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ABSTRACT. We construct the Lyapunov functional for the periodic waves of the Benjamin–Ono
equation based on the conservation of momentum, energy, and a higher-order energy, which exists
due to integrability. Positivity of the second variation of the Lyapunov functional for perturbations
in Sobolev space H1(R) is established by utilizing the basis properties of eigenfunctions of the lin-
earized Benjamin–Ono equation in L2(R). Coercivity of the Lyapunov functional for co-periodic
and multiple-periodic perturbations yields the nonlinear orbital stability of the periodic waves in the
periodic domain.

1. INTRODUCTION

The Benjamin–Ono (BO) equation is a popular model to describe dynamics of long internal waves
in a deep fluid [5, 36]. Although it has been known to be formally integrable with the inverse
scattering method for a long time [15, 25], it was only recently that many groundbreaking results
were obtained in the mathematical analysis of this model.

We are particularly concerned with the stability of traveling wave solutions with spatially decaying
or spatially periodic profiles. These are called solitary waves and periodic waves, respectively. We
take the BO equation in the standard form:

ut + 2uux +H(uxx) = 0, (1.1)

where u(x, t) : R×R→ R andH is the Hilbert transform defined in the Fourier basis byH(eiξx) =
isgn(ξ)eiξx, ξ ∈ R. The solitary wave is characterized by algebraically decaying tails:

u(x, t) =
2c

1 + c2ξ2
, (1.2)

where ξ = x− ct− ξ0 is the traveling wave coordinate with an arbitrary wave speed c > 0 and the
phase parameter ξ0 ∈ R. The periodic wave can be expressed in terms of elementary functions:

u(x, t) =
k sinhφ

cos(kξ) + coshφ
, (1.3)

where ξ and ξ0 are the same as in (1.2), the two parameters k, φ > 0 are arbitrary, and the wave
speed c is uniquely found from c = k cothφ. Without loss of generality, we can set ξ0 = 0 due to the
translational invariance of the BO equation (1.1). Due to the scaling invariance of the BO equation
(1.1) under the transformation u(x, t) → ku(kx, k2t), one can set k = 1 and restrict the periodic
solutions to the period 2π, for which the requirement φ > 0 implies c > 1. For computational
transparency, we will leave the scaling parameter k > 0 arbitrary.
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1.1. Motivations and background references. Regarding the solitary waves (1.2), uniqueness of
spatially decaying traveling wave solutions of the BO equation for each wave speed c > 0 was
shown in [2]. Linear stability of a single solitary wave was shown in [10] by constructing a complete
basis of eigenfunctions in the linearized BO equation. The complete basis of eigenfunctions of the
linearized BO equation was extended to the multi-soliton solutions [32, 33], which implies their
linear stability.

For the nonlinear stability analysis, we recall the first three conserved quantities for the BO equa-
tion (1.1):

M(u) =
1

2

�
u2dx, (1.4)

E(u) = −1

2

�
uH(ux)dx−

1

3

�
u3dx, (1.5)

R(u) =
1

2

�
u2
xdx+

3

4

�
u2H(ux)dx+

1

4

�
u4dx. (1.6)

These quantities are well-defined in the Sobolev spaces H0(R), H1/2(R), and H1(R) respectively.
The list of conserved quantities can be continued to Sobolev spaces of higher regularity HN/2(R)
with N ∈ N due to integrability of the BO equation.

Nonlinear orbital stability of the solitary wave (1.2) inH1/2(R) was shown in [1, 6] by minimizing
the energy E(u) subject to fixed momentum M(u). The method of using more conserved quantities
for the Lyapunov functional has been employed to show the nonlinear stability of multi-soliton solu-
tions. Nonlinear orbital stability of two-soliton solutions inH1(R) was shown in [34] by minimizing
the higher-order energyR(u) subject to fixed momentumM(u) and energyE(u). The same strategy
was extended to show the nonlinear stability of N -solitons in Sobolev space HN/2(R) by proving
their local constrained minimization properties in a linear combination of higher-order conserved
quantities [31]. The recent work [28] connected the proof of nonlinear stability of multi-solitons
with the completeness of eigenfunctions of the linearized BO equation.

The nonlinear stability of multi-solitons in Sobolev spaces of low regularity Hs(R) with s >
−1

2
was obtained in [3] by using a new variational characterization of multi-solitons (avoiding the

energy conserved quantities) and by extending the spectral analysis of Lax operators to spaces of
low regularity. A more recent work [17] extends the nonlinear stability of multi-solitons to the level
of their global asymptotic stability and gives a proof of the so-called soliton resolution conjecture.
The long-time scattering of time-dependent solutions of the BO equation to the superposition of
several solitary waves requires sufficient regularity and spatial decay of the initial data and is based
on an explicit representation of solutions obtained in [18]. The latest work [4] gives the proof of the
asymptotic stability of multi-solitons in L2(R) without imposing the spatial decay condition on the
initial data.

Regarding the periodic waves (1.3), their linear stability was shown in [37] by using the method
of squared eigenfunctions. Modulation theory for the multi-periodic waves was developed in [14]
and [30] based on Whitham’s modulation theory. Rigorous characterization of the Lax spectrum
in spaces of co-periodic and decaying perturbations was developed recently in [19, 20, 21]. This
construction was used in [11] to identify the bright and dark breathers (solitary waves on the spatially
periodic background which exhibit temporally periodic dynamics) according to the eigenvalues in
the semi-infinite and finite spectral gaps of the Lax spectrum. The unique property of the breathers
dynamics in the BO equation is the zero phase shift in the soliton-wave interaction [11] similarly to
the zero phase shift in multi-soliton solutions [29].
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The purpose of this work is to establish the nonlinear stability of the periodic waves (1.3) by using
the higher-order variational characterization of the periodic wave profiles. The characterization is
based on a linear combination of the momentum M(u), the energy E(u), and the higher-order
energy R(u) given by (1.4), (1.5), and (1.6), which yields the Lyapunov functional in Sobolev space
H1(R).

The idea of finding a Lyapunov functional for the periodic waves from the higher-order energies
has been previously used for the Korteweg–de Vries (KdV) equation [12, 23, 35] as well as for
the defocusing versions of the modified KdV equation [13] and the nonlinear Schrödinger equation
[7, 16]. An additional challenge for the BO equation appears from the nonlocal terms in the energy
functionals (1.5) and (1.6). Nevertheless, we show how to adapt the squared eigenfunctions of the
linearized BO equation from [37] to prove the Lyapunov property for periodic waves in the BO
equation.

The method can be extended for theN -periodic solutions at the price of using a higher-order vari-
ational formulation in Sobolev spaces of a higher regularity H(N+1)/2(R) compared to the standard
variational formulation in Sobolev space HN/2(R). It is not clear if any of the very recent treat-
ments of multi-solitons of the BO equation can be used to obtain similar nonlinear stability results
for periodic waves, e.g. working with the commuting flows [3, 4] or utilizing the explicit solution
formula [17, 18]. Given the sharp well-posedness of the BO equation in Hs(R) for s > −1

2
[22, 26],

it is natural to look for the nonlinear stability of periodic waves in Sobolev spaces of low regularity,
which is an open problem.

1.2. Main results and applications. In what follows, we refer to U as the spatial profile of the
periodic waves u(x, t) = U(ξ) with ξ = x − ct. It is defined by the explicit formula (1.3) as the
2π
k

-periodic function. Regarding perturbations to the periodic profile U , they can be considered in
Sobolev spaces of co-periodic, multiple-periodic, or decaying functions. These spaces are usually
denoted as

Hs
per = Hs

(
R/

2π

k
Z
)
, Hs

Nper = Hs

(
R/

2πN

k
Z
)
, Hs(R)

for N ∈ N and s ∈ R, and we restrict these spaces to real-valued functions.
In what follows, we use the first and second derivatives of the functionals (1.4), (1.5), and (1.6):

M ′(u) = u,

E ′(u) = −H(ux)− u2,

R′(u) = −uxx + 3
2
uH(ux) + 3

2
H(uux) + u3,

and 
M ′′(u) = 1,

E ′′(u) = −H∂x − 2u,

R′′(u) = −∂2
x + 3

2
H(ux) + 3

2
uH∂x + 3

2
H∂x(u·) + 3u2.

Since U is the periodic profile, these derivatives are well defined for perturbations in Sobolev spaces
of co-periodic and multiple-periodic functions. By subtracting the densities of M(u), E(u), and
R(u) computed at the periodic profile U from the corresponding densities computed at U + v, these
derivatives are also well-defined for the perturbation v in Sobolev spaces of decaying functions
provided that U is a critical point of the corresponding energy functionals.

The following theorem presents the main result of this work.
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Theorem 1. The Lyapunov functional for the periodic wave with the spatial profile U is given by

S(u) = R(u) +
1

2
(3c− k)E(u) +

1

4
(3c+ k)(c− k)M(u), (1.7)

in the sense that S ′(U) = 0 and 〈S ′′(U)v, v〉L2(R) ≥ 0 for every v ∈ H1(R). The periodic profile
U is a local minimizer of S(u) in H1

Nper for any fixed N ∈ N, which is only degenerate due to the
translational symmetry in the sense that 〈S ′′(U)v, v〉L2

Nper
= 0 if and only if v = αU ′ in H1

Nper for
arbitrary α ∈ R.

An immediate consequence of Theorem 1 is the orbital stability of periodic waves with respect to
co-periodic or multiple-periodic perturbations.

Theorem 2. For every fixed N ∈ N, the periodic wave with the spatial profile U is orbitally stable
in the time evolution of the BO equation in H1

Nper. To be precise, for every ε > 0, there exists δ > 0

such that for every u0 ∈ H1
Nper such that ‖u0 − U‖H1

Nper
< δ, the unique solution u ∈ C(R, H1

Nper)

satisfies
sup
t∈R

inf
θ∈R
‖u(·, t)− U(· − θ)‖H1

Nper
< ε. (1.8)

The result of Theorem 2 follows from the coercivity of the quadratic form 〈S ′′(U)v, v〉L2
Nper

for
v ∈ H1

Nper|{U ′}⊥ , where the constraint is satisfied by the choice of the translational parameter θ in
(1.8). The coercivity is obtained using the Lyapunov property of the functional S(u) due to the
spectral gap between the zero eigenvalue of S ′′(U) in L2

Nper with KerL2
Nper

(S ′′(U)) = span(U ′) and
the rest of the spectrum of S ′′(U) in L2

Nper. The proof of Theorem 2 is standard and follows the
previous works [12, 16], hence it is omitted.

As is well-known, the problem of nonlinear stability of periodic waves with respect to spatially
decaying perturbations has been open in Hamiltonian systems due to the lack of the spectral gap
of S ′′(U) in L2(R). This problem has been recently solved in [8] for the KdV equation, where
variational arguments, Floquet–Bloch theory, and Duhamel-based estimates were combined with
the spatiotemporal modulations of the periodic waves. The translational modulations were shown in
[8, Theorem 1.4] to be growing in time in the L2(R) norm due to the phase shift accumulating after
multiple soliton-wave interactions. See also [9] for a related work.

Compared to the KdV equation, where the phase shift was analyzed in [24], the BO equation
admits no phase shift in the soliton-wave interactions [11]. Therefore, it is an interesting open
question to extend the proof of nonlinear stability of periodic waves under the spatially decaying
perturbations to the BO equation and to study if the translational modulations of the periodic waves
can be bounded in space and time.

1.3. Methods and organization of the paper. To prove Theorem 1, we build a complete basis of
eigenfunctions of the linearized BO equation

qt + 2(uq)x +H(qxx) = 0, (1.9)

where u(x, t) = U(x− ct) is the traveling wave solution with the spatial profile (1.3). The construc-
tion of eigenfunctions was developed in [37] based on the formal dressing method used previously
in [27]. Orthogonality and completeness of eigenfunctions were shown in Appendices B and C of
[37] with a brief discussion. For transparency of presentation, we are going to recover the main
conclusions of [37] with a complete study, where the construction, orthogonality, and completeness
of eigenfunctions are rigorously proven with explicit details. These results are included in Sections
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2, 3, and 4, where we use the following generalized identities which follow from the theory of
distributions and Fourier transform:�

R
eiαxdx = 2πδ(α), α ∈ R (1.10)

and �
R

d

dx
eiαxdx = 0, α ∈ R, (1.11)

where δ is the Dirac delta distribution.
Once the complete basis of eigenfunctions is verified, we identify the spatial profile U as the

relative equilibrium in two commuting flows:

ut = ∂xE
′(u) (1.12)

and

uτ = ∂xR
′(u). (1.13)

The flow (1.12) corresponds to the BO equation (1.1) with the time variable t. The flow (1.13) corre-
sponds to the higher-order BO equation with the time variable τ . Similar to the standard variational
characterization, we show that U is a critical point of the augmented energy E(u) + cM(u) in H1/2

per .
Due to the commuting flow, we also show that U is a critical point of the augmented higher-order
energy R(u) + γM(u) in H1

per with γ = −1
4
(k2 + 3c2).

