o).
Proof. By using (2.6) and (2.7), we observe that

it S (@ — Ct)€2¢

flx—ct)

GO ) = 2 H |y

TN =N (A= o) f(z —ct)
As a result, eigenfunctions ¢; and v;; given by [2.8) and ([2.9) are proportional to the squared
eigenfunctions of the Lax equations (2.I), namely,
A—A
Vi, t) = 5 MO ot Nz g (N, t), Y\ t) = e o7 (N2, e (A2, t).

— o

Since we have

gﬁ}“()\;:p,t) =e

_og A — o -
—e 2
Y =e 2= Ao I

and w is real, it follows that ;7 is a solution of the adjoint linearized equation if ¢y is a
solution of the same equation.

On the other hand, eigenfunctions ;;; and 7y, given by and are constructed non-
trivially in terms of the squared eigenfunctions v); and v;;, namely

Vi 1) = =10, ) Tim (= A0)rr (A, 1),

(2.12)

lim
A—)z\o
Vv (Ao, t) = %1/111()\; x,t) (A — po)r( Nz, t).

By using g = \g + k and 2)\¢ + k = —c¢, we obtain

lim
A—rpio

L eiuoz+iugt L ei)\oac+i)\(2)t+ikx+ik(2)\o+k)t

)}LILIO(A — Mo)¢1(A, x, t) = f’(CL’ _ Ct) - 1+ eik(m—ct)—¢

k eiA0x+i,\3t+¢ k ei/\ox+i,\gt+¢

= 14+ e—ik(a:—ct)+¢ B f(x — Ct)
= —¢? lim (A — )\Q)ZEH(A; 7, ),
A— Ao

which implies that

Yrv = e ? /;01/3111- (2.13)
— Ao

A
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Since w is real, it follows that 17y is a solution of the adjoint linearized equation (1.15)) if ¢);;; is a
solution of the same equation.
Hence, it suffices to prove that ¢); and ¢/;;; satisfy the adjoint linearized equation (1.15).

Solution ;. Since f’ has no zeros in C* in the complex z-plane, it follows from li that ¢;

is analytic in C*. Furthermore, because A > 0, "’ and hence ); decays to 0 exponentially as
Im(z) — +o0. As aresult, we have H (1)) = ity and the adjoint linearized equation (1.15) for v;
becomes

wl,t + 2u¢l,m + i¢[,mz =0
Substituting ¥y =~ ¢} @;; into this equation and dropping the multiplicative constant, we obtain the
equivalent equation in the form:

0= @1, @01 + 1 Py + 2u(P1 P11+ 91 Plre) + U1 aPlr + 201,801 + P17 Plren) (214)
By using the second equation of the system for go}} after complex conjugation,
Piry = ~ P11 ae + P11(ue + il (U0)) + 2207 4,
we rewrite (2.14]) as
0= 01,811 + 2u(r P11+ 21 Plra) + (1 aPlr + 207, P11)
+ 7 (2Ap11, + (u +iH (ua))211)
= @i1a (2up] +2i0], + 20¢7)
+ @17 (9f, + 2t , +ig] , + (ue + i H (ug))e] ) -
By using the system for ¢ with p; =0,
Pra = 1A +u)er,
Pl =2Mp] o + 0]y + [t — iH (uz)] ]
we transform the remaining equation to the form:
0= 2)\g0;fx + 2uzof + 2ug0}fx + Qigpim
= 20, (i}, + A} +ug])
which is satisfied because ¢}, = i(\ + u) ;.

Solution ¥;7;. Since 19 = Ao + k and g = \ge 2%, we can rewrite ¢;;; in the form:

, 1 k
Vi = ez()\f)\o)a:+z()\2 A2)t { }
(A=) [ f'
el i(A=Xo)z+i(A2—A2)t
= - ——. (2.15)
A — ko [ ]
We recall that . and are analytlc in C*. Since A € (Ao, o), the function 5e’ #A=20)e decays to 0 as
Im(z) = 400 and the function /A 20)% ~ fA710)27¢ decays to 0 as Im(z) — —oo. Therefore,

we obtain

i(A=Xo)z+i(A2—A2)t A i\
¢ {Z Z—O} . (2.16)

H =
W) =ty
Additionally, it follows from (2.4) that u can be rewritten in the form

u = (% - %) . (2.17)
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We now substitute (2.15)), (2.16)), and (2.17) into each term of the adjoint linearized equation (I.15))

and drop the multiplicative constant. For brevity of writing, we denote the common factor e!(*~20)z+i(\*=A5)t
by £. Using the quotient rule, we obtain with the aid of A\ge™? = pe?, jio = Ao+k,andc = —2\o—k

that

o [E1 [N —us ke }
— = =& _
o l7] =[5 - 7]
0 [E] . [N—uw ke
7l e - 7]
ﬁ E- _ ->\ — Mo k
Ox lf’ i& S ™ (f’)Q] ’
9 [€] . [\ — Ho k
7 5| = 7
9 F' _ {O‘_MOV KA =20 — k) | 2K }
ot L) f (72 (7]
0 [€]  [(\—po)? | k@2X—2u0—k) 2K
@{?f—g{ ;o 2 *F]
Substituting these formulas into the adjoint linearized equation (I.15)) we obtain that
Yo+ 2utps + H(Yua)
£
= —% [E(L=f) +X(f" = DINSS = M (pof = k) + EXof].

(1 — £)(k + Xo — Xoe %) = 0, it follows that 1);;; satisfies the
0J

Since k(1 — f) + Xo(f' — f)
adjoint linearized equation (1.15).

If ¢ is a solution of the adjoint linearized BO equation (1.15), then ¢ = 1, is a solution of the
linearized BO equation (1.9). From the adjoint eigenfunctions of Proposition |1, we define four
eigenfunctions by using the following normalizations:

1 1
QI(Aaxvt) = _X xwl(/\;x7t)v q.U()‘;x7t) = X x¢II(A;$7t)7 A € (Oa OO), (218)

and
7 7
qar(Xx,t) = Y LUz, t),  qv(Nsat) = X v (N z,t), A€ (Mo, po).  (2.19)

It follows from (2.12)) and (2.13) that the eigenfunctions in (2.18)) and (2.19) are related by the same
complex conjugate symmetry:

qir = €2¢§ — 'ZE ar (2.20)
and
qry = 2 Hog 2.21)
1% X — o qrir .

The following proposition gives a simpler form of the eigenfunctions (2.18)) and (2.19).
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Proposition 2. Eigenfunctions (2.18) and (2.19) can be rewritten in the explicit form:

. _ i,\z+i,\2tM k
g\ zt)=e Fle—ct) 14 O =)@ty (2.22)
. _ e (@ —t) B k
i) = |1 ) 229
and
A 22 1 k
. _ A=)z Hi( A=)t &
1) = ¢ 7o | e
_ Ao igaerie-ade L {1 k 2.24
3 © o) ' T O ) f— o) (2.24)
. .\ 2 2 1 k
. _ —i(A—po)z—i( A\ —pg)t .
) = O | e
MO i —po)z—i(A2—pd)t 1 _
N T ] (e ) R
Proof. Tt follows from (2.3) and (2.4) that
1 :M (l) :M L:l(@_ﬁ> 2.26
(Jx o \F)." e R\ ) @

By using the product and quotient rules, we obtain from (2.8), (2.9), and (2.18):

q = ei)\eri)\zt f

_ ei)\x+i)\2t f

L/

)

=+

k 3 (f(f_’)J;/ - ()\kff/;(g(?’)zﬂ
i (—pof +pof —kf' + k?)}

C— ) (R

k
A = o) (f)?

— piArtin%t i + kf }

f !
and

qr = o~ IAT—iN%t

— oAt

O

(A — po) (f)?

7ty a7 o]

-f/ k k / _
A=) 2 AN =) f? (=Xof' +Aof +Kf k)]
[

(=202

where we have used (2.3) and (2.4) for simplifications of the resulting expressions. After factoriza-
tion, these formulas are written in the form (2.22)) and [2.23)).
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Similarly, by using the product and quotient rules as well as (2.26)), we obtain from (2.10), (2.11),
and (2.19):

L ineaeriozaze (A o
o =5 g [ (53|
ei()\—)\o)m+i(/\2—)\g)t A )\0 1 1 1
_ A=) (2= ) —kn (= - =
O ) k ”(f f) (() ﬂ) °(f2 f)]

+ kA
_ A=)z HiI(AZ M)t l( L) N ﬁ( L)}
e {f’ 1+()\_M0)f/ \f 1+()\—M0>f
and

b o | ciemoe—i2— (A Ho

qjvi)\()\—ko)ax [e /\# n (f f’)l
B et (A—po)z—i(A—ug)t B ﬂ o i B l 1 B i
ST N PA ‘m)(f ﬂ) kA(f? f)_%mm((fﬂ f)]

_ O {l (1 _ L) Ho (1 _ L)] |
f A=2)f)  Af (A = Ao) S’
These expressions coincide with those in (2.24) and (2.23). O

3. ORTHOGONALITY OF EIGENFUNCTIONS IN L*(R)

The eigenfunctions ¢y, g;7, ¢71, and gy in Proposition 2] are particular solutions of the linearized
BO equation (1.9), whereas the eigenfunctions 7, 117, 17, and ¢1y in Proposition [I] are partic-
ular solutions of the adjoint linearized BO equation (I.15). To simplify notations, we do not write
arguments (x,t) in the eigenfunctions qrrrrnrv and Uy

Here, we use the standard inner product

.m6ﬁ®:<mm®=4ﬂmmw

to establish the orthogonality of eigenfunctions in L?(R). The orthogonality relations for the bounded
and oscillatory eigenfunctions, which are non-decaying to zero at infinity, are understood in the sense
of generalized distributional identities (I.10) and (I.1T) for the Fourier modes.

The following three propositions establish orthogonality between all the eigenfunctions.

Proposition 3. The set {J) 1,01 1} is orthogonal to the set {qr, qi1} in the sense:
(). 1) gy = (V). B (V) ey = 0, o
(@A), (V) L2y = (ar (A )M/H(X»L? =2m0(A = ),

where \, X € (0,00) and 6(\ — X') is the Dirac delta-distribution.

Proof. To prove the first line in (3.1)), we use (2.8) and (2.22)) to write
/ 2\ f k f k
" UCS DL IO OO LICAN b T I P +— . (3.2)
A N) = 7 e T v
Since the function f’ has no zeros in C* of the complex z-plane, the function g7 ()¢ (\') is analytic
in C*. In addition, the exponential factor e!***)* decays to 0 exponentially fast as Im(z) — 400



12 J. CHEN, C. GRANT, AND D. E. PELINOVSKY

if A\, \ € (0,00), whereas the multiplicative factor is bounded. Integrating q;(A)i;()\') over the
closed contour

[—R,RJU{Re”, 0<0<7m}, R>0,
yields the zero integral by Cauchy’s integral theorem for every R > 0. Therefore,

R
(ar(N), ¥1(X)) 2y = lim QI()\;IBJ)@DI(X;%J)CZSC

R—

™

= — lim [ q/(\ Re® ) (N; Re® t)iRe®dh = 0,

R—o0 0

where the last equality is obtained by Lebesgue’s dominated convergence theorem due to the ex-
ponential convergence of OHN)E 0 forz = Re?, 0 < § < mas R — oo. This yields

(qr(N), ¥1(N)) 2wy = O'in . The proof for (qH( ), Y11(N)) 12wy = 0 is similar but the contour
of integration is closed in C~.

To prove the second line in (3.1]), we use (2.9) and (2.22) to write

) , L y2 N2 k k
\ V) = et A=A )z+i(A2=(N)?)t v - |, .
aNvir(\N) =e {IJF ()\—Mo)f/} {1 ()\/—)\O)f/} (3.3)

Integrating ¢/A— )=+ V=) in 2 over R yields 276(A — N) for A\, X' € (0, 00) due to (1.10).
Hence, we get (qr(\), V11 (X)) z2®) = 2m6(A — X) if and only if the 1ntegra1 of all remaining terms
after expanding the product vanishes:

k / N NIV (2 (A2 (X—)x) k k
0= ez()\ ANz+i( A2 —(N)*)t ( A dax
(A= o) (N = Xo) Jr I’ o (f)?
ik d ei()\f)\’)eri()\zf()\’)z)t p
A=)V = o) /% f !

ik = Ty (A2 (x)?
— —1)" —n¢ " _i(A=N+nk)z+i(A2—(N) —nck)td
O — ) (V= o) /Z( e g

which is true for A, A" € (0, 00) due to (1.11) and the absolute convergence of the geometric series
for ¢ > 0. The result for

(qir(N), 0r(N)) 2@y = (ar(A), (V) 2wy = 276(A = X')
holds by the complex conjugate symmetry (2.12]) and (2.20). OJ

Proposition 4. The set {11, 1;} is orthogonal to {q;1, qrv} and the set {111,y } is orthogonal
to{qr,qi1} in the sense:

{<qI<A>,wm<X>>L2<R> (arr(N), Y1 (O >> ® =0, G
(ar(N), v (X)) 2y = (arr(N), ¥rv (X)) 2wy = 0,
and
<QHI(X) ( )>L2 (R) = <C]1v()\/) %EI()\»L?(R) =0, (3.5)
(qrrrN), () 2y = (arv (X)), ir(N)) 2wy = 0,

where A € (0,00) and X' € (A, po)-
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Proof. To simplify the presentation, we set ¢ = ( in all functions.
It follows from (2.10) and (2.22)) that

o) =075 v | [+ o)

Since the function f” has no zeros in C* of the complex z-plane, the function q;(A)yrr(N) is

analytic in C". In addition, A + X' — A\g > 0 if A € (0,00) and X' € (A, o) so that the exponential

factor e’ ~20)7 decays to zero as Im(x) — 00, whereas the multiplicative factor is bounded. By

using Cauchy’s integral theorem as in the proof of Proposmonl we have (q;(\), ¥rrr(N)) 2@ = 0.
Computations for (gr(\), ¥y (X)) z2®) = 0 are similar since

, N 1 k k
A \) = i(Apo—A)x — 1 1 — S—
QI( )le( ) e f/ + ()\_Iuo)f/ ()\/_)\O)f/
and A+ p1p — X' > 0if A € (0,00) and X' € (A, po)-
It follows from (2.10)) and (2.23) that

O\ 1 k k
qrr(Nr(N) = e " O o) {1 - —} {1 + —] :
W Pl o) o
Since the function f has no zeros in C~ of the complex z-plane, the function q;r(A)errr(N) is
analytic in C~. If A > )\ — ), the exponential factor ¢ =~ +%0)* decays to zero as Im(z) — —oo,
and Cauchy’s integral theorem implies that (q;;(\), ¥777(\)) r2®) = 0. However, this argument is
not applicable for the case A < A" — \j. Nevertheless, it follows from (2.4) that

f(=z) =™ (x),  fl(—x) =" f(a), (3.6)
and
CE R A—p K
S SN vy s Rl W W Y 70 A—&{L*u—u@fuﬂ’
k L Rf@ =) NN, 2
SR SOy T R YT N—MOF (N—A@ﬂ@J’

This allows us to write

o= =0) = G

7 [ o

The function q;7(\; —2)t;;7(N; —2) is analytic in C* and the exponential factor ¢!+~ M)z decays
to zero as Im(x) — +oo since A + 9 — A’ > 0. By using Cauchy’s integral theorem, we get

<QII(A§x)715[II(A/§x))LQ(R) = <CJH(>\; —I),l/_JIH(X; —IE)>L2(R) = 0.

Similarly, we write the representation:
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By using (3.6) and

f'(=x) k _ o2 [ _
fl=z) (N = Xo)f(=2) f'l@) (V= 2o)f'(@)
_ 2N o [ f(@) k
X =X {f’(l“) G —,Uo)f’(il?)} ’

flx) — k(f(z) = 1) }

we reflect x in the previous expression and rewrite it in the equivalent form:

' (A = po) (N = po) i( AN —Xo)z—3¢
A —x N —x) = e’ 0J®
qri( J¥rv( ) O — Ao) (N — Ao)

< o] | ey
I A=p) '] L N =mo)f' |
The function q;;(\; —2)t¢py (N; —2) is analytic in C* and the exponential factor ¢!+ =20 decays

to zero as Im(x) — +oo since A + X' — Ay > 0. By using Cauchy’s integral theorem, we get

<QU()\; x)ﬂﬂlv()\’; $)>L2(R) = <QII<)\§ —$)7¢IV(X; —95)>L2(R) = 0.

Thus, the orthogonality relations (3.4) have been proven.
The orthogonality relations (3.5)) are equivalent to (3.4) after integration by parts with the help of

(T.TT). Hence, (3.4) implies (3.5)). O

Proposition 5. The set {117, v} is orthogonal to the set {q;i1, qrv} in the sense:

<QHI(>\)777?HI(/\/)>L2(R) = <QIV(/\),@_/JIV(X)>L2(R) =0, (3.7)
(arrr (V) v (X)) 2wy = (arv(N), Yrrr(N)) 2wy = —(€¢E’;_¢)5(A —\), '
where \, N € (Ao, o) and §(\ — X') is the Dirac delta-distribution.
Proof. To prove the second line in (3.7), we use (2.11) and (2.24) to write
; / S\ 2 \2 2 2 k
arir(\ery () = /O R = Ao [1 - m]
1 /1 k Ao [ k })
NGl [Pt U U § R ——
f (f’ { ()\—Mo)f'} Af (A= po) f
By using
k 1 Ao ! k 1 , bof
1 = A — 11— = A — 3.8
e el Lk 3 R oy b e ety s R
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we rewrite the factor behind the exponential function as follows:

%(% [”ﬁ}‘i—ﬂ”ﬁ]) [“ﬁ]

A S s N e
= [ =) T A= [T
+m[H(A—kuo)f’}+A(A—uo¢€;0—ko)ff/ P‘¥}

- e Y 7]

TR [M' Aot = MfOf/] T

Since A — X + k= (A — Xog) + (o — N) > 0due to A\, X € (N, pio), the function

B {A ~X et ff]

A=N+k)z

IA=N +k)z+i(A2—(N)2=A2+pd)t

is analytic in C* and the exponential factor e’ decays to zero as Im(z) — +o00. By using
Cauchy’s integral theorem in C™, the corresponding integral vanishes. To show that the next term
also vanishes, we set ¢ = 0 and rewrite it as

Ao
_)\(/\ = o) (N = Ao) f?
Reflecting = and using (3.6), we get
S R [P o= ] e
Since —A + N +k = (XN — \o) + (1o — A) > 0, the exponential factor e~ ~#)z decays to zero
as Im(z) — +o00, whereas the reflected function is analytic in C*. The corresponding integral is

zero again for ¢ = 0 and, in fact, for every ¢ € R. As a result, we reduce the inner product between
Yrv(N) and g7 () to the last term of the expansion:

_ N(A = Ao) + po(Ag — N) [ efAN TRz =X )2 =2F+ud)t
arrr(A), Orv (X)) ey = /
(qrrr(A), v (X)) 2wy (A= o) (N = Xg) R 1f

By using (1.3) and (2.4), we get
ik& 1 : !
S Uv=—" Jo S (3.9)
[ k(e?—e?) k(e?—e ) \f' f
Therefore, we can rewrite the remaining integral in the form:
<QHI<)‘)a @/_)IV(X»L?(R)
_ N = A0) £ po(Ao — X) i / (f' fx) =NV g
A=po)N =X)  k(e? —e?) Jo \ " f
where we have used the identity k¢ = A2 — p2, which follows from (2.2). By the same argument
with A — X + &k > 0, we get

/ [ I ON T2 =N g — 10— / %6i(>\—>\/+k)x+i(A2—(A’)2—/\3+u3)tdx =0,
R

NXof'l i w
|:A)\/+)\0/,LO i Of:| ez()\—)\ +k)m‘

dz.
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after the path is closed in C*. On the other hand, we have

fa iketketo ik ik
_ kz n ikné— mb

—_ = - =1
zk§+¢ iké—¢
] 1+e 1+e 0

where the geometric series converges since ¢ > 0. Since
A=XN=—nk=A—po)+X—-XN)—(n—1)k<0

for every integer n > 1, we get

/ Z(_1)ne—ikng—n¢>6i()\—)\’)x+i(>\2—(A')2)tdx _ 07
R =1

after the path is closed in C~. This leads us to the only remaining, potentially nonzero term:
N(A = Xo) + po(Xo — \) / G- N )z (- (V)2)t g

(arrr(N), Yrv (V) 2wy = (A= o) (N — Ao)(e? —e?)