For the convexity analysis, we diagonalize the quadratic forms associated to the Hessian operators
L : H1(R) ⊂ L2(R)→ L2(R) and L̃ : H2(R) ⊂ L2(R)→ L2(R) given by{

L = E ′′(U) + cM ′′(U),

L̃ = R′′(U) + γM ′′(U).
(1.14)

Due to the duality of H−1/2(R) and H1/2(R) as well as H−1(R) and H1(R) under the L2(R) inner
product, the quadratic forms 〈Lq, q〉L2(R) and 〈L̃q, q〉L2(R) are well-defined for every q ∈ H1/2(R)
and q ∈ H1(R) respectively.

To diagonalize the linearized operators (1.14), we use the complete basis of eigenfunctions of the
linearized BO equation (1.9) with u(x, t) = U(x − ct), as well as the complete basis of eigenfunc-
tions of the adjoint linearized BO equation

ψt + 2uψx +H(ψxx) = 0. (1.15)

As a result of explicit computations, we show that the quadratic forms 〈Lq, q〉L2(R) and 〈L̃q, q〉L2(R)

are not positive semi-definite, but their linear combination 〈(L̃ + δL)q, q〉L2(R) with δ = 1
2
(3c − k)

is positive semi-definite. The linear combination yields the Lyapunov functional (1.7) and thus the
proof of the first assertion of Theorem 1. This result is described in Section 5.

Finally, we extend the proof of orthogonality and completeness of squared eigenfunctions in L2
per.

Using the complete basis of eigenfunctions in L2
per, we prove that KerL2

per
(S ′′(U)) = span(U ′) and

the rest of the spectrum of S ′′(U) in L2
per is bounded away from the simple zero eigenvalue of S ′′(U)

in L2
per. Moreover, we extend the proof to L2

Nper for every N ∈ N with the Floquet–Bloch theory
and this yields the proof of the second assertion of Theorem 1. This result is described in Section 6.
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2. EIGENFUNCTIONS OF THE LINEARIZED BO EQUATION

The BO equation (1.1) arises as a compatibility condition of the following system of Lax equations
[15, 25]: {

iϕ+
x + λ(ϕ+ − ϕ−) + uϕ+ = 0,

iϕ±t − 2iλϕ±x + ϕ±xx − [±iux +H(ux)]ϕ
± = 0,

(2.1)

where ϕ±(x, t) : R × R → C are continued off the real line for x as analytic functions in C± and
λ ∈ R is the spectral parameter.

It was formally found in [14] and rigorously justified in [19, 20, 21] that if u(x, t) = U(x − ct)
is the traveling wave with the spatial profile (1.3), then the Lax equations (2.1) admit the purely
continuous spectrum in L2(R) located at

σL|L2(R) = [λ0, µ0] ∪ [0,∞), λ0 = −c+ k

2
, µ0 = −c− k

2
, (2.2)

see [19, Proposition 2.2] and [19, Proposition C.2]. We note that µ0 = λ0 + k. In addition, we can
write down some relations between λ0 and µ0 obtained from (2.2) with c = k cothφ:

λ0 = − keφ

eφ − e−φ
, µ0 = − ke−φ

eφ − e−φ
, ⇒ λ0e

−φ = µ0e
φ. (2.3)

To introduce the eigenfunctions, we are going to use the Hirota bilinear form for the periodic
traveling wave (1.3) with the spatial profile U given by

U = i∂x log
f ′

f
= i

(
f ′x
f ′
− fx
f

)
,

{
f = 1 + eikξ+φ,
f ′ = 1 + eikξ−φ

. (2.4)

We note that f has no zeros in C− and f ′ has no zeros in C+ in the complex x-plane due to the
constraints k, φ > 0. As a result, 1

f
is analytic in C− and 1

f ′
is analytic in C+. If ψ± is analytically

continued off R to C± and if ψ± decays to 0 sufficiently fast (e.g., exponentially fast) as Im(x) →
±∞, then Hψ± = ±iψ±. As a result, we can write

HU = −
(
f ′x
f ′

+
fx
f

)
+ ik, (2.5)

where we have represented

−ifx
f

=
keikξ+φ

1 + eikξ+φ
= k − k

f
⇒ H

(
−ifx
f

)
=
ik

f
= ik − fx

f
,

in order to ensure the exponential decay of − k
f

to 0 as Im(x) → −∞, whereas H(k) = 0. No

modification is needed for if ′x
f ′

since this function decays exponentially to 0 as Im(x)→ +∞.
For the two parts of the spectrum in (2.2), the two sets of eigenfunctions of the Lax equations

(2.1) have been derived in [11] in the explicit form:

ϕ+
I (λ;x, t) = eiλx+iλ2t f(x− ct)

f ′(x− ct)
, ϕ−I (λ;x, t) = 0, λ ∈ [0,∞) (2.6)

and for any λ ∈ R\{λ0},

ϕ+
II(λ;x, t) = 1− k

(λ− λ0)f ′(x− ct)
, ϕ−II(λ;x, t) = 1− k

(λ− λ0)f(x− ct)
. (2.7)

Based on the computations in [37], we have recovered the set of four particular solutions to the
adjoint linearized BO equation (1.15) from the sets of eigenfunctions (2.6) and (2.7). We give a
self-contained proof of the following proposition for ease of reading.
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Proposition 1. The adjoint linearized BO equation (1.15) admits the following four solutions:

ψI(λ;x, t) = eiλx+iλ2t f(x− ct)
f ′(x− ct)

[
1 +

k

(λ− µ0)f(x− ct)

]
, (2.8)

ψII(λ;x, t) = e−iλx−iλ
2tf
′(x− ct)
f(x− ct)

[
1− k

(λ− λ0)f ′(x− ct)

]
(2.9)

where λ ∈ (0,∞), and

ψIII(λ;x, t) =
e−i(λ0x+λ20t)

f(x− ct)
ψI(λ;x, t), (2.10)

ψIV (λ;x, t) =
ei(µ0x+µ20t)

f ′(x− ct)
ψII(λ;x, t), (2.11)

where λ ∈ (λ0, µ0).

Proof. By using (2.6) and (2.7), we observe that

ϕ̄+
I (λ;x, t) = e−iλx−iλ

2tf
′(x− ct)
f(x− ct)

e2φ,

ϕ̄+
II(λ;x, t) =

λ− µ0

λ− λ0

[
1 +

k

(λ− µ0)f(x− ct)

]
.

As a result, eigenfunctions ψI and ψII given by (2.8) and (2.9) are proportional to the squared
eigenfunctions of the Lax equations (2.1), namely,

ψI(λ;x, t) =
λ− λ0

λ− µ0

ϕ+
I (λ;x, t)ϕ̄+

II(λ;x, t), ψII(λ;x, t) = e−2φϕ̄+
I (λ;x, t)ϕ+

II(λ;x, t).

Since we have
ψII = e−2φλ− µ0

λ− λ0

ψ̄I , (2.12)

and u is real, it follows that ψII is a solution of the adjoint linearized equation (1.15) if ψI is a
solution of the same equation.

On the other hand, eigenfunctions ψIII and ψIV given by (2.10) and (2.11) are constructed non-
trivially in terms of the squared eigenfunctions ψI and ψII , namely

ψIII(λ;x, t) = −1

k
ψI(λ;x, t) lim

λ→λ0
(λ− λ0)ψII(λ;x, t),

ψIV (λ;x, t) =
1

k
ψII(λ;x, t) lim

λ→µ0
(λ− µ0)ψI(λ;x, t).

By using µ0 = λ0 + k and 2λ0 + k = −c, we obtain

lim
λ→µ0

(λ− µ0)ψI(λ;x, t) =
keiµ0x+iµ20t

f ′(x− ct)
=
keiλ0x+iλ20t+ikx+ik(2λ0+k)t

1 + eik(x−ct)−φ

=
keiλ0x+iλ20t+φ

1 + e−ik(x−ct)+φ =
keiλ0x+iλ20t+φ

f̄(x− ct)
= −eφ lim

λ→λ0
(λ− λ0)ψ̄II(λ;x, t),

which implies that

ψIV = e−φ
λ− µ0

λ− λ0

ψ̄III . (2.13)
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Since u is real, it follows that ψIV is a solution of the adjoint linearized equation (1.15) if ψIII is a
solution of the same equation.

Hence, it suffices to prove that ψI and ψIII satisfy the adjoint linearized equation (1.15).

Solution ψI . Since f ′ has no zeros in C+ in the complex x-plane, it follows from (2.8) that ψI
is analytic in C+. Furthermore, because λ > 0, eiλx and hence ψI decays to 0 exponentially as
Im(x)→ +∞. As a result, we have H(ψI) = iψI and the adjoint linearized equation (1.15) for ψI
becomes

ψI,t + 2uψI,x + iψI,xx = 0.

Substituting ψI h ϕ+
I ϕ̄

+
II into this equation and dropping the multiplicative constant, we obtain the

equivalent equation in the form:

0 = ϕ+
I,tϕ̄

+
II + ϕ+

I ϕ̄
+
II,t + 2u(ϕ+

I,xϕ̄
+
II + ϕ+

I ϕ̄
+
II,x) + i(ϕ+

I,xxϕ̄
+
II + 2ϕ+

I,xϕ̄
+
II,x + ϕ+

I ϕ̄
+
II,xx). (2.14)

By using the second equation of the system (2.1) for ϕ+
II after complex conjugation,

ϕ̄+
II,t = −iϕ̄+

II,xx + ϕ̄+
II(ux + iH(ux)) + 2λϕ̄+

II,x,

we rewrite (2.14) as

0 = ϕ+
I,tϕ̄

+
II + 2u(ϕ+

I,xϕ̄
+
II + ϕ+

I ϕ̄
+
II,x) + i(ϕ+

I,xxϕ̄
+
II + 2ϕ+

I,xϕ̄
+
II,x)

+ ϕ+
I (2λϕ̄+

II,x + (ux + iH(ux))ϕ̄
+
II)

= ϕ̄+
II,x

(
2uϕ+

I + 2iϕ+
I,x + 2λϕ+

I

)
+ ϕ̄+

II

(
ϕ+
I,t + 2uϕ+

I,x + iϕ+
I,xx + (ux + iH(ux))ϕ

+
I

)
.

By using the system (2.1) for ϕ+
I with ϕ−I = 0,

ϕ+
I,x = i(λ+ u)ϕ+

I ,

ϕ+
I,t = 2λϕ+

I,x + iϕ+
I,xx + [ux − iH(ux)]ϕ

+
I ,

we transform the remaining equation to the form:

0 = 2λϕ+
I,x + 2uxϕ

+
I + 2uϕ+

I,x + 2iϕ+
I,xx

= 2∂x
(
iϕ+

I,x + λϕ+
I + uϕ+

I

)
,

which is satisfied because ϕ+
I,x = i(λ+ u)ϕ+

I .

Solution ψIII . Since µ0 = λ0 + k and µ0 = λ0e
−2φ, we can rewrite ψIII in the form:

ψIII = ei(λ−λ0)x+i(λ2−λ20)t

[
1

f ′
+

k

(λ− µ0)ff ′

]
=
ei(λ−λ0)x+i(λ2−λ20)t

λ− µ0

[
λ

f ′
− λ0

f

]
. (2.15)

We recall that 1
f ′

and 1
f

are analytic in C±. Since λ ∈ (λ0, µ0), the function 1
f ′
ei(λ−λ0)x decays to 0 as

Im(x) → +∞ and the function 1
f
ei(λ−λ0)x ∼ ei(λ−µ0)x−φ decays to 0 as Im(x) → −∞. Therefore,

we obtain

H(ψIII) =
ei(λ−λ0)x+i(λ2−λ20)t

λ− µ0

[
iλ

f ′
+
iλ0

f

]
. (2.16)

Additionally, it follows from (2.4) that u can be rewritten in the form

u = k

(
1

f ′
− 1

f

)
. (2.17)
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We now substitute (2.15), (2.16), and (2.17) into each term of the adjoint linearized equation (1.15)
and drop the multiplicative constant. For brevity of writing, we denote the common factor ei(λ−λ0)x+i(λ2−λ20)t

by E . Using the quotient rule, we obtain with the aid of λ0e
−φ = µ0e

φ, µ0 = λ0+k, and c = −2λ0−k
that

∂

∂t

[
E
f ′

]
= iE

[
λ2 − µ2

0

f ′
− kc

(f ′)2

]
,

∂

∂t

[
E
f

]
= iE

[
λ2 − µ2

0

f
− kc

f 2

]
,

∂

∂x

[
E
f ′

]
= iE

[
λ− µ0

f ′
+

k

(f ′)2

]
,

∂

∂x

[
E
f

]
= iE

[
λ− µ0

f
+

k

f 2

]
,

∂2

∂x2

[
E
f ′

]
= −E

[
(λ− µ0)2

f ′
+
k(2λ− 2µ0 − k)

(f ′)2
+

2k2

(f ′)3

]
,

∂2

∂x2

[
E
f

]
= −E

[
(λ− µ0)2

f
+
k(2λ− 2µ0 − k)

f 2
+

2k2

f 3

]
.