/\,(A — )\0) -+ /Lo()\o — )\/)

=216(\ = N
A= e e ),
2m ,

= 5 =ad(A = X),

(3.10)

where we have used (I.10). This completes the proof of the second line in (3.7)), where the equality

(arv ), Buss ) ) = Qarnr O O V) = 55000 = X)

follows from the complex-conjugate symmetry (2.13) and (2.21)).
To prove the first line in (3.7)), we use (2.10) and (2.24) to write

i "—2X0)z+i(AZ+(N)2—2)2)t k
QIII()\)Q/}III()\/) =e€ (A+X =2Ro)a+i(A+( 0 [1 + —}
(N —po) f

(5 ammrl 3 o)

By using (3.8)), we rewrite the factor behind the exponential function as follows:

7 (7 1 o] 37 1 o)) 1 ]

bY 3 A2 k
ERCESIERE [1 o uo)f’] XV =) [1 o @f]
Ao N k Ao k
)\(/\' - Mo)ff’ {1 * <)\ - Mo)f] B (X - Mo)ff’ {1 * ()\ - Mo)f'}

1 [X Cdam Nk }
(N — o) (f)? A=po (A= po)f’
A3 {)\+)\/_)\of/1_)\0()\4‘)\'—)\0—#0)'
AN = 10) (A = 1) f2 f (N = po) (A = po) ff
Since A + X' — 2X\y > 0 due to A\, N € (g, 110), the function

1 Aofo 4 Nk PN =2X0)z+i(A2+(N)2—2)2)t

T T N e o

_|_
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is analytic in C* and the exponential factor ¢/*+'=2%0)2 decays to zero as Im(z) — +o0. By using

Cauchy’s integral theorem in C™, the corresponding integral vanishes. To show that the next term
also vanishes, we set t = 0 and rewrite it as

A2 { )\of’] Y
)\ + )\l A el()\-i-)\ —2)\0)1“
AN = p10) (A = po) f f
Reflecting = and using (3.6), we get
M { Mof] (240 —A— N )z—
)\ _|_ A/ _ el(Q/L() A=A )$ 2¢.
AN = o) (A — o) (f')? f

Since 2410 —A— )\ > 0, the exponential factor e!?#0~*~X)* decays to zero as Im(z) — 400, whereas

the reflected function is analytic in C*. The corresponding integral is zero again for ¢ = 0 and, in
fact, for every ¢t € R. As a result, we reduce the inner product between 77 (\’) and q;77(A) to the
last term of the expansion:

dz.

_ Mo+ N = Ao — p10) / A+ =2X0)a+i (AP +(N)?=2X9)t
)\ )\/ — —
() anr ey = =205 =) s 7

By using (3.9) and (3.10), we can write

RN S £ WS SR g i(—l)"e—"’mf—w e’
- @—e)\7 ) (@9 - f)
where the geometric series converges. Since
A+ N =2—(n+1k<0

for every integer n > 1, we get
o0
/ Z(_ 1)nefikngfnqbefik{ei()\+)\’72)\0)a:+i(/\2+(/\’)2fZAg)td(,L, —0
R n=1

after the path is closed in C™. Similarly, we get

/ iei(/\Jr/\’,2)\o)x+i()\2+()\’)272/\(2))tdw -0
R f

after the path is closed in C*. This leads us to the only remaining, potentially nonzero term:

(@rir(N), rr (X)) r2e)
B )‘0(/\ + N =X — NO) / ei()\+)\’f)\ofuo)x+ikct+i()\2+()\’)272)\g)td:€
(N = p10) (A = o) (e? — e79) Jr

iAo / i6i(>x+>\’—)\0—uo)a:+ikct+i()\2+(>\’)2—2/\g)tdx’
(N = po) (A = o) (e? — e79) Jg

dx
which is zero due to (T.T1). The first line in (3.7) is verified since

(v N, v (X)) 2@y = €2 8\\ : ﬁz;E;\\: : /;\2;

follows by the complex-conjugate symmetry (2.13]) and (2.21). O

(@rir(N), rrr(N)) 2@y = 0
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4. COMPLETENESS OF EIGENFUNCTIONS IN L*(R)

To simplify the proof of completeness, we set t = 0 and suppress the time variable from the list of
arguments. We claim that solutions (2.22), (2.23), (2.24), and (2.25)) provide a basis in L*(R) in the
sense that every element ¢ € L?*(IR) can be uniquely represented by the superposition of elements of
the basis:

o) = / "l ) + an (Vs (s )] da

Ho
+/ [G[[]()\)q][[()\;l’) +ij()\)qu()\;.Z')] dA. “4.1)
A

0

If ¢ € L*(R) N L'(R), then the coefficients in the decomposition (4.1) are computed by using the
orthogonality relations of Propositions [3| || and [5}

ar(X) = 5=(q, ¥1r(N) 2wy, \ e (0 49
{CL[I()\) = %< 7775]<)\)>L2(R)7 © ( 700) ( . )
and
arrr(N) = S5 g, by (V) 2w
o Y A€ (o, jto). 43
{GIV()\) = o 2 (@, V11 N)) 2wy, (X0, o) :

Substituting projections into (#.1)) yields the identity

1
o

+(€¢ - e_d)) /;0 (i 2)0rv (N y) + arv (s )Y (A y)] d/\) dy.

/Rq(y) (/OOO [ar (N )N y) 4+ qrr(Ns 2)r(As y)] dA

q(z)

Since the function ¢ € L*(R) N L'(R) is arbitrary, the basis property of the eigenfunctions is
equivalent to the completeness relation

/OOO [ar (N ) (N5 y) + qrr(A;s 2)br(As y)] dX

+ (e —e7?) /}\#0 [qrir (N 2) v (N ) 4+ qrv (N 2) (A y)] dX = 2708 (z — ). 4.4)

0

The following proposition confirms the validity of the completeness relation (.4)).
Proposition 6. The completeness relation is satisfied.

Proof. For the first term in (4.4)), we obtain from (2.9) and (2.22)) that

a0 f@)f ) e ; o
v o)) = i B R A ”(A—mﬂm} {1 CESwIEm
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Expanding the brackets with the help of (2.3) yields

il

><>}P‘EYT£W7@}

-
[ /\ tky—¢ __ 'Lkz+¢) + k’/,Loeikard) _ k/\oeiky¢>:|
+

(A = 20)(A = o) f () f' ()
zky ¢ zkx+¢) N kQ(eiky _ 6ikx>
(A - )\0)()\ o) f(@)f'(y) AN = Ao)(A — o) f () f'(y) (e — e7?)

By using partial fraction decomposition,

1
D)
1
A

1 1 o + /\0 - A /{32
= + s )‘O,UO - P) —5\2°
AA=X0)(A—=p0)  AopoA  Aopto(A — Ao) (A = po) (e? —e=?)

we get with the help of g + A\g = —k coth ¢,

W} F‘w%]

(x)f(y) N )\(6¢> — e*d))(eik:v _ eiky) + k(eikquﬁ _ 6iky+¢)
@) (A= 20)(A = 10) f () f'(y)
L et [ o
)‘f(x)f’(y) f@) ') (A=2 A=pol’
which yields
Nao—y) 8 (e¢ —e ¢>) |:€i()\+k)x—i)\y B ei)\x—i(k—k)y:|
Similarly, we compute for the second term in (4.4)) that
L0 @) f(y)e ’(x‘y){_ k H K }
qrr(N; 2)Yr(Asy) = B FO ) A 1 EESWIE) 1+ Y]
Cin(o— 0 (e? —e?) {e—imﬂ'(ﬂk)y 6—i(A—k)m+iAy:|
— o Ne—y) 4y 7 B
A A OO py— (4.6)

By using (@.3)) and (4.6)), we obtain

/ lar (N 2) V(A y) + qrr(Ns 2) (A y)] dh = / [eMmY) o=@ g
0 0

0 (e¢ _ e*‘i’) /oo [ei(,\Jrk)mi,\y ei)\xi()\k)y:| N
Y _
@x f,('r>f(y) 0 A - >\0 )\ - /,LO
¢ _e? o0 [g—iAzti(At+k)y —i(A—k)z+idy
e
or f(2)f () Ao N~ o

By using (I.10), we have

/ [eMe—0) 4 e=Naw)] g = / PMe=Y g\ = 278 (z — y).
0 R
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On the other hand, we transform the other two integrals as follows:

00 i(A+k)x—iX idr—i(A—k oo iA(xz— oo id(z—
/ [e( +k)z—ity e ( )y} I — inor—ioy {/ et y)d/\ _/ eiMz—y) d/\}
0 A= A= Ho e A —po A

. , Ko o—iA(z—y)
— ez,uom—z)\oy/ € d\
A

o A
and
o] —idx+i(A+k —1(A—=k)x+iX oo —iA(x— oo L —iA(z—
/ {e +(+)y_e (A—k)z+ y} I\ — gitoy-idor {/ e~ A( y)d)\—/ e~ A( y)d/\}
0 A — )\0 A — Mo ~Xo A — o A
= eiﬂuoy—ikoz /HO el)‘(x_y) dA.
oA
Thus, we obtain
| 05000 (350) + ans O ) ) a = 250 )
0
B eiuoz—z‘Aoy o e—i/\(czz—y)
—i(e? —e ) — / dA
e rwrm b
o eiuoy—i)\ox Ho ei)\(az—y)
+i(e? —e ) — / d\. 4.7)
( 2 F@OFw b A

Next, we show that the last two terms in (4.7) are canceled in the sum of the third and fourth terms

in (#.4). These terms are represented by using (2.10), (2.11), @2.18), (2.19), @.3), and (#.6):

. Ly O e b (N @) (A y)
arv( N )N y) = Z%f'(x)f(y) 3

0 eiuox—ikoy e—i/\(ac—y)

— g 4.8
0 PO N @9
. 4 o eiuom—i)\oy e—i)\m—l—i()\—‘rk)y e—i()\—k)x-l—i)\y
_.I_ — p - —
e TP W) | A= X o
and
0 ey g (X 2 )abrr( A y)
A; Ay) = —1—
T (637 (7 R
o 9 etroy—idox piA(z—y) 4.9)

= —7—
Ox f(z)f'(y) A
0 ioy—iXo
—i(e? —e ) 6/ , [ _
O f() ') fW)f'(y) L A=A A= po
Added together and integrated on [\, 1], the second terms in (4.8)) and (4.9) cancel out because
/#0 ([eiAx+i(A+k)y B ei()xk)achi)\y} Jitor—itoy _ [ei(/\Jrk)ri/\y B ei/\wi(kk)y] ez‘uoy—i/\or) "
o A—=Xo A — o A= Ao A — o
_ iklat) / g lemxy) eA@=y)  Aamy) e miMey)
0

A+A_A_A]‘M:O’

6i(/\+k)x—i)\y ei/\x—i()\—k)y:|
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where we have used again that ;g = A\g + k. Therefore, we obtain for the sum of the third and fourth
terms in (4.4):

/;LO [qrrr (N 2)ry (N y) + qrv (A 2) Y (A y)] dA

0

o eiuoxfi)\oy 1o e*i)\(a:fy) o eiuoyfi)\ox %) ei)\(xfy)
— il / -l / dA
Oz f'(x)f(y) Jry, A Oz f(x)f'(y) Jr, A
Since these integrals are multiplied by (e — e~?) in (4.4)), they cancel the last two terms in (4.7).
This proves the validity of the completeness relation (4.4)). O

5. POSITIVITY OF THE SECOND VARIATION S”(U) IN THEOREM]]

To prove the first assertion of Theorem|[I], we first confirm that the spatial profile U of the periodic
wave is a critical point in the two commuting flows given by (I.12)) and (1.13]). Then, we compute
(Lq,q) 12w for every ¢ € HY2(R) and (Lq,q) 2w for every ¢ € H'(R), where L and L are the
two Hessian operators in the two variational formulations given by (1.14). Finally, we show that the
linear combination of the two Hessian operators in the Lyapunov functional yields positivity
of the second variation for any ¢ € H'(R).

5.1. Variational formulations for the profile U of the periodic wave. Recall that U is the spatial
profile of the periodic waves u(z,t) = U(§) with £ = = — ct, which is given by the explicit formula
(T.3). The following proposition gives two alternative variational characterizations of the profile U
in the space of 27 /k-periodic functions.

Proposition 7. The periodic profile U given by is a critical point for E(u) + ¢M (u) in H;é?
and a critical point for R(u) + M (u) in le)er with v = —%(k’2 + 3¢?).
Proof. A critical point of E(u) + ¢M (u) satisfies the stationary BO equation
— H(uy) —u® +cu =0, (5.1
which is obtained after integration of the traveling wave reduction of the BO equation
— Uy + 2uuy + H(ug,) = 0, (5.2)

with the integration constant being zero. By using (2.4) and (2.5)), the stationary BO equation (5. 1))
is reduced to the bilinear form

(icD, + D) f' - f =0,

which is satisfied by f = 1 + e*¢*¢ and f' = 1 + €*¢~% in agreement with (2.4). Hence, the
integration constant of the traveling wave reduction (5.2) is indeed zero.

Since H?> = —1I on periodic functions with zero mean, we derive for the traveling wave profile
that

H(U') =cU - U?, (5.3)
= U =cH(U) - H(U?,

= 2H(UU') = cH(U)+U",

= 2H(UU') =AU - cU*+U".
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This allows us to compute

3 3
R(U)=-U"+ iUH(U’) + 5H(UU’) +U?

1
=7 U+ 2U° — 3cU” — 3¢°U] .
By using (I.3)), we obtain

k3 sinh ¢[2 cosh ¢ — cos(k€)]

" 3 _
Uirat= [cos(k&) + cosh ¢)?

and ¥ sinh 6
"y or _ 2 _ _ Sin — 12
Ur vt =3l cos(k&) + cosh ¢ u

Hence, the profile U is a critical point of R(u) + M (u) if and only if

1
Z(kQ +3c%) +v=0, (5.4)
which yields the unique expression for . OJ

5.2. Second variation of E/(u) + cM (u). By Proposition[7] the periodic profile U is a critical point
of E(u) + c¢M(u) in HZ. The second variation of this functional at U is defined by the Hessian
operator L : H'(R) C L*(R) — L*(R) given by
L=E"U)+cM'(U) = —Hd, — 2U +c.

Due to the duality of H~/2(R) and H'/?(R) under the L?(R) inner product, the quadratic form
(Lq, q) r2(r) is well-defined for every ¢ € H'/*(R).

The linearized BO equation (1.9) can be rewritten for the traveling waves with the profile u(z, t) =
U(z — ct) as a spectral stability problem for q(z,t) = Q(z — ct)et®,

0, LQ = AQ. (5.5)

It follows from Proposition[2]that there exist four particular solutions of the spectral stability problem
(5.5) with the explicit expressions for eigenvalues

Ar(N) = iA(A + 0,
A€ 0,00), 5.6
{AH(A) — —iA(A+0), 0,00) 60
and
Arrr(A) = i(A = Ao) (A — po),
) A € [N, o), 5.7
{A[V(/\) = —1(A = Ao)(A = po), ot
as well as eigenfunctions
— ix¢ S k
@) =<y [,1 o] A€ [0,00), (5.8)
Quuin) =Pk [1- ohn ]

and

_ i(A=A 1 k| A —k
Qrrr(A) = 20k {7 L+ aoor | — 5 |1 (A—#O)f] ’

o A € (Ao, o). (5.9)
Qrv(\) = e ”O)g{ 1 - ()\f];o)f —ap |1 (Afio)f’ } ’

i
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By using (2.18)) and (2.19)), we can write explicitly:

LQ1(A) = (A +)¥r(N), LQrr(N) = M\IJ}H(A); (5.10)
LQii(N) = A+ )TN, LQrv(\) = B2 g (), '

where the adjoint eigenfunctions follow from Proposition [I}

U (A) —e”\gf [1+ } ,
_Mgf O-mo)f ”O)f A € [0, 00), (5.11)
\IIII()\> =€ f [1 - ()\_)\O)fl )
and
Urrr(A) = P20l 1] 4 ;
coilemml e
Viv(A) =e F - oor ]
We also collect together the complex-conjugate relations (2.12)), (2.13)), (2.20), and (2.21):
Qi(\) = 3232 Qu(N), Qui(\) = e?35 Qv (), (5.13)
Qr(A) = 6_2¢§—:’;—3Q1(>\), Qv(A) =e ¢—_”—OQHI( ),
and

(5.14)

Wi(A) = 352 Ui (V) Wi (A) = e? 55500y (M),
Upr(A) = e 2092500, (M), TN =e ng Wrrr(N).

The following proposition uses these explicit expressions to diagonalize the quadratic form (Lq, ¢) 12(r)
for ¢ € H'/2(R) by using the basis of eigenfunctions of the spectral problem (5.5]).

Proposition 8. For every ¢ € HY/?(R), we have

L 2 =2 2 2¢ 0 2 2
Ho (/\ - )\O)()\ - /LO) 2 )\ - /\0 )\ /1,0
€ 2 1

where a;(N), arr(N), arrr(N), ary(X) are uniquely defined by q € Hl/Q(]R). Consequently, the first
integral in (5.13) is positive semi-definite and the second integral in (5.13) is negative semi-definite.

Proof. By Proposition EI, we can represent ¢ € H'/?(IR) by using the basis of eigenfunctions in the

form:
Ko

q= /0 w[aI(A)QI(A) + arr(N)Qrr(N)]dA + /A larr(NQrir(N) 4+ ary(N)Qry (V]dA,  (5.16)

0
with some uniquely defined coefficients a;(\), arr(N), arrr(A), ary(N), see (4.2) and (4.3)) which
hold if ¢ € L?(R) N L'(R). By using (5.10) and (5.16)), we obtain

Lq = /OOO[GI(A)LQI()\) + arr(A) LQrr(N)]d\ + /MO [arir (N LQ11r(A) + arv (A LQ v (] dA

Ao

= /OOO()\ + ) [ar(A\)Wr(A) + arr(A) W (N)]dA

+ /,\:0 (A - )\0)/\()\ — o) larrr(N)Wrrr(A) + ary (A) Yy (A)]dA.
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By using (5.13)), we take the complex conjugation of (5.16) and obtain

quooo [aI(A) 202 ~ AOQH( )+a11(/\)e_2¢i:u0621()\)] d\

Ko A A oA —
+ / {C_LIH()\) OQIV( A) +ary(Ne” )\ l;o Qrrr(A )] (5.17)
Ao 0
Substituting (5.17) into (Lq, q) 12(r) and using the orthogonality relations of Propositions and
5] we obtain the diagonalization formula (5.15). O

5.3. Second variation of R(u)+~M (u). By Proposition[7} the periodic profile U is a critical point
of R(u) + vM (u) in H,, with v = —1(k* 4 3¢?). The second variation of this functional at U is

per

defined by the Hessian operator L : H*(R) ¢ L*(R) — L*(R) given by

- 3 3 3

L=R'U)+~yM"(U) = -0* + 5H(U’) +SUHO, + §H8I(U-) +3U% + .
Due to the duality of H~'(R) and H'(R) under the L*(R) inner product, the quadratic form (Lq, ¢) 12(r)
is well-defined for every ¢ € H'(R).