Substituting these formulas into the adjoint linearized equation (1.15) we obtain that

ψt + 2uψx +H(ψxx)

= − 2iE
f 2(f ′)2

[k(1− f) + λ0(f ′ − f)]
[
λ2ff ′ − λf(µ0f

′ − k) + kλ0f
′] .

Since k(1 − f) + λ0(f ′ − f) = (1 − f)(k + λ0 − λ0e
−2φ) = 0, it follows that ψIII satisfies the

adjoint linearized equation (1.15). �

If ψ is a solution of the adjoint linearized BO equation (1.15), then q = ψx is a solution of the
linearized BO equation (1.9). From the adjoint eigenfunctions of Proposition 1, we define four
eigenfunctions by using the following normalizations:

qI(λ;x, t) = − i
λ
∂xψI(λ;x, t), qII(λ;x, t) =

i

λ
∂xψII(λ;x, t), λ ∈ (0,∞), (2.18)

and

qIII(λ;x, t) = − i
λ
∂xψIII(λ;x, t), qIV (λ;x, t) =

i

λ
∂xψIV (λ;x, t), λ ∈ (λ0, µ0). (2.19)

It follows from (2.12) and (2.13) that the eigenfunctions in (2.18) and (2.19) are related by the same
complex conjugate symmetry:

qII = e−2φλ− µ0

λ− λ0

q̄I (2.20)

and

qIV = e−φ
λ− µ0

λ− λ0

q̄III . (2.21)

The following proposition gives a simpler form of the eigenfunctions (2.18) and (2.19).
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Proposition 2. Eigenfunctions (2.18) and (2.19) can be rewritten in the explicit form:

qI(λ;x, t) = eiλx+iλ2t f(x− ct)
f ′(x− ct)

[
1 +

k

(λ− µ0)f ′(x− ct)

]
, (2.22)

qII(λ;x, t) = e−iλx−iλ
2tf
′(x− ct)
f(x− ct)

[
1− k

(λ− λ0)f(x− ct)

]
, (2.23)

and

qIII(λ;x, t) = ei(λ−λ0)x+i(λ2−λ20)t 1

f ′(x− ct)

[
1 +

k

(λ− µ0)f ′(x− ct)

]
− λ0

λ
ei(λ−λ0)x+i(λ2−λ20)t 1

f(x− ct)

[
1 +

k

(λ− µ0)f(x− ct)

]
, (2.24)

qIV (λ;x, t) = e−i(λ−µ0)x−i(λ2−µ20)t 1

f(x− ct)

[
1− k

(λ− λ0)f(x− ct)

]
− µ0

λ
e−i(λ−µ0)x−i(λ2−µ20)t 1

f ′(x− ct)

[
1− k

(λ− λ0)f ′(x− ct)

]
. (2.25)

Proof. It follows from (2.3) and (2.4) that(
1

f

)
x

=
ik(1− f)

f 2
,

(
1

f ′

)
x

=
ik(1− f ′)

(f ′)2
,

1

ff ′
=

1

k

(
µ0

f ′
− λ0

f

)
. (2.26)

By using the product and quotient rules, we obtain from (2.8), (2.9), and (2.18):

qI = eiλx+iλ2t

[
f

f ′
+

k

(λ− µ0)f ′
+
k

λ

(
f − f ′

(f ′)2
− k(f ′ − 1)

(λ− µ0)(f ′)2

)]
= eiλx+iλ2t

[
f

f ′
+

kf

(λ− µ0)(f ′)2
+

k

λ(λ− µ0)(f ′)2
(−µ0f + µ0f

′ − kf ′ + k)

]
= eiλx+iλ2t

[
f

f ′
+

kf

(λ− µ0)(f ′)2

]
and

qII = e−iλx−iλ
2t

[
f ′

f
− k

(λ− λ0)f
− k

λ

(
f ′ − f
f 2

+
k(f − 1)

(λ− λ0)f 2

)]
= e−iλx−iλ

2t

[
f ′

f
− kf ′

(λ− λ0)f 2
− k

λ(λ− λ0)f 2
(−λ0f

′ + λ0f + kf − k)

]
= e−iλx−iλ

2t

[
f ′

f
− kf ′

(λ− λ0)f 2

]
,

where we have used (2.3) and (2.4) for simplifications of the resulting expressions. After factoriza-
tion, these formulas are written in the form (2.22) and (2.23).
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Similarly, by using the product and quotient rules as well as (2.26), we obtain from (2.10), (2.11),
and (2.19):

qIII = − i

λ(λ− µ0)
∂x

[
ei(λ−λ0)x+i(λ2−λ20)t

(
λ

f ′
− λ0

f

)]
=
ei(λ−λ0)x+i(λ2−λ20)t

λ(λ− µ0)

[
(λ− λ0)

(
λ

f ′
− λ0

f

)
+ kλ

(
1

(f ′)2
− 1

f ′

)
− kλ0

(
1

f 2
− 1

f

)]
= ei(λ−λ0)x+i(λ2−λ20)t

[
1

f ′

(
1 +

k

(λ− µ0)f ′

)
− λ0

λf

(
1 +

k

(λ− µ0)f

)]
and

qIV =
i

λ(λ− λ0)
∂x

[
e−i(λ−µ0)x−i(λ2−µ20)t

(
λ

f
− µ0

f ′

)]
=
e−i(λ−µ0)x−i(λ2−µ20)t

λ(λ− λ0)

[
(λ− µ0)

(
λ

f
− µ0

f ′

)
− kλ

(
1

f 2
− 1

f

)
+ kµ0

(
1

(f ′)2
− 1

f ′

)]
= e−i(λ−µ0)x−i(λ2−µ20)t

[
1

f

(
1− k

(λ− λ0)f

)
− µ0

λf ′

(
1− k

(λ− λ0)f ′

)]
.

These expressions coincide with those in (2.24) and (2.25). �

3. ORTHOGONALITY OF EIGENFUNCTIONS IN L2(R)

The eigenfunctions qI , qII , qIII , and qIV in Proposition 2 are particular solutions of the linearized
BO equation (1.9), whereas the eigenfunctions ψI , ψII , ψIII , and ψIV in Proposition 1 are partic-
ular solutions of the adjoint linearized BO equation (1.15). To simplify notations, we do not write
arguments (x, t) in the eigenfunctions qI,II,III,IV and ψI,II,III,IV .

Here, we use the standard inner product

f, g ∈ L2(R) : 〈f, g〉L2(R) =

�
R
f(x)ḡ(x)dx

to establish the orthogonality of eigenfunctions inL2(R). The orthogonality relations for the bounded
and oscillatory eigenfunctions, which are non-decaying to zero at infinity, are understood in the sense
of generalized distributional identities (1.10) and (1.11) for the Fourier modes.

The following three propositions establish orthogonality between all the eigenfunctions.

Proposition 3. The set {ψ̄I , ψ̄II} is orthogonal to the set {qI , qII} in the sense:{
〈qI(λ), ψ̄I(λ

′)〉L2(R) = 〈qII(λ), ψ̄II(λ
′)〉L2(R) = 0,

〈qI(λ), ψ̄II(λ
′)〉L2(R) = 〈qII(λ), ψ̄I(λ

′)〉L2(R) = 2πδ(λ− λ′),
(3.1)

where λ, λ′ ∈ (0,∞) and δ(λ− λ′) is the Dirac delta-distribution.

Proof. To prove the first line in (3.1), we use (2.8) and (2.22) to write

qI(λ)ψI(λ
′) = ei(λ+λ′)x+i(λ2+(λ′)2)t f

f ′

[
1 +

k

(λ− µ0)f ′

] [
f

f ′
+

k

(λ′ − µ0)f ′

]
. (3.2)

Since the function f ′ has no zeros in C+ of the complex x-plane, the function qI(λ)ψI(λ
′) is analytic

in C+. In addition, the exponential factor ei(λ+λ′)x decays to 0 exponentially fast as Im(x) → +∞
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if λ, λ′ ∈ (0,∞), whereas the multiplicative factor is bounded. Integrating qI(λ)ψI(λ
′) over the

closed contour
[−R,R] ∪ {Reiθ, 0 ≤ θ ≤ π}, R > 0,

yields the zero integral by Cauchy’s integral theorem for every R > 0. Therefore,

〈qI(λ), ψ̄I(λ
′)〉L2(R) = lim

R→∞

� R

−R
qI(λ;x, t)ψI(λ

′;x, t)dx

= − lim
R→∞

� π

0

qI(λ;Reiθ, t)ψI(λ
′;Reiθ, t)iReiθdθ = 0,

where the last equality is obtained by Lebesgue’s dominated convergence theorem due to the ex-
ponential convergence of ei(λ+λ′)x → 0 for x = Reiθ, 0 < θ < π as R → ∞. This yields
〈qI(λ), ψ̄I(λ

′)〉L2(R) = 0 in (3.1). The proof for 〈qII(λ), ψ̄II(λ
′)〉L2(R) = 0 is similar but the contour

of integration is closed in C−.
To prove the second line in (3.1), we use (2.9) and (2.22) to write

qI(λ)ψII(λ
′) = ei(λ−λ

′)x+i(λ2−(λ′)2)t

[
1 +

k

(λ− µ0)f ′

] [
1− k

(λ′ − λ0)f ′

]
. (3.3)

Integrating ei(λ−λ′)x+i(λ2−(λ′)2)t in x over R yields 2πδ(λ − λ′) for λ, λ′ ∈ (0,∞) due to (1.10).
Hence, we get 〈qI(λ), ψ̄II(λ

′)〉L2(R) = 2πδ(λ− λ′) if and only if the integral of all remaining terms
after expanding the product vanishes:

0 =
k

(λ− µ0)(λ′ − λ0)

�
R
ei(λ−λ

′)x+i(λ2−(λ′)2)t

(
(λ′ − λ)

f ′
+
k

f ′
− k

(f ′)2

)
dx

=
ik

(λ− µ0)(λ′ − λ0)

�
R

d

dx

(
ei(λ−λ

′)x+i(λ2−(λ′)2)t

f ′

)
dx

=
ik

(λ− µ0)(λ′ − λ0)

�
R

∞∑
n=0

(−1)ne−nφ
d

dx
ei(λ−λ

′+nk)x+i(λ2−(λ′)2−nck)tdx

which is true for λ, λ′ ∈ (0,∞) due to (1.11) and the absolute convergence of the geometric series
for φ > 0. The result for

〈qII(λ), ψ̄I(λ
′)〉L2(R) = 〈qI(λ), ψ̄II(λ′)〉L2(R) = 2πδ(λ− λ′)

holds by the complex conjugate symmetry (2.12) and (2.20). �

Proposition 4. The set {ψ̄I , ψ̄II} is orthogonal to {qIII , qIV } and the set {ψ̄III , ψ̄IV } is orthogonal
to {qI , qII} in the sense:{

〈qI(λ), ψ̄III(λ
′)〉L2(R) = 〈qII(λ), ψ̄III(λ

′)〉L2(R) = 0,

〈qI(λ), ψ̄IV (λ′)〉L2(R) = 〈qII(λ), ψ̄IV (λ′)〉L2(R) = 0,
(3.4)

and {
〈qIII(λ′), ψ̄I(λ)〉L2(R) = 〈qIV (λ′), ψ̄I(λ)〉L2(R) = 0,

〈qIII(λ′), ψ̄II(λ)〉L2(R) = 〈qIV (λ′), ψ̄II(λ)〉L2(R) = 0,
(3.5)

where λ ∈ (0,∞) and λ′ ∈ (λ0, µ0).
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Proof. To simplify the presentation, we set t = 0 in all functions.
It follows from (2.10) and (2.22) that

qI(λ)ψIII(λ
′) = ei(λ+λ′−λ0)x 1

f ′

[
1 +

k

(λ− µ0)f ′

] [
f

f ′
+

k

(λ′ − µ0)f ′

]
.

Since the function f ′ has no zeros in C+ of the complex x-plane, the function qI(λ)ψIII(λ
′) is

analytic in C+. In addition, λ+ λ′ − λ0 > 0 if λ ∈ (0,∞) and λ′ ∈ (λ0, µ0) so that the exponential
factor ei(λ+λ′−λ0)x decays to zero as Im(x)→ +∞, whereas the multiplicative factor is bounded. By
using Cauchy’s integral theorem as in the proof of Proposition 3, we have 〈qI(λ), ψ̄III(λ

′)〉L2(R) = 0.
Computations for 〈qI(λ), ψ̄IV (λ′)〉L2(R) = 0 are similar since

qI(λ)ψIV (λ′) = ei(λ+µ0−λ′)x 1

f ′

[
1 +

k

(λ− µ0)f ′

] [
1− k

(λ′ − λ0)f ′

]
.

and λ+ µ0 − λ′ > 0 if λ ∈ (0,∞) and λ′ ∈ (λ0, µ0).
It follows from (2.10) and (2.23) that

qII(λ)ψIII(λ
′) = e−i(λ−λ

′+λ0)x 1

f

[
1− k

(λ− λ0)f

] [
1 +

k

(λ′ − µ0)f

]
.