The eigenfunctions and (5.9) of 0,.L can be rewritten in the Floquet-Bloch form as

kn+6 f
Qrn(0) = e t0e L [1+m}

kn+0)¢ ! k
Qrrn(0) = e “5 [“m ,

A=kn+0, 0€]0k), (5.18)

with integer n > 0, and

Qé’:e”’f%w’“,—% 1+ 5|t
Quv(0) =e U] - ot [ -]}

where Qv (6) can be renormalized as 52 Qv(0) to avoid the divergence as § — 0. This modifica-
tion does not affect the rest of our analysis.
When 6 € [0, k) is fixed, the eigenvalues of 0,.L given by (5.6) and (5.7) form simple sequences

{Al,n(e) = i(kn+0)(kn + 0 + ),

2
AII,n(Q) = —Z(k:n+9)(kn+9+c), NS [O7k)7 (5 0)

where n > 0 is an integer, and
A]][(Q) - 20(9 - /{?),
0 e l0,k). 5.21
{Aw(@) — 00— k), 0.5) (32D

It follows from the existence of a recursion operator between two commuting flows and
, see [28, Egs. (1.12), (2.21), (2.23)], that the linearized operators J, L and 0, L commute.
In the Floquet—Bloch form for a fixed 6 € [0, k), the eigenfunctions {Q;,(6)}n>0 and Q;r7(0) in

(5.18) and (5.19) satisfy
Qrn(0;8) = 6i95@1n(9§§)7 Qri(0;6) = ewgéln(e;f), 0 €10,k),

where Q1. (6;-), Qr11(6;-) € L., correspond to simple eigenvalues {A;,,(6) },,>0 and A77;(6) given
by (5.20) and (5.21). The complex-conjugate eigenfunctions {Q;; () }»>0 and Qv () correspond
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to the simple complex-conjugate eigenvalues {A;;,,(0)},>0 and A (0) and satisfy

Qrrn(0;€) = e ™Qr1.,(0;€), Qr(0;€) = e Qv (0;€), 6€0,k),

where Qr7,,(0;), Qrv(6;+) € L. Due to simplicity of eigenvalues for 0, L, the two commuting
operators 0, L and 9, L share a common basis of eigenfunctions in the Floquet-Bloch form with
6 € [0, k) with the same set of eigenfunctions (5.18)) and (5.19). Therefore, these eigenfunctions

satisfy the spectral problem

9,LQ = AQ. (5.22)

However, the eigenvalues A in || are different from the eigenvalues A in || The following
proposition gives the explicit expressions for eigenvalues A.

Proposition 9. The spectral problem is satisfied with the eigenfunctions (5.8) and (5.9) for

the eigenvalues:

{XI(?A))::M—(@AA (;?’7) A€ 0,0), (5.23)
and
Arrr(X) = i(A = Xo) (A — po) (A = ©),
{M(A) R S P A o2
such that
LQi(Y) = (¥ + )i (V), LQu() = P v I<A> (5.25)
f/QII(A) = (N +7)T(N), f/QIV()\) = (’\*/\0)(%/\#0 w(A). .

Proof. We recall that L is a linear operator with real-valued coefficients. Since Q;;(\) and W;;(\)
are proportional to the complex-conjugate versions of () and ¥;(\) in (5.13) and (5.14)), whereas
Qrv(A) and ¥y (A) are proportional to the complex-conjugate versions of Qrr 1(A) and Wy r(N), we
obtain /~XH()\) = —AI()\) and AIV()\) = —AH]()\) Therefore, it suffices to prove , (5.24),
and for A7(\) and A;;7(\) only.

We compute these eigenvalues from the asymptotic behavior of the spectral problem in
the complex x-plane at infinity. We have also checked validity of the relations with direct
computations which are included in Appendix |A|for completeness.

Eigenvalue A;()\): We note that Q;()\) is analytic in C* in the complex z-plane and since A > 0,

the exponential factor in Q;(A) is bounded and decaying as Im(x) — oo. Hence, HQ; = iQ); so
that L(); is equivalent to

LQr = —iQ} —2UQr + cQr.
As Im(x) — —o0, we have exponentially large terms in f ~ ¢+ f ~ ¢k¢=¢ o that
Qr(\; &) ~ 20 W (N €) ~ P20 as Tm(x) — —o0. (5.26)

Since
k sinh ¢

cos(k&) + cosh ¢’

1 + cos(k§) cosh ¢

HU)E) =& [cos(k€) + cosh ¢]?”

U(§) =
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the term —2UQ); in LQ); is smaller than —iQ); 4+ ¢Q); by an exponential factor as Im(z) — —oo.
The balance of exponential terms in the limit Im(z) — —oo for

A
LQs = ~iQ) — 2UQ; + Qs = — ¥, (5.27)
yields A; = iA\(\ + ¢), in agreement with (5.6). For the operator L, we write
- 3 3 3
LQr=—-Qf + §Q1H(U/) + §UH(Q}) + éH(UQI)/ +3U°Qs + Q1.

It follows from after using the Hilbert transform that
2H(UQr) = Q7 + cH(Qr) — (A + ) H(¥)
= Q) +icQr —i(\+ )V, (5.28)
where we used the analyticity of Q); and ¥; in C and their exponential decay to 0 as Im(z) —
+00. By using the asymptotic behavior (5.26), we confirm that H(UQ);) is smaller than Q); by

an exponential factor as Im(z) — —oo, similar to Q;H(U’), UH(Q}) = iUQ’, and U?Q;. The
balance of exponential terms in the limit Im(x) — —oo for

~ i\
LQr ===V,

yields A; = i\(\2 4 ~), in agreement with (5.23).

Eigenvalues A;; 1(A): The eigenfunction Q;;7(\) consists of the sum of two terms. The first term
1 k
i(A=X0)é —
¢ - —]
f [ (A = po) f’
is analytic in C* and since A > ), the exponential factor is bounded and decaying as Im(z) — oo.
On the other hand, the second term
A k ’ A k
z()\ )¢ A0 14+ —} — _ez(A—uo)E—aﬁ 0 i |:1 + —:|
Af { (A — po) f A(L+ e=ke=9) (A= o) f
is analytic in C~ and since A < g, the exponential factor is bounded and decaying as Im(z) — —oc.
As a result, we obtain

H(Qrir) = ie'™ 2% {% [1 + m} j\\f [1 " m} } .

As Im(x) — —o0, we have exponentially large terms in f ~ e*¢+¢ f ~ k=9 g0 that

Qrir(X;€) A- S50 ¢lO—no)e+o,
{‘I/H[()\,{) ~ el ’\ Ho)ét+e as Im(z) — —o0 (5.29)
and \
H(Qrrr)(A;§) ~ i —;MO iA=R0)Ete a5 Tm(z) — —oo0, (5.30)

where we have used \ge 2? = 1. Note that Q;;;, H (Qrr1), and Wy, are exponentially small as
Im(z) — —oo. Since —2UQ;; in LQyy; is smaller than —H (Q';;) + ¢Qrr; by an exponential
factor as Im(z) — —o0, the balance of exponential terms in the limit Im(x) — —oo for

LQr = _H<Q/HI> —2UQrir + cQrir = —

Wy (5.31)
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yields
Arrr = i(A = po) (A + po + ¢) = i(A = Ao) (A — po),

in agreement with 1| where we used ¢ + )¢ + o = 0. For the operator L, we write again

- 3 3 3
LQr = —-Qf; + iQHIH(U,) + iUH(Q,H[) + §H(UQH]), +3U%Qr1r + vQrr1,

and note that Q;;;H(U"), UH(Q%;;), and U?Q 1 are smaller than —Q'7;;+~Q 177 by an exponential
factor as Im(z) — —oo. On the other hand, the term 2 H (UQ;;;)’ cannot be neglected this time. It
follows from (5.31) after using the Hilbert transform that

2HUQrr) = Qppp + cH(Qrir) = X (A = o) (A — po) H (Y1), (5.32)

The eigenfunction W;;; consists of the sum of two terms. The first term %ei()‘*)“))f is analytic in C*

and since A > )\, the exponential factor is bounded and decaying as Im(z) — oo. On the other
hand, the second term can be decomposed by using (3.9)) into the sum of two terms:

Lei(/\—/\o)i _ : eiA—Ho)§ (f/ E)
(A= o) ff' (A = po)(e? —e?) o f
k ei(A=A0)¢—¢ et(A—ho)¢
T O ) e 9) { I eikw}

where the first term is analytic in C* and the second term is analytic in C~. Moreover, the exponen-
tial factors are bounded and decaying as Im(z) — 400 for the first term and as Im(z) — —oo for
the second term. As a result, we obtain

, 1 ke=? ket?
H(Wppp) = ie'@208 | — — : 5.33
W) 7O e e O e e )] -39

As Im(x) — —o0, we have exponentially large terms in f ~ e+ f ~ ek¢=¢ g0 that
; 2ke=?
H(U \: &) ~ jetPho)ére |1
( HI)( ag) e ()\_Iuo)(qu _€,¢)
)\

_ At ¢A—mo)eto g Im(z) — —o0, (5.34)

/\No

where we have used (2.3) for /1. By using (5.29)), (5.30)), and (5.34) we obtain the principal term in
the asymptotic expansion of

2H(UQuur) ~ iA" e HIH 0 [(A — 1) + (A + p10) — (A = Xo) (A + puo)]
= —dippe’ e ag Im(x) — —o0,

where we have used ¢ + Ao + 110 = 0. The balance of exponential terms in the limit Im(z) — —o0
for

yields
(A = pt0) (A = p0)? + 7 + 3paoN)
= i(A = o) (N* + ptoA + p15 + )
(A = 110) (A = A) (A + Ao + po)
(A = Ao)(A = o) (A = ¢),
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in agreement with (5.24), where we have used
1
v = —Z(kQ +3c?) = —()\3 + Aopto + ,ug),
which follows from (2.2)). O

The following proposition uses the explicit expressions for the eigenvalues in Proposition [J] to
diagonalize the quadratic form (Lq, ) ;2(r) for ¢ € H'(R) by using the basis of eigenfunctions of
the spectral problem (5.5).

Proposition 10. For every ¢ € H'(R), we have

3 > A—A A\ —
(Lg, q) 2wy = 27T/ (A +7) {|a1()\)|2e2‘7’—0 + |a11()\>|2€_2¢—uo} d\
0 A— Ho A — AO
HO (A= Xo) (A — o) (A —¢) 2 sA— Xo s oA —Iio
+27r/m (€8 — )\ larrr(A)|"e E—— lary (N)|%e P d\,  (5.35)

where ar(N\), arr(N), arrr(N), ary(N) are uniquely defined by q € H'(R). Consequently, the first
integral in is sign-indefinite and the second integral is positive semi-definite.

Proof. By using (5.16) and (5.23), we obtain

Lo = [ aEQi ) + anMEQuNAA+ [l (NEQumi() + an (N IQu (A

_ /0 02 4 )T ) + an () (A)]dA
N /“0 (A= X0)(A = o) (A —¢)

[a[[[()\)qf][]()\) + Gn/()\)qf[v()\)]dA

A
Ao
Substituting the decomposition 1} into (iq, q)r2r) and using the orthogonality relations of
Propositions [3| ] and [5] we obtain the diagonalization formula (5.35)). O

5.4. Positivity of the second variation of S(u). To get the Lyapunov functional (1.7)), we consider
a linear superposition of the two Hamiltonian structures (1.12) and (I.13) together. By Proposition
the spatial profile U is a critical point of

S(u) := R(u) +yM(u) + 9 [E(u) + cM(u)],

for every parameter 0 € R to be defined. The second variation of this functional at U is defined by
the Hessian operator L + 6L : H*(R) C L*(R) — L*(R). We show that the Hessian operator is
positive semi-definite if § = £ (3¢ — k), which then yields (1.7) since

1 1 1
v+ 5(30— k)c = 1(302 —2kc — k?) = 1(30—1— k)(c— k).

By using (5.15)) and (5.35), we obtain
(E+6L)q, ) o) = 2 / (A2 40X + 7 + 66)S, (\)dA
0

+ 27 /A:O (A — Ao)((;—_/?g)\— c+9) S () 536
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where
A=A A—
S+ () = lar (WP T2 + lan (W) Pe #5=32 20, A€ (0,00),
A — )\0 QS)\_H;Q

S_()\) = |(l]][()\)|26¢ 7 -+ |CL]\/()\)|2€_ S O, )\ c ()\0,#0).
0

A— A— XN
The second integral in (5.36)) is positive semi-definite if A — ¢+ § < 0 for all A € (g, p10). This
determines the range of admissible values of by § < ¢— . Taking the maximal value of this range
asd := c¢— g, weensure that \ —c+3d = A — o < 0if X € (Ao, o). Since 6 = —X\g — 240 > 0, the
first integral in (5.36)) is positive semi-definite for all A € (0, 00) if v + dc > 0, which is true since

Y4 0 = —(A§ + Aotto + 115) + (Ao + £0) (No + 2110) = 1§ + 2Aopt0 > 0.

Hence, the self-adjoint operator L4 L is positive semi-definite in L2(R) and S(u) with § = c¢— iy =
%(30 — k) is the Lyapunov functional for the periodic waves of the BO equation. The first assertion
of Theorem [I]is proven.

6. DEGENERACY OF THE SECOND VARIATION S”(U) IN THEOREM

To prove the second assertion of Theorem I for N = 1, we consider S”(U) = L + 0L with
0 = ¢ — o for co-periodic perturbations in Lper We extend the orthogonality and completeness
of eigenfunctions in L? . in order to characterize Ker r2,.5"(U) and to show that it is spanned by
the translational mode U’. Since the spectrum of S” (U ) in L2, consists of a sequence of isolated
eigenvalues due to the compact embedding of ngr into L%er, the non-degeneracy result implies
coercivity of the quadratic form (S”(U)v,v) 3z  for every v € H}, | needed for the standard
proof of Theorem @] with NV = 1. For every fixed N € N, we extend the proof with the Floquet—
Bloch theory in LN o to complete the proof of the second assertion of Theorem for N € N.

per

6.1. Orthogonality of eigenfunctions in Lper By [19, Proposition 2.2], the Lax equations li
admit the purely discrete spectrum in Lper located at
= {Ao} U{0} U {knjnen. (6.1)
The eigenfunctions of the Lax equations (2.1I)) for A = kn with integer n > 0 are given by (2.6),
whereas the eigenfunction for A = ) is obtained from the residue term of (2.7) given by
k . _ k
Jim (A= Qo) (A) = =, Jim (A= do)y (A) = —=.

The first two eigenfunctions of the adjoint linearized BO equation (I.15]) are given by Proposition [I}

JL’LQ

per

. __ida+ia2t f(z—ct) k
wl(kna z, t) = et f(z—ct) [1 + (A—Ho)f(x_‘:t)] ’

e (6.2)
Urr(kn;x,t) = e~ Az—iNt f(z—ct) [1 — ] ;

flz—ct) (A=Xo) f'(x—ct)

whereas first two eigenfunctions of the linearized BO equation (I.9) are given by Proposition [2}

f(@—ct)

—idz—i2t [/ (z—ct) k

: _ gida4ir%t f(z—ct)
gr(kn; 2, 1) = e [H O—r0) 7 (a:—ct>]7
qri(kn;z,t) = e e 1 - oooem

6.3)
- (
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where A = kn with integer n > 0. For A = 0 (n = 0), the two eigenfunctions in (6.2)) are linearly
dependent because

/ k Ao f ' k o

¥i(0) = 4 — =—, Yu0)==+1==7, (6.4)
10 T ol o 11(0) fAof Ao
whereas the two eigenfunctions in (6.3)) are linearly independent because
Ao { ik f! } Ho [ ik fo }
0)=— |1 - —F]|, 0)=—1|1—- . (6.5)
a(0) Ho Aopo(f)? 211(0) Ao Aotto f?
However, we have the complex-conjugation symmetry between the two eigenfunctions:
2
21(0) = 5541(0). (6.6)
0

which agrees with (2.12) for A = 0 due to the relation (2.3). As a result, we can construct two
real-valued solutions by using (6.3):

ik e~ 4 cosh ¢
* 2oty cos(k€) + cosh ¢
k 5 sin(k§)
2oty cos(kE) + cosh ¢

=1

=1+

=1+

O,U
2opto *

=00 0) = 2gn(0)| = 0, | = — =
2(0) Mqu( ) 2hop0 LSS
k 5 sinh ¢
© 2opo " cos(k€) + cosh ¢

and

1
= 8$U7
2oto
where we have used (1.3)), from which we get
o0 — k(1 4 cos(kE) cosh ¢) _9 sin(k¢) ©6.7)

[cos(k&) + cosh ¢]? “cos(k€) + cosh ¢’

Since 0,U appears in the basis of eigenfunctions from solutions associated with the eigenvalue
A = )\, see (6.14) below, we include only one solution to the basis of eigenfunctions from the two

solutions (6.3)):

qo(z,t) =1+ OpU (x — ct). (6.8)
2o to
Similarly, we include only one solution to the basis of eigenfunctions from the two solutions (6.4):
oz, t) = 1. (6.9)

2

per» Where we

The following proposition establishes orthogonality between the eigenfunctions in L
use the standard inner product,

f.g¢€ Lf)er b (9, = ygf(x)g(x)dx
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Proposition 11. The set {11, } is orthogonal to the set {q;, q;;} in the sense:

<q1(k‘n>71/21(km)>Lger = (qr1(kn), QZ{I(km»L%er =0, n,m € N (6.10)
(qr(kn), Yrr(km)) ra., = (qrr(kn), Yr(km)) 2. = 2E0nm, ’ ’
where 0y, ,,, is Kronecker’s symbol. Furthermore,
lar(kn), o)z, = (arr(kn), o)ez, =0, (6.11)
<QO,¢1(k”)>Lger = (CJO»l/JH(k”»L%er =0, 7
and
2w
<€I0,¢0>Lger T (6.12)

Proof. We follow the proof of Proposition 3]

To prove the first line in (6.10), we use the representation for A\ = kn and \ = km, where
the function is analytic in C* and the exponential factor e!*+*)* decays to 0 exponentially fast as
Im(x) — 4o0. Integrating q;(A)y;()\') along the boundary of the following rectangle

{zec; \Re(z)\ﬁ%, oglm(z)gR}, R>0,

in the positive orientation and taking the limit R — oo yields
{qr(kn),r(km)) 2 = }%im ygql(kn; x+ iR, t)Yr(km;x + iR, t)dx = 0,
per —00

due to the periodicity of the integrand for n,m € N. The proof for (g;;(\), V1 (N)) 2, = Ois
similar but the contour of integration is closed in C™.
To prove the second line in (6.10), we use the representation (3.3). Since

. N 2
ygezk("_m)m“kQ("z_mQ)tdI = %5n,m

we get (gr(kn), ¥rr(km))rz, = 2F0nm if and only if the integral of all remaining terms after
expanding the product vanishes:

1k d eik(n—m)x+ik2(n2_m2)t
V= yg dr dz,
(kn - NO)(km — )\0) dx f!

which is true. The result for {q;;(kn),¥;(km));,

symmetry (2.12)) and (2.20)).
The orthogonality relations (6.11]) are obtained by setting either n # 0 and m = 0 or n = 0 and

m # 0 in (6.10). The orthogonality relations (6.12]) are obtained directly from and (6.9), where
we use (0,U, 1) 12 . = 0, which follows from the fact that

2, = %dnym holds by the complex conjugate

dx
1);2 = ksinh
(U, >Lper S (b&écos(k’x)—l—COSh(ﬁ

2
= sinh ¢ / —da: =27
o cosx + cosho

is independent of ¢ > 0. 0J
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It remains to augment the set of eigenfunctions (6.2) and (6.3) for A = kn with integer n > 0 by
the set of eigenfunctions for A = )\, according to the Lax spectrum (6.1)). It follows from (2.10) and

(2.11) that

J—1 Ao ff=1 o

M) = =—=U, = =-—=U,
Yrrr(Ao) g 1.2 Yrv (o) Iz 12
where U is the periodic profile (1.3) and we have used (2.3). Thus, both solutions are constant
multiples of U. This is natural due to the translational symmetry, which implies that the linearized
BO equation (1.9) with u(z,t) = U(x — ct) admits the solution 0, U and the adjoint linearized BO
equation (1.15)) admits the solution U.