Since the function f has no zeros in C− of the complex x-plane, the function qII(λ)ψIII(λ
′) is

analytic in C−. If λ > λ′−λ0, the exponential factor e−i(λ−λ′+λ0)x decays to zero as Im(x)→ −∞,
and Cauchy’s integral theorem implies that 〈qII(λ), ψ̄III(λ

′)〉L2(R) = 0. However, this argument is
not applicable for the case λ < λ′ − λ0. Nevertheless, it follows from (2.4) that

f(−x) = e−ikx+φf ′(x), f ′(−x) = e−ikx−φf(x), (3.6)

and

1− k

(λ− λ0)f(−x)
= 1− k(f ′(x)− 1)

(λ− λ0)f ′(x)
=
λ− µ0

λ− λ0

[
1 +

k

(λ− µ0)f ′(x)

]
,

1 +
k

(λ′ − µ0)f(−x)
= 1 +

k(f ′(x)− 1)

(λ′ − µ0)f ′(x)
=
λ′ − λ0

λ′ − µ0

[
1− k

(λ′ − λ0)f ′(x)

]
,

This allows us to write

qII(λ;−x)ψIII(λ
′;−x) =

(λ− µ0)(λ′ − λ0)

(λ− λ0)(λ′ − µ0)
ei(λ+µ0−λ′)x−φ

× 1

f ′

[
1 +

k

(λ− µ0)f ′

] [
1− k

(λ′ − λ0)f ′

]
.

The function qII(λ;−x)ψIII(λ
′;−x) is analytic in C+ and the exponential factor ei(λ+µ0−λ′)x decays

to zero as Im(x)→ +∞ since λ+ µ0 − λ′ > 0. By using Cauchy’s integral theorem, we get

〈qII(λ;x), ψ̄III(λ
′;x)〉L2(R) = 〈qII(λ;−x), ψ̄III(λ

′;−x)〉L2(R) = 0.

Similarly, we write the representation:

qII(λ)ψIV (λ′) = e−i(λ+λ′−µ0)x 1

f

[
1− k

(λ− λ0)f

] [
f ′

f
− k

(λ′ − λ0)f

]
.
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By using (3.6) and

f ′(−x)

f(−x)
− k

(λ′ − λ0)f(−x)
= e−2φ

[
f(x)

f ′(x)
− k(f(x)− 1)

(λ′ − λ0)f ′(x)

]
= e−2φλ

′ − µ0

λ′ − λ0

[
f(x)

f ′(x)
+

k

(λ′ − µ0)f ′(x)

]
,

we reflect x in the previous expression and rewrite it in the equivalent form:

qII(λ;−x)ψIV (λ′;−x) =
(λ− µ0)(λ′ − µ0)

(λ− λ0)(λ′ − λ0)
ei(λ+λ′−λ0)x−3φ

× 1

f ′

[
1 +

k

(λ− µ0)f ′

] [
f

f ′
+

k

(λ′ − µ0)f ′

]
.

The function qII(λ;−x)ψIV (λ′;−x) is analytic in C+ and the exponential factor ei(λ+λ′−λ0)x decays
to zero as Im(x)→ +∞ since λ+ λ′ − λ0 > 0. By using Cauchy’s integral theorem, we get

〈qII(λ;x), ψ̄IV (λ′;x)〉L2(R) = 〈qII(λ;−x), ψ̄IV (λ′;−x)〉L2(R) = 0.

Thus, the orthogonality relations (3.4) have been proven.
The orthogonality relations (3.5) are equivalent to (3.4) after integration by parts with the help of

(1.11). Hence, (3.4) implies (3.5). �

Proposition 5. The set {ψ̄III , ψ̄IV } is orthogonal to the set {qIII , qIV } in the sense:

{
〈qIII(λ), ψ̄III(λ

′)〉L2(R) = 〈qIV (λ), ψ̄IV (λ′)〉L2(R) = 0,

〈qIII(λ), ψ̄IV (λ′)〉L2(R) = 〈qIV (λ), ψ̄III(λ
′)〉L2(R) = 2π

(eφ−e−φ)
δ(λ− λ′),

(3.7)

where λ, λ′ ∈ (λ0, µ0) and δ(λ− λ′) is the Dirac delta-distribution.

Proof. To prove the second line in (3.7), we use (2.11) and (2.24) to write

qIII(λ)ψIV (λ′) = ei(λ−λ
′+k)x+i(λ2−(λ′)2−λ20+µ20)t

[
1− k

(λ′ − λ0)f ′

]
× 1

f

(
1

f ′

[
1 +

k

(λ− µ0)f ′

]
− λ0

λf

[
1 +

k

(λ− µ0)f

])
.

By using

1 +
k

(λ− µ0)f
=

1

λ− µ0

[
λ− λ0f

′

f

]
, 1− k

(λ′ − λ0)f ′
=

1

λ′ − λ0

[
λ′ − µ0f

f ′

]
, (3.8)
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we rewrite the factor behind the exponential function as follows:

1

f

(
1

f ′

[
1 +

k

(λ− µ0)f ′

]
− λ0

λf

[
1 +

k

(λ− µ0)f

])[
1− k

(λ′ − λ0)f ′

]
= − µ0

(λ′ − λ0)(f ′)2

[
1 +

k

(λ− µ0)f ′

]
− λ′λ0

λ(λ− µ0)(λ′ − λ0)f 2

[
λ− λ0f

′

f

]
+

λ′

(λ′ − λ0)ff ′

[
1 +

k

(λ− µ0)f ′

]
+

µ0λ0

λ(λ− µ0)(λ′ − λ0)ff ′

[
λ− λ0f

′

f

]
= − µ0

(λ− µ0)(λ′ − λ0)(f ′)2

[
λ− λ′ − µ0 +

k

f ′

]
− λ0

λ(λ− µ0)(λ′ − λ0)f 2

[
λλ′ + λ0µ0 −

λ′λ0f
′

f

]
+
λ′(λ− λ0) + µ0(λ0 − λ′)

(λ− µ0)(λ′ − λ0)ff ′
.

Since λ− λ′ + k = (λ− λ0) + (µ0 − λ′) > 0 due to λ, λ′ ∈ (λ0, µ0), the function

− µ0

(λ− µ0)(λ′ − λ0)(f ′)2

[
λ− λ′ − µ0 +

k

f ′

]
ei(λ−λ

′+k)x+i(λ2−(λ′)2−λ20+µ20)t

is analytic in C+ and the exponential factor ei(λ−λ′+k)x decays to zero as Im(x) → +∞. By using
Cauchy’s integral theorem in C+, the corresponding integral vanishes. To show that the next term
also vanishes, we set t = 0 and rewrite it as

− λ0

λ(λ− µ0)(λ′ − λ0)f 2

[
λλ′ + λ0µ0 −

λ′λ0f
′

f

]
ei(λ−λ

′+k)x.

Reflecting x and using (3.6), we get

− λ0

λ(λ− µ0)(λ′ − λ0)(f ′)2

[
λλ′ + λ0µ0 −

λ′µ0f

f ′

]
e−i(λ−λ

′−k)x−2φ.

Since −λ + λ′ + k = (λ′ − λ0) + (µ0 − λ) > 0, the exponential factor e−i(λ−λ′−k)x decays to zero
as Im(x) → +∞, whereas the reflected function is analytic in C+. The corresponding integral is
zero again for t = 0 and, in fact, for every t ∈ R. As a result, we reduce the inner product between
ψ̄IV (λ′) and qIII(λ) to the last term of the expansion:

〈qIII(λ), ψ̄IV (λ′)〉L2(R) =
λ′(λ− λ0) + µ0(λ0 − λ′)

(λ− µ0)(λ′ − λ0)

�
R

ei(λ−λ
′+k)x+i(λ2−(λ′)2−λ20+µ20)t

ff ′
dx.

By using (1.3) and (2.4), we get

eikξ

ff ′
=

1

k(eφ − e−φ)
U =

i

k(eφ − e−φ)

(
f ′x
f ′
− fx
f

)
. (3.9)

Therefore, we can rewrite the remaining integral in the form:

〈qIII(λ), ψ̄IV (λ′)〉L2(R)

=
λ′(λ− λ0) + µ0(λ0 − λ′)

(λ− µ0)(λ′ − λ0)

i

k(eφ − e−φ)

�
R

(
f ′x
f ′
− fx
f

)
ei(λ−λ

′)x+i(λ2−(λ′)2)tdx,

where we have used the identity kc = λ2
0 − µ2

0, which follows from (2.2). By the same argument
with λ− λ′ + k > 0, we get�

R

f ′x
f ′
ei(λ−λ

′)x+i(λ2−(λ′)2)tdx = ike−φ
�
R

1

f ′
ei(λ−λ

′+k)x+i(λ2−(λ′)2−λ20+µ20)tdx = 0,
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after the path is closed in C+. On the other hand, we have

fx
f

=
ikeikξ+φ

1 + eikξ+φ
=

ik

1 + e−ikξ−φ
= ik

∞∑
n=0

(−1)ne−iknξ−nφ, (3.10)

where the geometric series converges since φ > 0. Since

λ− λ′ − nk = (λ− µ0) + (λ0 − λ′)− (n− 1)k < 0

for every integer n ≥ 1, we get�
R

∞∑
n=1

(−1)ne−iknξ−nφei(λ−λ
′)x+i(λ2−(λ′)2)tdx = 0,

after the path is closed in C−. This leads us to the only remaining, potentially nonzero term:

〈qIII(λ), ψ̄IV (λ′)〉L2(R) =
λ′(λ− λ0) + µ0(λ0 − λ′)

(λ− µ0)(λ′ − λ0)(eφ − e−φ)

�
R
ei(λ−λ

′)x+i(λ2−(λ′)2)tdx

= 2πδ(λ− λ′) λ′(λ− λ0) + µ0(λ0 − λ′)
(λ− µ0)(λ′ − λ0)(eφ − e−φ)

∣∣∣∣
λ=λ′

=
2π

eφ − e−φ
δ(λ− λ′),

where we have used (1.10). This completes the proof of the second line in (3.7), where the equality

〈qIV (λ), ψ̄III(λ
′)〉L2(R) = 〈qIII(λ), ψ̄IV (λ′)〉L2(R) =

2π

eφ − e−φ
δ(λ− λ′)

follows from the complex-conjugate symmetry (2.13) and (2.21).
To prove the first line in (3.7), we use (2.10) and (2.24) to write

qIII(λ)ψIII(λ
′) = ei(λ+λ′−2λ0)x+i(λ2+(λ′)2−2λ20)t

[
1 +

k

(λ′ − µ0)f

]
× 1

f ′

(
1

f ′

[
1 +

k

(λ− µ0)f ′

]
− λ0

λf

[
1 +

k

(λ− µ0)f

])
.

By using (3.8), we rewrite the factor behind the exponential function as follows:

1

f ′

(
1

f ′

[
1 +

k

(λ− µ0)f ′

]
− λ0

λf

[
1 +

k

(λ− µ0)f

])[
1 +

k

(λ′ − µ0)f

]
=

λ′

(λ′ − µ0)(f ′)2

[
1 +

k

(λ− µ0)f ′

]
+

λ2
0

λ(λ′ − µ0)f 2

[
1 +

k

(λ− µ0)f

]
− λ0λ

′

λ(λ′ − µ0)ff ′

[
1 +

k

(λ− µ0)f

]
− λ0

(λ′ − µ0)ff ′

[
1 +

k

(λ− µ0)f ′

]
=

1

(λ′ − µ0)(f ′)2

[
λ′ − λ0µ0

λ− µ0

+
λ′k

(λ− µ0)f ′

]
+

λ2
0

λ(λ′ − µ0)(λ− µ0)f 2

[
λ+ λ′ − λ0f

′

f

]
− λ0(λ+ λ′ − λ0 − µ0)

(λ′ − µ0)(λ− µ0)ff ′
.

Since λ+ λ′ − 2λ0 > 0 due to λ, λ′ ∈ (λ0, µ0), the function

1

(λ′ − µ0)(f ′)2

[
λ′ − λ0µ0

λ− µ0

+
λ′k

(λ− µ0)f ′

]
ei(λ+λ′−2λ0)x+i(λ2+(λ′)2−2λ20)t
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is analytic in C+ and the exponential factor ei(λ+λ′−2λ0)x decays to zero as Im(x)→ +∞. By using
Cauchy’s integral theorem in C+, the corresponding integral vanishes. To show that the next term
also vanishes, we set t = 0 and rewrite it as

λ2
0

λ(λ′ − µ0)(λ− µ0)f 2

[
λ+ λ′ − λ0f

′

f

]
ei(λ+λ′−2λ0)x.

Reflecting x and using (3.6), we get

λ2
0

λ(λ′ − µ0)(λ− µ0)(f ′)2

[
λ+ λ′ − µ0f

f ′

]
ei(2µ0−λ−λ

′)x−2φ.

Since 2µ0−λ−λ′ > 0, the exponential factor ei(2µ0−λ−λ′)x decays to zero as Im(x)→ +∞, whereas
the reflected function is analytic in C+. The corresponding integral is zero again for t = 0 and, in
fact, for every t ∈ R. As a result, we reduce the inner product between ψ̄III(λ′) and qIII(λ) to the
last term of the expansion:

〈qIII(λ), ψ̄III(λ
′)〉L2(R) = −λ0(λ+ λ′ − λ0 − µ0)

(λ′ − µ0)(λ− µ0)

�
R

ei(λ+λ′−2λ0)x+i(λ2+(λ′)2−2λ20)t

ff ′
dx.

By using (3.9) and (3.10), we can write

1

ff ′
=

1

(eφ − e−φ)

(
eφ

f
− e−φ

f ′

)
=

1

(eφ − e−φ)

(
e−ikξ

∞∑
n=0

(−1)ne−iknξ−nφ − e−φ

f ′

)
,

where the geometric series converges. Since

λ+ λ′ − 2λ0 − (n+ 1)k < 0

for every integer n ≥ 1, we get
�
R

∞∑
n=1

(−1)ne−iknξ−nφe−ikξei(λ+λ′−2λ0)x+i(λ2+(λ′)2−2λ20)tdx = 0

after the path is closed in C−. Similarly, we get�
R

e−φ

f ′
ei(λ+λ′−2λ0)x+i(λ2+(λ′)2−2λ20)tdx = 0

after the path is closed in C+. This leads us to the only remaining, potentially nonzero term:

〈qIII(λ), ψ̄III(λ
′)〉L2(R)

= − λ0(λ+ λ′ − λ0 − µ0)

(λ′ − µ0)(λ− µ0)(eφ − e−φ)

�
R
ei(λ+λ′−λ0−µ0)x+ikct+i(λ2+(λ′)2−2λ20)tdx

=
iλ0

(λ′ − µ0)(λ− µ0)(eφ − e−φ)

�
R

d

dx
ei(λ+λ′−λ0−µ0)x+ikct+i(λ2+(λ′)2−2λ20)tdx,

which is zero due to (1.11). The first line in (3.7) is verified since

〈qIV (λ), ψ̄IV (λ′)〉L2(R) = e−2φ (λ− µ0)(λ′ − µ0)

(λ− λ0)(λ′ − λ0)
〈qIII(λ), ψ̄III(λ′)〉L2(R) = 0

follows by the complex-conjugate symmetry (2.13) and (2.21). �
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4. COMPLETENESS OF EIGENFUNCTIONS IN L2(R)

To simplify the proof of completeness, we set t = 0 and suppress the time variable from the list of
arguments. We claim that solutions (2.22), (2.23), (2.24), and (2.25) provide a basis in L2(R) in the
sense that every element q ∈ L2(R) can be uniquely represented by the superposition of elements of
the basis:

q(x) =

� ∞
0

[aI(λ)qI(λ;x) + aII(λ)qII(λ;x)] dλ

+

� µ0

λ0

[aIII(λ)qIII(λ;x) + aIV (λ)qIV (λ;x)] dλ. (4.1)

If q ∈ L2(R)∩L1(R), then the coefficients in the decomposition (4.1) are computed by using the
orthogonality relations of Propositions 3, 4, and 5:{

aI(λ) = 1
2π
〈q, ψ̄II(λ)〉L2(R),

aII(λ) = 1
2π
〈q, ψ̄I(λ)〉L2(R),

λ ∈ (0,∞) (4.2)

and {
aIII(λ) = (eφ−e−φ)

2π
〈q, ψ̄IV (λ)〉L2(R),

aIV (λ) = (eφ−e−φ)
2π

〈q, ψ̄III(λ)〉L2(R),
λ ∈ (λ0, µ0). (4.3)

Substituting projections into (4.1) yields the identity

q(x) =
1

2π

�
R
q(y)

(� ∞
0

[qI(λ;x)ψII(λ; y) + qII(λ;x)ψI(λ; y)] dλ

+(eφ − e−φ)

� µ0

λ0

[qIII(λ;x)ψIV (λ; y) + qIV (λ;x)ψIII(λ; y)] dλ

)
dy.

Since the function q ∈ L2(R) ∩ L1(R) is arbitrary, the basis property of the eigenfunctions is
equivalent to the completeness relation

� ∞
0

[qI(λ;x)ψII(λ; y) + qII(λ;x)ψI(λ; y)] dλ

+ (eφ − e−φ)

� µ0

λ0

[qIII(λ;x)ψIV (λ; y) + qIV (λ;x)ψIII(λ; y)] dλ = 2πδ(x− y). (4.4)

The following proposition confirms the validity of the completeness relation (4.4).

Proposition 6. The completeness relation (4.4) is satisfied.

Proof. For the first term in (4.4), we obtain from (2.9) and (2.22) that

qI(λ;x)ψII(λ; y) = −i ∂
∂x

f(x)f ′(y)

f ′(x)f(y)

eiλ(x−y)

λ

[
1 +

k

(λ− µ0)f(x)

] [
1− k

(λ− λ0)f ′(y)

]
.
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Expanding the brackets with the help of (2.3) yields

1

λ

[
1 +

k

(λ− µ0)f(x)

] [
1− k

(λ− λ0)f ′(y)

]
=

1

λ

[
1 +

kλ(eiky−φ − eikx+φ) + kµ0e
ikx+φ − kλ0e

iky−φ

(λ− λ0)(λ− µ0)f(x)f ′(y)

]
=

1

λ
+

k(eiky−φ − eikx+φ)

(λ− λ0)(λ− µ0)f(x)f ′(y)
+

k2(eiky − eikx)
λ(λ− λ0)(λ− µ0)f(x)f ′(y)(eφ − e−φ)

.

By using partial fraction decomposition,

1

λ(λ− λ0)(λ− µ0)
=

1

λ0µ0λ
+

µ0 + λ0 − λ
λ0µ0(λ− λ0)(λ− µ0)

, λ0µ0 =
k2

(eφ − e−φ)2
,

we get with the help of µ0 + λ0 = −k cothφ,

1

λ

[
1 +

k

(λ− µ0)f(x)

] [
1− k

(λ− λ0)f ′(y)

]
=

f ′(x)f(y)

λf(x)f ′(y)
+
λ(eφ − e−φ)(eikx − eiky) + k(eikx−φ − eiky+φ)

(λ− λ0)(λ− µ0)f(x)f ′(y)

=
f ′(x)f(y)

λf(x)f ′(y)
+

(eφ − e−φ)

f(x)f ′(y)

[
eikx

λ− λ0

− eiky

λ− µ0

]
,

which yields

qI(λ;x)ψII(λ; y) = eiλ(x−y) − i ∂
∂x

(eφ − e−φ)

f ′(x)f(y)

[
ei(λ+k)x−iλy

λ− λ0

− eiλx−i(λ−k)y

λ− µ0

]
. (4.5)

Similarly, we compute for the second term in (4.4) that

qII(λ;x)ψI(λ; y) = i
∂

∂x

f ′(x)f(y)

f(x)f ′(y)

e−iλ(x−y)

λ

[
1− k

(λ− λ0)f ′(x)

] [
1 +

k

(λ− µ0)f(y)

]
= e−iλ(x−y) + i

∂

∂x

(eφ − e−φ)

f(x)f ′(y)

[
e−iλx+i(λ+k)y

λ− λ0

− e−i(λ−k)x+iλy

λ− µ0

]
. (4.6)

By using (4.5) and (4.6), we obtain
� ∞

0

[qI(λ;x)ψII(λ; y) + qII(λ;x)ψI(λ; y)] dλ =

� ∞
0

[
eiλ(x−y) + e−iλ(x−y)

]
dλ

− i ∂
∂x

(eφ − e−φ)

f ′(x)f(y)

� ∞
0

[
ei(λ+k)x−iλy

λ− λ0

− eiλx−i(λ−k)y

λ− µ0

]
dλ

+ i
∂

∂x

(eφ − e−φ)

f(x)f ′(y)

� ∞
0

[
e−iλx+i(λ+k)y

λ− λ0

− e−i(λ−k)x+iλy

λ− µ0

]
dλ.

By using (1.10), we have
� ∞

0

[
eiλ(x−y) + e−iλ(x−y)

]
dλ =

�
R
eiλ(x−y)dλ = 2πδ(x− y).
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On the other hand, we transform the other two integrals as follows:� ∞
0

[
ei(λ+k)x−iλy

λ− λ0

− eiλx−i(λ−k)y

λ− µ0

]
dλ = eiµ0x−iλ0y

[� ∞
−λ0

eiλ(x−y)

λ
dλ−

� ∞
−µ0

eiλ(x−y)

λ
dλ

]
= eiµ0x−iλ0y

� µ0

λ0

e−iλ(x−y)

λ
dλ

and� ∞
0

[
e−iλx+i(λ+k)y

λ− λ0

− e−i(λ−k)x+iλy

λ− µ0

]
dλ = eiµ0y−iλ0x

[� ∞
−λ0

e−iλ(x−y)

λ
dλ−

� ∞
−µ0

e−iλ(x−y)

λ
dλ

]
= eiµ0y−iλ0x

� µ0

λ0

eiλ(x−y)

λ
dλ.

Thus, we obtain � ∞
0

[qI(λ;x)ψII(λ; y) + qII(λ;x)ψI(λ; y)] dλ = 2πδ(x− y)

− i(eφ − e−φ)
∂

∂x

eiµ0x−iλ0y

f ′(x)f(y)

� µ0

λ0

e−iλ(x−y)

λ
dλ

+ i(eφ − e−φ)
∂

∂x

eiµ0y−iλ0x

f(x)f ′(y)

� µ0

λ0

eiλ(x−y)

λ
dλ. (4.7)

Next, we show that the last two terms in (4.7) are canceled in the sum of the third and fourth terms
in (4.4). These terms are represented by using (2.10), (2.11), (2.18), (2.19), (4.5), and (4.6):

qIV (λ;x)ψIII(λ; y) = i
∂

∂x

eiµ0x−iλ0y

f ′(x)f(y)

ψII(λ;x)ψI(λ; y)

λ

= i
∂

∂x

eiµ0x−iλ0y

f ′(x)f(y)

e−iλ(x−y)

λ
(4.8)

+ i(eφ − e−φ)
∂

∂x

eiµ0x−iλ0y

f(x)f ′(x)f(y)f ′(y)

[
e−iλx+i(λ+k)y

λ− λ0

− e−i(λ−k)x+iλy

λ− µ0

]
and

qIII(λ;x)ψIV (λ; y) = −i ∂
∂x

eiµ0y−iλ0x

f(x)f ′(y)

ψI(λ;x)ψII(λ; y)

λ

= −i ∂
∂x

eiµ0y−iλ0x

f(x)f ′(y)

eiλ(x−y)

λ
(4.9)

− i(eφ − e−φ)
∂

∂x

eiµ0y−iλ0x

f(x)f ′(x)f(y)f ′(y)

[
ei(λ+k)x−iλy

λ− λ0

− eiλx−i(λ−k)y

λ− µ0

]
.

Added together and integrated on [λ0, µ0], the second terms in (4.8) and (4.9) cancel out because
� µ0

λ0

([
e−iλx+i(λ+k)y

λ− λ0

− e−i(λ−k)x+iλy

λ− µ0

]
eiµ0x−iλ0y −

[
ei(λ+k)x−iλy

λ− λ0

− eiλx−i(λ−k)y

λ− µ0

]
eiµ0y−iλ0x

)
dλ

= eik(x+y)

� k

0

[
e−iλ(x−y)

λ
+
eiλ(x−y)

λ
− eiλ(x−y)

λ
− e−iλ(x−y)

λ

]
dλ = 0,
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where we have used again that µ0 = λ0 +k. Therefore, we obtain for the sum of the third and fourth
terms in (4.4): � µ0

λ0

[qIII(λ;x)ψIV (λ; y) + qIV (λ;x)ψIII(λ; y)] dλ

= i
∂

∂x

eiµ0x−iλ0y

f ′(x)f(y)

� µ0

λ0

e−iλ(x−y)

λ
dλ− i ∂

∂x

eiµ0y−iλ0x

f(x)f ′(y)

� µ0

λ0

eiλ(x−y)

λ
dλ.