To get the linearly independent solutions, we compute derivatives of ;7 (A) at A = )¢ and
Yrv(A) at A = po:

. f—1 1 , =1 1
(o) = 2ot - — ’ = — 20t .
¢III( 0) Z(.%"— 0 ) ff/ kff/’ wl\/(luo) Z(.’L'—f— Ho ) ff/ + kff,
To get the 2%—periodic solution, we obtain the linear combination of the two derivatives:
21 ot 1
o1 (o) + Mty (i) = =710 — <
k fr
22)\0[10t sinh (]5 1 e ke

- cos(k€) +coshg  2cos(k€) + cosh ¢’

The real part of this function is given by a linear combination of 1 and U and the imaginary part of
this function is a linear combination of 9, '9sU and ¢U, where the uniquely defined real-valued odd
function 9, '9,U is obtained from (6.7) as

sin(kx)

-1 ._
O 05U ) = cos(kx) + cosh ¢’

The adjoint linearized BO equation 1i in L2 admits two linearly independent eigenfunctions

per

Ui(z,t) =U(x —ct), Pa(z,t) =9, 0,U(x — ct) + — k2 ¢tU(x — ct). (6.13)

sinh

The linearized BO equation (I.9)) admits two linearly independent eigenfunctions

k
@(z,t) =0, U(x —ct), q(x,t) =0,U(x — ct) + —=—t0,U(x — ct), (6.14)
sinh® ¢
where we have used (2.3)) to obtain
4\ k d
oo =% (6.15)
k sinh” ¢ do
We have the following orthogonality result between the eigenfunctions.
Proposition 12. Solutions (6.13)) and (|6.14) satisfy the following orthogonality conditions:
) 2 = 5 2 = O,
<Q1 ¢1>Lper <Q2 ¢2>Lper . (6.16)
<QI7 ¢2>Lger = —<927 w1>L?,er = sinh? ¢
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Furthermore, we have

<QI(7€”), @/)1>L‘f,er <QI1(kn)a¢1>Lger 0,
(qr(kn), o) 2 = (qrr(kn), ¥a) 2 =0,
v ber - ber N 6.17
<9171€1( n)>Lger = (Cll,l/_JH(/le»Lger =Y, nes ( )
(@2, ¥1(kn)) 12, = (g2, ¥11(kn)) 12, = 0,
and
<Q1,¢0> <Q27 (o > =0,
per Lger 6.18
{<qo,¢1> o = (g0, ta)rs, = 0. (0.18)

Proof. The first line in (6.16) follows from the opposite parity between U and 0, U as well as 9, 10,U
and 04U integrated over the periodic domain together with

(0:U,0;'05U) 12 + (U, 05U) 12, = 0.

per

The second line in (6.16)) is obtained after integration by parts in the form:

(CI1,1/12> L2, (CJ2,¢1> L2, _§d_¢HU||L2

The numerical coefficient %HU 12, is well-known in the theory of stability of periodic waves in
per
the BO equation and can be computed explicitly as follows. Since
d sin(kx) 14 cosh¢cos(kz)
dx cos(kx) +cosh¢  (cos(kx) + cosh ¢)?’

we obtain
dx
Ull7. = k*sinh® 515
| HLEer sinh” ¢ (cos(kx) + cosh ¢)?
cos(kx)dz
h? h
“sinh® ¢ cos ¢§£ (cos( kx ) + cosh ¢)?
hQ h k2 h2 h2 % Z‘
2gin ¢ cos ¢§£ cos (k) +cosh¢ + k“ sinh” ¢ cosh” ¢ (cos(kz) + cosh )2
Eliminating the integral of (cos(kz) + cosh ¢)~? yields
dx
Ul?, = k?cosh 515
U1z, cosh ¢ cos(kx) + cosh ¢
2T d
= kcosh ¢ / B —
o cosz + cosh¢
= 27k coth ¢,
so that
1d k de

L 6.19
2d¢|| ||L Sl h2¢ dgb ( )
which completes the proof of the second line in (6.16).

The orthogonality conditions follow from the orthogonality conditions (3.4) and (3.5) in
Proposition ] for A\ = kn with n € N. To verify the orthogonality conditions (6.18), we use (6.8,
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(6.9), (6.13), and (6.14) directly. For the first line in (6.18]), we obtain

<QI7 w > Pcr <81U7 1>L12)CY = 07
<QQ7 ¢0> per <8¢U7 1>L%er - 07

where we have used that (U, 1) 12, = 2m is independent of ¢ > 0. For the second line in (6.18), we
get

k
s = {1
(90, ¥1)rz, = (L, U)rz, + 2)\0M0<a¢ )
k d
2W+m%” 13 0,

where we have used (6.15)) and (6.19), and

<QO7¢2>L§M = (1,0, 18¢>U>

-1 .
per 2>\OMO <8¢U7 827 8¢U>L%er - 0’

where we have used the opposite parity of 1 and dsU relative to 9, '0,U. 0J

6.2. Completeness of eigenfunctions in Lger. To simplify the proof of completeness, we set ¢ = 0
again and suppress the time variable from the list of arguments. We claim that solutions and
- pr0V1de a basis in Lper in the sense that every element ¢ € Lper can be uniquely represented
by the superposition of elements of the basis:

r) = Z anqr(kn; ) + bngrr(kn; x) + coqo(x) + c10,U(x) + c20,U (), (6.20)
neN

where the coefficients in the decomposition (6.20) are computed by using the orthogonality relations
of Propositions [T1]and

k k _
n = 5 (@i (kn))pz,, b = 2—<q7 Vr(kn))rz,, né€N,
T
k
<Qa¢0> pera
and
sinh? sinh?
C1 = ¢<q7¢2> L2,, C2= — ¢< ¢1> L2,

Substituting all projections into 6.20)) yields the identity

q(z) = x 55 q(y) (Z qr(kn; x)rr(knyy) + qri(kn; x)br(kn; y)

2T
neN

3 00 (0) + 05005 )] + 5 sink 0 (o)) — e ()] )

where we have used

dol)ido = 2 [“0

A
3 |20 0:0)+ 2L (0:0) | = 5 fan(052) s 050) + aus(052) 1 03],
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which follows from and . The identity holds for every f € Lper if and only if the eigen-
functions satisfy the completeness relation

Z qr(kn; )Y (knyy) + qur(kn; ©)yr(kns y) + %(QI((); 2)Yrr(05y) + qrr(0; 2)1(0;y))

neN

2 2m

ta sinh? ¢ (g1 (2)2(y) — @)1 (y)) = ?5@ - Y), (6.21)
where the Dirac delta distribution d(x — y) in the periodic domain is understood in the sense of the
generalized identity:

, 2
3 etnlemy) = %5(93 —y). (6.22)
nes
The following proposition confirms the validity of the completeness relation (6.21).

Proposition 13. The completeness relation ((6.21)) is satisfied.

Proof. We follow the proof of Proposition [6] and compute each term in (6.21]). The first and second
terms are given by the same expressions ({.5) and (4.6) with A = kn for integer n > 0. Terms in the
last brackets in (#.5) and (@.6) produce different outcomes depending on the summation in n from 1
to oo or from 0 to co. By using g = A\g + k, we obtain

> tk(n+1)z—ikny iknz—ik(n—1)y ikx
¢ _ ¢ . (6.23)
— k(n+1) — ug kn—po Ao
> 'Lk(nJrl)z ikny iknz—ik(n—1)y ] iky
Z [ - . (6.24)
— Lk(n+1) — no kn—po | po
0 —zkna:—‘rzk‘ n+1l)y —ik(n—1)z+ikny iky
17 - - (6.25)
— kn — Mo ] )\0
0 —iknx+ik(n+1)y —ik(n—1)z+ikny 7 ikx
- [e - S (6.26)
— Lk(n+1) = po kn—wo | po

Splitting symmetrically the series in (6.21)) and using (6.23)), (6.24), (6.25)), and (6.26)), we obtain
1
> qr(kn; 2)wr (kns y) + qrr(kn; 2)wr(kng y) + 5 (q0(0;2)¢01(05y) + qr1(0; )1 (0; )

neN 2
= % Z qJ<kn; x)wll(an y) + qn(kn; x)¢1(kn; y)
n=0
T3 qu (kn; )i (knyy) + qr(kn; 2)dr(kns y)
_ ikn(z—y) 7 é s 22 [ cikr—¢ etky+o B etky—o B eikr+¢ }
B % o [P T TR Ferw  F@rm)

where we have used |i again. Since the first term gives 2%5 (r—y) due to (6.22), the completeness
relation (6.21)) is satisfied if and only if the remaining terms

2 o 6ikzx—q§ eiky-i—(b eiky—¢ eikx+¢

- sinh’ P [ / + = o / o / 1
k Or | f'(2)f(y) ~ f@)f(y)  f)f' ) fl@)f(y)
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cancel out with the last two terms in the left-hand-side of (6.21):

%smh P(q1(2)¢2(y) — qa(z)1(y))-

We note that
iky—|—¢ eiky—(b B ezky(egb —e (b)(l + ezkm(€¢ Te qS) 4 ezk(m—i—y))
F@ ) f@f ) f@)f' (@) f(y)f'(y) ’
ezkm 1) ez‘km+¢ 6ikz( —e ¢)( +€Zky(e¢+€ ¢) _|_ezk(z+y))

f@fly)  f@f) f@) /(@) f(y) ' (y) ’

hence, we get

2% h2 o 6ikzx—¢ eiky+¢ eiky—¢ eikx+¢
Esm ¢% f/(gj)f(y> + f'(x)f(y) - f(x)f’(y) - f(x)f’(y)

B 4i 5 ) (eiky . eikx)(l + ez’k(w-&-y))
TET 0 @ @ W) ©27
On the other hand, we expand
= sinh? 6(a1 (2)0(y) — @) (1)
0
_ %sth gzsa—x [U(2)0; 10,0 (y) — U ()05 0,0 (2)]
2o 0 [ L 1) = B -
k? 3:15 f@) (@) f () [ (y) f@)f' (@) f () f'(y)
44 o eikz(62iky o 1) o eiky(e2ikx o 1)
— — —sinh®¢—
T T @)
43 o ( iky _ ezk:z:)(l 4 eik(:(;+y))
= — —sinh®— 6.
EN o T @) (€29
The sum of (6.27) and (6.28) is zero so that the completeness relation (6.21)) is proven. O

6.3. Diagonalization of L. For the set of eigenfunctions (6.3]), we introduce the same expressions
Q1 and Qpr, as in E[) but for A\ = kn with integer n > 0. These expressions correspond to the
Floquet-Bloch form (5.18)) with § = 0. The eigenfunctions satisfy the spectral problem (5.5) in the
periodic domain with the eigenvalues

Ar, = ikn(kn + c), _-
n .
Arrn = —ikn(kn + ¢), -
For the set of eigenfunctions (6.14)), we have
d
LO,U =0, LU = —I;U, (6.29)

due to the differentiation of the stationary BO equation —H (U’) — U? + ¢U = 0 in z and ¢.
We can write explicitly similarly to (5.10) that

LQin=(kn+c)VWin, LQrn= (kn+c)Virn, (6.30)
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which holds for any integer n > 1. The relations (6.30) are extended to eigenfunctions (6.8) and
for n = 0 since

Lgo=c—2U + LoyU = ¢ —2U —

2o o

where we have used (6.15)) and (6.29).