Since these integrals are multiplied by (eφ − e−φ) in (4.4), they cancel the last two terms in (4.7).
This proves the validity of the completeness relation (4.4). �

5. POSITIVITY OF THE SECOND VARIATION S ′′(U) IN THEOREM 1

To prove the first assertion of Theorem 1, we first confirm that the spatial profile U of the periodic
wave is a critical point in the two commuting flows given by (1.12) and (1.13). Then, we compute
〈Lq, q〉L2(R) for every q ∈ H1/2(R) and 〈L̃q, q〉L2(R) for every q ∈ H1(R), where L and L̃ are the
two Hessian operators in the two variational formulations given by (1.14). Finally, we show that the
linear combination of the two Hessian operators in the Lyapunov functional (1.7) yields positivity
of the second variation for any q ∈ H1(R).

5.1. Variational formulations for the profile U of the periodic wave. Recall that U is the spatial
profile of the periodic waves u(x, t) = U(ξ) with ξ = x− ct, which is given by the explicit formula
(1.3). The following proposition gives two alternative variational characterizations of the profile U
in the space of 2π/k-periodic functions.

Proposition 7. The periodic profile U given by (1.3) is a critical point for E(u) + cM(u) in H1/2
per

and a critical point for R(u) + γM(u) in H1
per with γ = −1

4
(k2 + 3c2).

Proof. A critical point of E(u) + cM(u) satisfies the stationary BO equation

−H(ux)− u2 + cu = 0, (5.1)

which is obtained after integration of the traveling wave reduction of the BO equation

− cux + 2uux +H(uxx) = 0, (5.2)

with the integration constant being zero. By using (2.4) and (2.5), the stationary BO equation (5.1)
is reduced to the bilinear form

(icDx +D2
x)f
′ · f = 0,

which is satisfied by f = 1 + eikξ+φ and f ′ = 1 + eikξ−φ in agreement with (2.4). Hence, the
integration constant of the traveling wave reduction (5.2) is indeed zero.

Since H2 = −I on periodic functions with zero mean, we derive for the traveling wave profile
that

H(U ′) = cU − U2, (5.3)

⇒ −U ′ = cH(U)−H(U2),

⇒ 2H(UU ′) = cH(U ′) + U ′′,

⇒ 2H(UU ′) = c2U − cU2 + U ′′.
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This allows us to compute

R′(U) = −U ′′ + 3

2
UH(U ′) +

3

2
H(UU ′) + U3

= −1

4

[
U ′′ + 2U3 − 3cU2 − 3c2U

]
.

By using (1.3), we obtain

U ′′ + 2U3 =
k3 sinhφ[2 coshφ− cos(kξ)]

[cos(kξ) + coshφ]2

and

U ′′ + 2U3 − 3cU2 = − k3 sinhφ

cos(kξ) + coshφ
= −k2U.

Hence, the profile U is a critical point of R(u) + γM(u) if and only if
1

4
(k2 + 3c2) + γ = 0, (5.4)

which yields the unique expression for γ. �

5.2. Second variation of E(u)+ cM(u). By Proposition 7, the periodic profile U is a critical point
of E(u) + cM(u) in H1/2

per . The second variation of this functional at U is defined by the Hessian
operator L : H1(R) ⊂ L2(R)→ L2(R) given by

L = E ′′(U) + cM ′′(U) = −H∂x − 2U + c.

Due to the duality of H−1/2(R) and H1/2(R) under the L2(R) inner product, the quadratic form
〈Lq, q〉L2(R) is well-defined for every q ∈ H1/2(R).

The linearized BO equation (1.9) can be rewritten for the traveling waves with the profile u(x, t) =
U(x− ct) as a spectral stability problem for q(x, t) = Q(x− ct)etΛ,

∂xLQ = ΛQ. (5.5)

It follows from Proposition 2 that there exist four particular solutions of the spectral stability problem
(5.5) with the explicit expressions for eigenvalues{

ΛI(λ) = iλ(λ+ c),

ΛII(λ) = −iλ(λ+ c),
λ ∈ [0,∞), (5.6)

and {
ΛIII(λ) = i(λ− λ0)(λ− µ0),

ΛIV (λ) = −i(λ− λ0)(λ− µ0),
λ ∈ [λ0, µ0], (5.7)

as well as eigenfunctionsQI(λ) = eiλξ f
f ′

[
1 + k

(λ−µ0)f ′

]
,

QII(λ) = e−iλξ f
′

f

[
1− k

(λ−λ0)f

]
,

λ ∈ [0,∞), (5.8)

and QIII(λ) = ei(λ−λ0)ξ
{

1
f ′

[
1 + k

(λ−µ0)f ′

]
− λ0

λf

[
1 + k

(λ−µ0)f

]}
,

QIV (λ) = e−i(λ−µ0)ξ
{

1
f

[
1− k

(λ−λ0)f

]
− µ0

λf ′

[
1− k

(λ−λ0)f ′

]}
,

λ ∈ (λ0, µ0). (5.9)
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By using (2.18) and (2.19), we can write explicitly:{
LQI(λ) = (λ+ c)ΨI(λ),

LQII(λ) = (λ+ c)ΨII(λ),

{
LQIII(λ) = (λ−λ0)(λ−µ0)

λ
ΨIII(λ),

LQIV (λ) = (λ−λ0)(λ−µ0)
λ

ΨIV (λ),
(5.10)

where the adjoint eigenfunctions follow from Proposition 1:ΨI(λ) = eiλξ f
f ′

[
1 + k

(λ−µ0)f

]
,

ΨII(λ) = e−iλξ f
′

f

[
1− k

(λ−λ0)f ′

]
,

λ ∈ [0,∞), (5.11)

and ΨIII(λ) = ei(λ−λ0)ξ 1
f ′

[
1 + k

(λ−µ0)f

]
,

ΨIV (λ) = e−i(λ−µ0)ξ 1
f

[
1− k

(λ−λ0)f ′

]
,

λ ∈ (λ0, µ0). (5.12)

We also collect together the complex-conjugate relations (2.12), (2.13), (2.20), and (2.21):{
Q̄I(λ) = e2φ λ−λ0

λ−µ0QII(λ),

Q̄II(λ) = e−2φ λ−µ0
λ−λ0QI(λ),

{
Q̄III(λ) = eφ λ−λ0

λ−µ0QIV (λ),

Q̄IV (λ) = e−φ λ−µ0
λ−λ0QIII(λ),

(5.13)

and {
Ψ̄I(λ) = e2φ λ−λ0

λ−µ0 ΨII(λ),

Ψ̄II(λ) = e−2φ λ−µ0
λ−λ0 ΨI(λ),

{
Ψ̄III(λ) = eφ λ−λ0

λ−µ0 ΨIV (λ),

Ψ̄IV (λ) = e−φ λ−µ0
λ−λ0 ΨIII(λ).

(5.14)

The following proposition uses these explicit expressions to diagonalize the quadratic form 〈Lq, q〉L2(R)

for q ∈ H1/2(R) by using the basis of eigenfunctions of the spectral problem (5.5).

Proposition 8. For every q ∈ H1/2(R), we have

〈Lq, q〉L2(R) = 2π

� ∞
0

(λ+ c)

[
|aI(λ)|2e2φλ− λ0

λ− µ0

+ |aII(λ)|2e−2φλ− µ0

λ− λ0

]
dλ

+ 2π

� µ0

λ0

(λ− λ0)(λ− µ0)

(eφ − e−φ)λ

[
|aIII(λ)|2eφλ− λ0

λ− µ0

+ |aIV (λ)|2e−φλ− µ0

λ− λ0

]
dλ, (5.15)

where aI(λ), aII(λ), aIII(λ), aIV (λ) are uniquely defined by q ∈ H1/2(R). Consequently, the first
integral in (5.15) is positive semi-definite and the second integral in (5.15) is negative semi-definite.

Proof. By Proposition 6, we can represent q ∈ H1/2(R) by using the basis of eigenfunctions in the
form:

q =

� ∞
0

[aI(λ)QI(λ) + aII(λ)QII(λ)]dλ+

� µ0

λ0

[aIII(λ)QIII(λ) + aIV (λ)QIV (λ)]dλ, (5.16)

with some uniquely defined coefficients aI(λ), aII(λ), aIII(λ), aIV (λ), see (4.2) and (4.3) which
hold if q ∈ L2(R) ∩ L1(R). By using (5.10) and (5.16), we obtain

Lq =

� ∞
0

[aI(λ)LQI(λ) + aII(λ)LQII(λ)]dλ+

� µ0

λ0

[aIII(λ)LQIII(λ) + aIV (λ)LQIV (λ)]dλ

=

� ∞
0

(λ+ c)[aI(λ)ΨI(λ) + aII(λ)ΨII(λ)]dλ

+

� µ0

λ0

(λ− λ0)(λ− µ0)

λ
[aIII(λ)ΨIII(λ) + aIV (λ)ΨIV (λ)]dλ.
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By using (5.13), we take the complex conjugation of (5.16) and obtain

q̄ =

� ∞
0

[
āI(λ)e2φλ− λ0

λ− µ0

QII(λ) + āII(λ)e−2φλ− µ0

λ− λ0

QI(λ)

]
dλ

+

� µ0

λ0

[
āIII(λ)eφ

λ− λ0

λ− µ0

QIV (λ) + āIV (λ)e−φ
λ− µ0

λ− λ0

QIII(λ)

]
dλ. (5.17)

Substituting (5.17) into 〈Lq, q〉L2(R) and using the orthogonality relations of Propositions 3, 4, and
5, we obtain the diagonalization formula (5.15). �

5.3. Second variation ofR(u)+γM(u). By Proposition 7, the periodic profile U is a critical point
of R(u) + γM(u) in H1

per with γ = −1
4
(k2 + 3c2). The second variation of this functional at U is

defined by the Hessian operator L̃ : H2(R) ⊂ L2(R)→ L2(R) given by

L̃ = R′′(U) + γM ′′(U) = −∂2
x +

3

2
H(U ′) +

3

2
UH∂x +

3

2
H∂x(U ·) + 3U2 + γ.

Due to the duality ofH−1(R) andH1(R) under theL2(R) inner product, the quadratic form 〈L̃q, q〉L2(R)

is well-defined for every q ∈ H1(R).
The eigenfunctions (5.8) and (5.9) of ∂xL can be rewritten in the Floquet–Bloch form asQI,n(θ) = ei(kn+θ)ξ f

f ′

[
1 + k

(kn+θ−µ0)f ′

]
,

QII,n(θ) = e−i(kn+θ)ξ f ′

f

[
1− k

(kn+θ−λ0)f

]
,

λ = kn+ θ, θ ∈ [0, k), (5.18)

with integer n ≥ 0, andQIII(θ) = eiθξ
{

1
f ′

[
1 + k

(θ−k)f ′

]
− λ0

(λ0+θ)f

[
1 + k

(θ−k)f

]}
,

QIV (θ) = e−iθξ+ikξ
{

1
f

[
1− k

θf

]
− µ0

(λ0+θ)f ′

[
1− k

θf ′

]}
,

λ = λ0 + θ, θ ∈ [0, k), (5.19)

where QIV (θ) can be renormalized as θ
θ−kQIV (θ) to avoid the divergence as θ → 0. This modifica-

tion does not affect the rest of our analysis.
When θ ∈ [0, k) is fixed, the eigenvalues of ∂xL given by (5.6) and (5.7) form simple sequences{

ΛI,n(θ) = i(kn+ θ)(kn+ θ + c),

ΛII,n(θ) = −i(kn+ θ)(kn+ θ + c),
θ ∈ [0, k), (5.20)

where n ≥ 0 is an integer, and{
ΛIII(θ) = iθ(θ − k),

ΛIV (θ) = −iθ(θ − k),
θ ∈ [0, k). (5.21)

It follows from the existence of a recursion operator between two commuting flows (1.12) and
(1.13), see [28, Eqs. (1.12), (2.21), (2.23)], that the linearized operators ∂xL and ∂xL̃ commute.
In the Floquet–Bloch form for a fixed θ ∈ [0, k), the eigenfunctions {QI,n(θ)}n≥0 and QIII(θ) in
(5.18) and (5.19) satisfy

QI,n(θ; ξ) = eiθξQ̃I,n(θ; ξ), QIII(θ; ξ) = eiθξQ̃III(θ; ξ), θ ∈ [0, k),

where Q̃I,n(θ; ·), Q̃III(θ; ·) ∈ L2
per correspond to simple eigenvalues {ΛI,n(θ)}n≥0 and ΛIII(θ) given

by (5.20) and (5.21). The complex-conjugate eigenfunctions {QII,n(θ)}n≥0 and QIV (θ) correspond
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to the simple complex-conjugate eigenvalues {ΛII,n(θ)}n≥0 and ΛIV (θ) and satisfy

QII,n(θ; ξ) = e−iθξQ̃II,n(θ; ξ), QIV (θ; ξ) = e−iθξQ̃IV (θ; ξ), θ ∈ [0, k),

where Q̃II,n(θ; ·), Q̃IV (θ; ·) ∈ L2
per. Due to simplicity of eigenvalues for ∂xL, the two commuting

operators ∂xL and ∂xL̃ share a common basis of eigenfunctions in the Floquet–Bloch form with
θ ∈ [0, k) with the same set of eigenfunctions (5.18) and (5.19). Therefore, these eigenfunctions
satisfy the spectral problem

∂xL̃Q = Λ̃Q. (5.22)

However, the eigenvalues Λ̃ in (5.22) are different from the eigenvalues Λ in (5.5). The following
proposition gives the explicit expressions for eigenvalues Λ̃.