By using the decomposition (6.20) and the completeness result of Proposition [13] we obtain for
every q € Hééf , similarly to Proposition |8| that

—A _agkn — o
L — k' n2 2(;5 0 b 2 _—2¢
(La.q)1z, = k%mc[m I e
2me wk?

4= 2
Rl — sinh® ¢

|ca?, (6.31)

which follows from
Lq = Z[anLQl,n + anQII,n] + COqu + clL&cU + 02L8¢U

neN
dc
= Z (kn+ )|V, + 0,1 n] + coctho — co—
dcb
neN
and
_ _ 2 kn — _2¢k Ho _ _ _
q= Z ant€ kn — QIIn + b € m@[,n =+ Coqo + CI@zU + CQaqSUu

neN

due to the orthogonality result of Propositions [I 1] and [I2] Similarly to the outcome of Proposition
[8 all terms but the last one in (6.31)) are positive semi-definite, whereas the last term in (6.31)) is
negative semi-definite. The coefficient ¢; does not appear in (6.31).

6.4. Diagonalization of L. The eigenfunctions Q 1. and Qyy ,, satisfy the spectral problem (5.22))
in the periodic domain for the eigenvalues

Ao 2,2
(i, e
The eigenfunctions (6.14)) satisfy
Lo,U =0, Lo,U = —;l;U (6.32)
due to the differentiation of the stationary higher-order BO equation
~U" + gUH(U’) - gH(UU’) + U +9U =0
in x and ¢.
We can write explicitly similarly to that
LQrn = (K*n* + 7)Y,  LQrrn = (Kn*+7) V110, (6.33)

which holds for any integer n > 1. The relations (6.33) are extended to eigenfunctions and
for n = 0 since

d
lU Yo,

- k
Lqgy = 243U
g =7+3U"+3H{U) + oo do

LOgU =y + 3cU —

2o po
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where we have used the stationary BO equation —H (U’) — U 24+ cU = 0, as well as relations (6.15),
6.32), and 91 = —3c.
By using the decomposition (6.20) and the completeness result of Proposition [I3] we obtain for

every g € H!_, similarly to Proposmonn that

per>

2m kn — A _opkm — g
L _ =7 k2n2 . 2 2¢ —0 b, 2 —2¢M"" — PO
(L iz, =5 X ) [l P 0 e
21y, ., 3mk*c |,
— —_— , 6.34
+ k leol” + 2s.inh4 2 ( )
where we have used (6.15)), (6.16), and d” = —%c r Similarly to the outcome of Proposition

the last term in (6.34) 1s positive semi- deﬁnlte whereas the other terms in (6.34) are sign- 1ndeﬁn1te
The coefficient ¢; does not appear in (6.34).

6.5. Diagonalization of L + §L in Lper We define 6 = ¢ — 9 = —Xg — 20 > 0 and obtain the
following diagonalization of L + 6L for every g € H!  from d6.31[) and (16.34[):

per

~ 2
(L +80)a,0)sz, = 7= 2 (Kn* + Skn + 5 +50)S,

neN

2 k2 3
— § 2 —c—9 2 6.35
Pl + o (Ge- o)l 639)

where
kn — A kn
S = lan[?e? =0 4 [b 2o L2 > 0.
kn — p kn — o
Since § > 0, v + dc = pd + 2X\opo > 0, and
3 c k
Ce—6=— .
2(3 5 + o 5 > 0,
all terms in (6.35]) are positive semi-definite and the only term missing is the projection c; of ¢ € H ;er
to 0,U. Hence, Ker Lﬁer(i + dL) = span(U’), where U’ is the translational mode of the linearized
BO equation (1.9) with u(x,t) = U(z — ct). Coercivity of the quadratic form ((L+0L)q,q) q) 1z, for
every q € per|(U/)r follows from positivity of all other coefficients in (6.35] with the explicit lower
bound for some C' > 0:

- 27
(L+0D)q. )1z, > ﬁ;o > (kK n® + v+ 6c)(|an|* + [ba]?)

0 neN
2T wk? 3
+?(7+5c)|co| 4+ — h4¢ <—c—(5) |02]2
> Cllg— 8,3,

where we have used that
kn—/\0>1 k:n—,u0>@ €2¢7)\0>

kn—po = 7 kn—2X T Ao’ Ho
The proof of Theorem [I]is complete for N = 1.
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6.6. Diagonalization of L+5L in L}, with fixed N' € N. Working in L., for any fixed N € N,
we can use the Floquet—-Bloch form of eigenfunctions (5.18)) and (5.19) for the following /N values
of parameter 6 € [0, k):

k
em::%, me My :={0,1,...,N —1}.

Eigenfunctions {Q7.,,(0m) }n>0memy and {Q11..(0m) bn>0memy are defined by for 0 = 6,,
with the only exception for (n,m) = (0,0), for which the proper eigenfunction is ¢y in (6.8).
Eigenfunctions {Q777(0n) }mery and {Qrv(0,) bmem, are defined by for § = 6,, with the
only exception for 6, = 0, for which the proper eigenfunctions are ¢; and ¢, in (6.14). Similar
preparations are done for the adjoint eigenfunctions.

The orthogonality relations of Propositions |1 1| and 12| are extended for these eigenfunctions and
their adjoint eigenfunctions in L3 The completeness relation of Proposition [13|is also extended

Nper*
in LQNper with a similar proof. Since all additional eigenfunctions in Lszer correspond to non-zero

eigenvalues A and A, the diagonalization formula for ( ([~/ +dL)q, q) L2 has strictly positive coef-

2

Npers for which the coefficient

ficients for all terms with the exception of the projection to 9, U € L
is zero. Hence, Ker 2 (L + 0L) = span(U’) and the coercivity bound holds for some Cy > 0:

(L+0L)q,a)rz,, > Cnllg = 10Ul

The proof of Theorem[I]is complete for every fixed N € N. We note that Cy — 0 as N — oo due
to the lack of the spectral gap in the second term in (5.36).
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APPENDIX A. PROOF OF RELATIONS (|5.25)) FOR Q1(\) AND Qr7(\)

Relation (5.25)) for Q;(\). We recall from and (5.11)) that ; and ¥, are analytic in C* in
the complex x-plane. Then, we have H(Q) = iQ); and H¥; = i¥;. Applying the Hilbert operator
to both sides of (5.28]), we obtain

Q7 =2UQ; — icQr +i(\ + ¢)¥y, (A.1)
which immediately results in
1'=2U'Qr +2iUQ, —icQ} — M\ + ¢)Qr. (A.2)
Resorting to (2.17)), we arrive at
1 1 1 1
U = ik? (-——) <—+——1)‘ (A3)
FA VA A |
By combining 2.2), 2.3), .4), @.17), (5.3), (5.4), (5.28), (A.1), (A.2)), and (A.3), we compute
~ 3 3 3
LQr=—-Q7 + EQIH(U/) + §UH(Q/I) + §H(UQ1), +3U°Qr + Q1

3 3 3
§CUQ1 + §U2Q1 + A_LA()\ +¢)Qr + Q1
1

1 1
=Qr | AMA+¢) + Xopto + écU - §U2 - —iU’} — V(A +c)(c+ V). (A4)

1 3 3

2
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Substituting the expressions of (2.2)), 2.3), 2.17), (5.8), (5.11)), and (A.3)) into (A.4), we arrive at

Lo, :ﬁ [N = N2Xof = MF(K* + 3hopo) — k(K> + 3Xopo) + o f (K* + 3Xopto)]
:652%?[VQf—%fy—@?HﬁwwOf—mf+@}
:6{§%ﬁ7p2—g¥+3Mm@]Mf—Adﬂ
=S 0 )+ = 07 )

which coincides with the first relation in (5.25]), where we have used the identity
k(f—=1) 4+ Xof = Xof, Xf'=wof — k. (A.5)

Relation (5.25)) for Q;;;()\). Similar to the derivation of (A.4), using (5.3)), (5.31), and (5.32)), we

obtain

- 3 3 3
LQr=—-QF + iQIHH(U/) + iUH(Q,IH) + §H(UQHI), +3U%Q1r1 + Q111

]‘ "

3 3 1
T yeI + §CUQIH - §U2QHI - ZkQQIH

3 /
—ZX*Q—A@M—MQPU%H+0LH+H@mﬂL (A.6)

Resorting to (2.3), (2.4)), and (5.33)), we have

Py 4 -u»ams( A a )}
HWW)dS% A=) P o)
o i &> B kei()\f)\o)f |: A &} A
. (f+f ey R (A7)

By using (2.3), (2.4), and (5.9), we arrive at

;o ikelAE TN — g~k 2k XN [(A—po—k 2k
Qprr = (A — po)Qrrr + A—Mo{ )2 _+UW_“X<__7T__+?O}’(A&
fy = FOT QI A bk B e (At tk )
o A — po (f')? (/) A f? f?
. ) k2N TN — g —4dk AN—po—k 3k
+i(A — — - +
LR el E Ty
No (A—po—4k N—po—k 3k
S () (8.9
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Once again, plugging (2.2), 2.3), 2.17), (3.9), (5.12)), (A.5), (A.7), (A.8), and (A.9) into (A.6), a

tedious but direct algebraic computation gives rise to
s IV = A2 = X + 3amo)
AA = ko) 2(f')?
ML) (Ao + po)k + f/(Adopto + K+ N5)] — Ao (200 + k) f2(f)?]
ei(A_AO)E

=—— 4k
AN = po) {
+F A = oA = N (K + 3Xopo) + Apto(K> 4+ A3 + 4Xofto) — Ao (Mo + o) }

i A= A) (A = o) (A —¢) \

=e — +k

_()\ — o) (A — po) (A — C)\If

= \ 1115

which coincides with the third relation in (5.25)).

[—/QIII =

[/\3 — )\(k’Q + 3)\0#0) + )\0#0()\0 + ,uo)}
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