Proposition 9. The spectral problem (5.22) is satisfied with the eigenfunctions (5.8) and (5.9) for
the eigenvalues: {

Λ̃I(λ) = iλ(λ2 + γ),

Λ̃II(λ) = −iλ(λ2 + γ),
λ ∈ [0,∞), (5.23)

and {
Λ̃III(λ) = i(λ− λ0)(λ− µ0)(λ− c),
Λ̃IV (λ) = −i(λ− λ0)(λ− µ0)(λ− c),

λ ∈ [λ0, µ0], (5.24)

such that{
L̃QI(λ) = (λ2 + γ)ΨI(λ),

L̃QII(λ) = (λ2 + γ)ΨII(λ),

{
L̃QIII(λ) = (λ−λ0)(λ−µ0)(λ−c)

λ
ΨIII(λ),

L̃QIV (λ) = (λ−λ0)(λ−µ0)(λ−c)
λ

ΨIV (λ).
(5.25)

Proof. We recall that L̃ is a linear operator with real-valued coefficients. Since QII(λ) and ΨII(λ)
are proportional to the complex-conjugate versions ofQI(λ) and ΨI(λ) in (5.13) and (5.14), whereas
QIV (λ) and ΨIV (λ) are proportional to the complex-conjugate versions of QIII(λ) and ΨIII(λ), we
obtain Λ̃II(λ) = −Λ̃I(λ) and Λ̃IV (λ) = −Λ̃III(λ). Therefore, it suffices to prove (5.23), (5.24),
and (5.25) for Λ̃I(λ) and Λ̃III(λ) only.

We compute these eigenvalues from the asymptotic behavior of the spectral problem (5.22) in
the complex x-plane at infinity. We have also checked validity of the relations (5.25) with direct
computations which are included in Appendix A for completeness.

Eigenvalue Λ̃I(λ): We note that QI(λ) is analytic in C+ in the complex x-plane and since λ > 0,
the exponential factor in QI(λ) is bounded and decaying as Im(x) → ∞. Hence, HQI = iQI so
that LQI is equivalent to

LQI = −iQ′I − 2UQI + cQI .

As Im(x)→ −∞, we have exponentially large terms in f ∼ eikξ+φ, f ′ ∼ eikξ−φ, so that

QI(λ; ξ) ∼ eiλξ+2φ, ΨI(λ; ξ) ∼ eiλξ+2φ as Im(x)→ −∞. (5.26)

Since

U(ξ) =
k sinhφ

cos(kξ) + coshφ
, H(U ′)(ξ) = k2 1 + cos(kξ) coshφ

[cos(kξ) + coshφ]2
,
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the term −2UQI in LQI is smaller than −iQ′I + cQI by an exponential factor as Im(x) → −∞.
The balance of exponential terms in the limit Im(x)→ −∞ for

LQI = −iQ′I − 2UQI + cQI = −iΛI

λ
ΨI (5.27)

yields ΛI = iλ(λ+ c), in agreement with (5.6). For the operator L̃, we write

L̃QI = −Q′′I +
3

2
QIH(U ′) +

3

2
UH(Q′I) +

3

2
H(UQI)

′ + 3U2QI + γQI .

It follows from (5.27) after using the Hilbert transform that

2H(UQI) = Q′I + cH(QI)− (λ+ c)H(ΨI)

= Q′I + icQI − i(λ+ c)ΨI , (5.28)

where we used the analyticity of QI and ΨI in C+ and their exponential decay to 0 as Im(x) →
+∞. By using the asymptotic behavior (5.26), we confirm that H(UQI) is smaller than QI by
an exponential factor as Im(x) → −∞, similar to QIH(U ′), UH(Q′I) = iUQ′I , and U2QI . The
balance of exponential terms in the limit Im(x)→ −∞ for

L̃QI = −iΛ̃I

λ
ΨI

yields Λ̃I = iλ(λ2 + γ), in agreement with (5.23).

Eigenvalues Λ̃III(λ): The eigenfunction QIII(λ) consists of the sum of two terms. The first term

ei(λ−λ0)ξ 1

f ′

[
1 +

k

(λ− µ0)f ′

]
is analytic in C+ and since λ > λ0, the exponential factor is bounded and decaying as Im(x)→∞.
On the other hand, the second term

−ei(λ−λ0)ξ λ0

λf

[
1 +

k

(λ− µ0)f

]
= −ei(λ−µ0)ξ−φ λ0

λ(1 + e−ikξ−φ)

[
1 +

k

(λ− µ0)f

]
is analytic in C− and since λ < µ0, the exponential factor is bounded and decaying as Im(x)→ −∞.
As a result, we obtain

H(QIII) = iei(λ−λ0)ξ

{
1

f ′

[
1 +

k

(λ− µ0)f ′

]
+
λ0

λf

[
1 +

k

(λ− µ0)f

]}
.

As Im(x)→ −∞, we have exponentially large terms in f ∼ eikξ+φ, f ′ ∼ eikξ−φ, so that{
QIII(λ; ξ) ∼ λ−µ0

λ
ei(λ−µ0)ξ+φ,

ΨIII(λ; ξ) ∼ ei(λ−µ0)ξ+φ,
as Im(x)→ −∞ (5.29)

and

H(QIII)(λ; ξ) ∼ i
λ+ µ0

λ
ei(λ−µ0)ξ+φ, as Im(x)→ −∞, (5.30)

where we have used λ0e
−2φ = µ0. Note that QIII , H(QIII), and ΨIII are exponentially small as

Im(x) → −∞. Since −2UQIII in LQIII is smaller than −H(Q′III) + cQIII by an exponential
factor as Im(x)→ −∞, the balance of exponential terms in the limit Im(x)→ −∞ for

LQIII = −H(Q′III)− 2UQIII + cQIII = −iΛIII

λ
ΨIII (5.31)
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yields

ΛIII = i(λ− µ0)(λ+ µ0 + c) = i(λ− λ0)(λ− µ0),

in agreement with (5.7), where we used c+ λ0 + µ0 = 0. For the operator L̃, we write again

L̃QIII = −Q′′III +
3

2
QIIIH(U ′) +

3

2
UH(Q′III) +

3

2
H(UQIII)

′ + 3U2QIII + γQIII ,

and note thatQIIIH(U ′), UH(Q′III), and U2QIII are smaller than−Q′′III+γQIII by an exponential
factor as Im(x) → −∞. On the other hand, the term 3

2
H(UQIII)

′ cannot be neglected this time. It
follows from (5.31) after using the Hilbert transform that

2H(UQIII) = Q′III + cH(QIII)− λ−1(λ− λ0)(λ− µ0)H(ΨIII). (5.32)

The eigenfunction ΨIII consists of the sum of two terms. The first term 1
f ′
ei(λ−λ0)ξ is analytic in C+

and since λ > λ0, the exponential factor is bounded and decaying as Im(x) → ∞. On the other
hand, the second term can be decomposed by using (3.9) into the sum of two terms:

k

(λ− µ0)ff ′
ei(λ−λ0)ξ =

i

(λ− µ0)(eφ − e−φ)
ei(λ−µ0)ξ

(
f ′x
f ′
− fx
f

)
= − k

(λ− µ0)(eφ − e−φ)

[
ei(λ−λ0)ξ−φ

f ′
− ei(λ−µ0)ξ

1 + e−ikξ−φ

]
,

where the first term is analytic in C+ and the second term is analytic in C−. Moreover, the exponen-
tial factors are bounded and decaying as Im(x) → +∞ for the first term and as Im(x) → −∞ for
the second term. As a result, we obtain

H(ΨIII) = iei(λ−λ0)ξ

[
1

f ′
− ke−φ

(λ− µ0)(eφ − e−φ)f ′
− ke+φ

(λ− µ0)(eφ − e−φ)f

]
. (5.33)

As Im(x)→ −∞, we have exponentially large terms in f ∼ eikξ+φ, f ′ ∼ eikξ−φ, so that

H(ΨIII)(λ; ξ) ∼ iei(λ−µ0)ξ+φ

[
1− 2ke−φ

(λ− µ0)(eφ − e−φ)

]
= i

λ+ µ0

λ− µ0

ei(λ−µ0)ξ+φ, as Im(x)→ −∞, (5.34)

where we have used (2.3) for µ0. By using (5.29), (5.30), and (5.34) we obtain the principal term in
the asymptotic expansion of

2H(UQIII) ∼ iλ−1ei(λ−µ0)ξ+φ
[
(λ− µ0)2 + c(λ+ µ0)− (λ− λ0)(λ+ µ0)

]
= −4iµ0e

i(λ−µ0)ξ+φ, as Im(x)→ −∞,
where we have used c + λ0 + µ0 = 0. The balance of exponential terms in the limit Im(x)→ −∞
for

L̃QIII = −iΛ̃III

λ
ΨIII

yields

Λ̃III = i(λ− µ0)
(
(λ− µ0)2 + γ + 3µ0λ

)
= i(λ− µ0)(λ2 + µ0λ+ µ2

0 + γ)

= i(λ− µ0)(λ− λ0)(λ+ λ0 + µ0)

= i(λ− λ0)(λ− µ0)(λ− c),
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in agreement with (5.24), where we have used

γ = −1

4
(k2 + 3c2) = −(λ2

0 + λ0µ0 + µ2
0),

which follows from (2.2). �

The following proposition uses the explicit expressions for the eigenvalues in Proposition 9 to
diagonalize the quadratic form 〈L̃q, q〉L2(R) for q ∈ H1(R) by using the basis of eigenfunctions of
the spectral problem (5.5).

Proposition 10. For every q ∈ H1(R), we have

〈L̃q, q〉L2(R) = 2π

� ∞
0

(λ2 + γ)

[
|aI(λ)|2e2φλ− λ0

λ− µ0

+ |aII(λ)|2e−2φλ− µ0

λ− λ0

]
dλ

+ 2π

� µ0

λ0

(λ− λ0)(λ− µ0)(λ− c)
(eφ − e−φ)λ

[
|aIII(λ)|2eφλ− λ0

λ− µ0

+ |aIV (λ)|2e−φλ− µ0

λ− λ0

]
dλ, (5.35)

where aI(λ), aII(λ), aIII(λ), aIV (λ) are uniquely defined by q ∈ H1(R). Consequently, the first
integral in (5.35) is sign-indefinite and the second integral is positive semi-definite.

Proof. By using (5.16) and (5.25), we obtain

L̃q =

� ∞
0

[aI(λ)L̃QI(λ) + aII(λ)L̃QII(λ)]dλ+

� µ0

λ0

[aIII(λ)L̃QIII(λ) + aIV (λ)L̃QIV (λ)]dλ

=

� ∞
0

(λ2 + γ)[aI(λ)ΨI(λ) + aII(λ)ΨII(λ)]dλ

+

� µ0

λ0

(λ− λ0)(λ− µ0)(λ− c)
λ

[aIII(λ)ΨIII(λ) + aIV (λ)ΨIV (λ)]dλ.

Substituting the decomposition (5.17) into 〈L̃q, q〉L2(R) and using the orthogonality relations of
Propositions 3, 4, and 5, we obtain the diagonalization formula (5.35). �

5.4. Positivity of the second variation of S(u). To get the Lyapunov functional (1.7), we consider
a linear superposition of the two Hamiltonian structures (1.12) and (1.13) together. By Proposition
7, the spatial profile U is a critical point of

S(u) := R(u) + γM(u) + δ [E(u) + cM(u)] ,

for every parameter δ ∈ R to be defined. The second variation of this functional at U is defined by
the Hessian operator L̃ + δL : H2(R) ⊂ L2(R) → L2(R). We show that the Hessian operator is
positive semi-definite if δ = 1

2
(3c− k), which then yields (1.7) since

γ +
1

2
(3c− k)c =

1

4
(3c2 − 2kc− k2) =

1

4
(3c+ k)(c− k).

By using (5.15) and (5.35), we obtain

〈(L̃+ δL)q, q〉L2(R) = 2π

� ∞
0

(λ2 + δλ+ γ + δc)S+(λ)dλ

+ 2π

� µ0

λ0

(λ− λ0)(λ− µ0)(λ− c+ δ)

(eφ − e−φ)λ
S−(λ)dλ, (5.36)
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where

S+(λ) = |aI(λ)|2e2φλ− λ0

λ− µ0

+ |aII(λ)|2e−2φλ− µ0

λ− λ0

≥ 0, λ ∈ (0,∞),

S−(λ) = |aIII(λ)|2eφλ− λ0

λ− µ0

+ |aIV (λ)|2e−φλ− µ0

λ− λ0

≤ 0, λ ∈ (λ0, µ0).

The second integral in (5.36) is positive semi-definite if λ − c + δ < 0 for all λ ∈ (λ0, µ0). This
determines the range of admissible values of δ by δ ≤ c−µ0. Taking the maximal value of this range
as δ := c−µ0, we ensure that λ−c+δ = λ−µ0 < 0 if λ ∈ (λ0, µ0). Since δ = −λ0−2µ0 > 0, the
first integral in (5.36) is positive semi-definite for all λ ∈ (0,∞) if γ + δc > 0, which is true since

γ + δc = −(λ2
0 + λ0µ0 + µ2

0) + (λ0 + µ0)(λ0 + 2µ0) = µ2
0 + 2λ0µ0 > 0.

Hence, the self-adjoint operator L̃+δL is positive semi-definite inL2(R) and S(u) with δ = c−µ0 =
1
2
(3c− k) is the Lyapunov functional for the periodic waves of the BO equation. The first assertion

of Theorem 1 is proven.

6. DEGENERACY OF THE SECOND VARIATION S ′′(U) IN THEOREM 1

To prove the second assertion of Theorem 1 for N = 1, we consider S ′′(U) = L̃ + δL with
δ = c − µ0 for co-periodic perturbations in L2

per. We extend the orthogonality and completeness
of eigenfunctions in L2

per in order to characterize KerL2
per
S ′′(U) and to show that it is spanned by

the translational mode U ′. Since the spectrum of S ′′(U) in L2
per consists of a sequence of isolated

eigenvalues due to the compact embedding of H1
per into L2

per, the non-degeneracy result implies
coercivity of the quadratic form 〈S ′′(U)v, v〉L2

per
for every v ∈ H1

per|(U ′)⊥ needed for the standard
proof of Theorem 2 with N = 1. For every fixed N ∈ N, we extend the proof with the Floquet–
Bloch theory in L2

Nper to complete the proof of the second assertion of Theorem 1 for N ∈ N.

6.1. Orthogonality of eigenfunctions in L2
per. By [19, Proposition 2.2], the Lax equations (2.1)

admit the purely discrete spectrum in L2
per located at

σL|L2
per

= {λ0} ∪ {0} ∪ {kn}n∈N. (6.1)

The eigenfunctions of the Lax equations (2.1) for λ = kn with integer n ≥ 0 are given by (2.6),
whereas the eigenfunction for λ = λ0 is obtained from the residue term of (2.7) given by

lim
λ→λ0

(λ− λ0)ϕ+
II(λ) = − k

f ′
, lim

λ→λ0
(λ− λ0)ϕ−II(λ) = −k

f
.

The first two eigenfunctions of the adjoint linearized BO equation (1.15) are given by Proposition 1:ψI(kn;x, t) = eiλx+iλ2t f(x−ct)
f ′(x−ct)

[
1 + k

(λ−µ0)f(x−ct)

]
,

ψII(kn;x, t) = e−iλx−iλ
2t f
′(x−ct)
f(x−ct)

[
1− k

(λ−λ0)f ′(x−ct)

]
,

(6.2)

whereas first two eigenfunctions of the linearized BO equation (1.9) are given by Proposition 2:qI(kn;x, t) = eiλx+iλ2t f(x−ct)
f ′(x−ct)

[
1 + k

(λ−µ0)f ′(x−ct)

]
,

qII(kn;x, t) = e−iλx−iλ
2t f
′(x−ct)
f(x−ct)

[
1− k

(λ−λ0)f(x−ct)

]
,

(6.3)
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where λ = kn with integer n ≥ 0. For λ = 0 (n = 0), the two eigenfunctions in (6.2) are linearly
dependent because

ψI(0) =
f

f ′
− k

µ0f ′
=
λ0

µ0

, ψII(0) =
f ′

f
+

k

λ0f
=
µ0

λ0

, (6.4)

whereas the two eigenfunctions in (6.3) are linearly independent because

qI(0) =
λ0

µ0

[
1− ikf ′x

λ0µ0(f ′)2

]
, qII(0) =

µ0

λ0

[
1− ikfx

λ0µ0f 2

]
. (6.5)

However, we have the complex-conjugation symmetry between the two eigenfunctions:

qII(0) =
µ2

0

λ2
0

qI(0), (6.6)

which agrees with (2.12) for λ = 0 due to the relation (2.3). As a result, we can construct two
real-valued solutions by using (6.5):

1

2

[
µ0

λ0

qI(0) +
λ0

µ0

qII(0)

]
= 1 +

ik

2λ0µ0

∂x

[
1

f ′
+

1

f

]
= 1 +

ik

2λ0µ0

∂x
e−ikξ + coshφ

cos(kξ) + coshφ

= 1 +
k

2λ0µ0

∂x
sin(kξ)

cos(kξ) + coshφ

= 1 +
k

2λ0µ0

∂φU

and
1

2i

[
µ0

λ0

qI(0)− λ0

µ0

qII(0)

]
=

k

2λ0µ0

∂x

[
1

f ′
− 1

f

]
=

k

2λ0µ0

∂x
sinhφ

cos(kξ) + coshφ

=
1

2λ0µ0

∂xU,

where we have used (1.3), from which we get

∂φU =
k(1 + cos(kξ) coshφ)

[cos(kξ) + coshφ]2
= ∂x

sin(kξ)

cos(kξ) + coshφ
. (6.7)

Since ∂xU appears in the basis of eigenfunctions from solutions associated with the eigenvalue
λ = λ0, see (6.14) below, we include only one solution to the basis of eigenfunctions from the two
solutions (6.5):

q0(x, t) = 1 +
k

2λ0µ0

∂φU(x− ct). (6.8)

Similarly, we include only one solution to the basis of eigenfunctions from the two solutions (6.4):

ψ0(x, t) = 1. (6.9)

The following proposition establishes orthogonality between the eigenfunctions in L2
per, where we

use the standard inner product,

f, g ∈ L2
per : 〈f, g〉L2

per
=

�
f(x)ḡ(x)dx.
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Proposition 11. The set {ψ̄I , ψ̄II} is orthogonal to the set {qI , qII} in the sense:{
〈qI(kn), ψ̄I(km)〉L2

per
= 〈qII(kn), ψ̄II(km)〉L2

per
= 0,

〈qI(kn), ψ̄II(km)〉L2
per

= 〈qII(kn), ψ̄I(km)〉L2
per

= 2π
k
δn,m,

n,m ∈ N, (6.10)

where δn,m is Kronecker’s symbol. Furthermore,{
〈qI(kn), ψ0〉L2

per
= 〈qII(kn), ψ0〉L2

per
= 0,

〈q0, ψ̄I(kn)〉L2
per

= 〈q0, ψ̄II(kn)〉L2
per

= 0,
n ∈ N, (6.11)

and

〈q0, ψ0〉L2
per

=
2π

k
. (6.12)

Proof. We follow the proof of Proposition 3.
To prove the first line in (6.10), we use the representation (3.2) for λ = kn and λ′ = km, where

the function is analytic in C+ and the exponential factor ei(λ+λ′)x decays to 0 exponentially fast as
Im(x)→ +∞. Integrating qI(λ)ψI(λ

′) along the boundary of the following rectangle{
z ∈ C : |Re(z)| ≤ π

k
, 0 ≤ Im(z) ≤ R

}
, R > 0,

in the positive orientation and taking the limit R→∞ yields

〈qI(kn), ψ̄I(km)〉L2
per

= lim
R→∞

�
qI(kn;x+ iR, t)ψI(km;x+ iR, t)dx = 0,

due to the periodicity of the integrand for n,m ∈ N. The proof for 〈qII(λ), ψ̄II(λ
′)〉L2

per
= 0 is

similar but the contour of integration is closed in C−.
To prove the second line in (6.10), we use the representation (3.3). Since�

eik(n−m)x+ik2(n2−m2)tdx =
2π

k
δn,m

we get 〈qI(kn), ψ̄II(km)〉L2
per

= 2π
k
δn,m if and only if the integral of all remaining terms after

expanding the product vanishes:

0 =
ik

(kn− µ0)(km− λ0)

�
d

dx

(
eik(n−m)x+ik2(n2−m2)t

f ′

)
dx,

which is true. The result for 〈qII(kn), ψ̄I(km)〉L2
per

= 2π
k
δn,m holds by the complex conjugate

symmetry (2.12) and (2.20).
The orthogonality relations (6.11) are obtained by setting either n 6= 0 and m = 0 or n = 0 and

m 6= 0 in (6.10). The orthogonality relations (6.12) are obtained directly from (6.8) and (6.9), where
we use 〈∂φU, 1〉L2

per
= 0, which follows from the fact that

〈U, 1〉L2
per

= k sinhφ

�
dx

cos(kx) + coshφ

= sinhφ

� 2π

0

dx

cosx+ coshφ
= 2π

is independent of φ > 0. �
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It remains to augment the set of eigenfunctions (6.2) and (6.3) for λ = kn with integer n ≥ 0 by
the set of eigenfunctions for λ = λ0, according to the Lax spectrum (6.1). It follows from (2.10) and
(2.11) that

ψIII(λ0) =
f − 1

ff ′
= −λ0

k2
U, ψIV (µ0) =

f ′ − 1

ff ′
= −µ0

k2
U,

where U is the periodic profile (1.3) and we have used (2.3). Thus, both solutions are constant
multiples of U . This is natural due to the translational symmetry, which implies that the linearized
BO equation (1.9) with u(x, t) = U(x − ct) admits the solution ∂xU and the adjoint linearized BO
equation (1.15) admits the solution U .

To get the linearly independent solutions, we compute derivatives of ψIII(λ) at λ = λ0 and
ψIV (λ) at λ = µ0:

ψ′III(λ0) = i(x+ 2λ0t)
f − 1

ff ′
− 1

kff ′
, ψ′IV (µ0) = −i(x+ 2µ0t)

f ′ − 1

ff ′
+

1

kff ′
.

To get the 2π
k

-periodic solution, we obtain the linear combination of the two derivatives:

µ0ψ
′
III(λ0) + λ0ψ

′
IV (µ0) =

2iλ0µ0

k
tU − 1

ff ′

=
2iλ0µ0t sinhφ

cos(kξ) + coshφ
− 1

2

e−ikξ

cos(kξ) + coshφ
.

The real part of this function is given by a linear combination of 1 and U and the imaginary part of
this function is a linear combination of ∂−1

x ∂φU and tU , where the uniquely defined real-valued odd
function ∂−1

x ∂φU is obtained from (6.7) as

∂−1
x ∂φU(x) :=

sin(kx)

cos(kx) + coshφ
.

The adjoint linearized BO equation (1.15) in L2
per admits two linearly independent eigenfunctions

ψ1(x, t) = U(x− ct), ψ2(x, t) = ∂−1
x ∂φU(x− ct) +

k

sinh2 φ
tU(x− ct). (6.13)

The linearized BO equation (1.9) admits two linearly independent eigenfunctions

q1(x, t) = ∂xU(x− ct), q2(x, t) = ∂φU(x− ct) +
k

sinh2 φ
t∂xU(x− ct), (6.14)

where we have used (2.3) to obtain

4λ0µ0

k
=

k

sinh2 φ
= − dc

dφ
. (6.15)

We have the following orthogonality result between the eigenfunctions.

Proposition 12. Solutions (6.13) and (6.14) satisfy the following orthogonality conditions:{
〈q1, ψ1〉L2

per
= 〈q2, ψ2〉L2

per
= 0,

〈q1, ψ2〉L2
per

= −〈q2, ψ1〉L2
per

= πk
sinh2 φ

.
(6.16)
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Furthermore, we have
〈qI(kn), ψ1〉L2

per
= 〈qII(kn), ψ1〉L2

per
= 0,

〈qI(kn), ψ2〉L2
per

= 〈qII(kn), ψ2〉L2
per

= 0,

〈q1, ψ̄I(kn)〉L2
per

= 〈q1, ψ̄II(kn)〉L2
per

= 0,

〈q2, ψ̄I(kn)〉L2
per

= 〈q2, ψ̄II(kn)〉L2
per

= 0,

n ∈ N, (6.17)

and {
〈q1, ψ0〉L2

per
= 〈q2, ψ0〉L2

per
= 0,

〈q0, ψ1〉L2
per

= 〈q0, ψ2〉L2
per

= 0.
(6.18)

Proof. The first line in (6.16) follows from the opposite parity betweenU and ∂xU as well as ∂−1
x ∂φU

and ∂φU integrated over the periodic domain together with

〈∂xU, ∂−1
x ∂φU〉L2

per
+ 〈U, ∂φU〉L2

per
= 0.

The second line in (6.16) is obtained after integration by parts in the form:

〈q1, ψ2〉L2
per

= −〈q2, ψ1〉L2
per

= −1

2

d

dφ
‖U‖2

L2
per
.

The numerical coefficient d
dφ
‖U‖2

L2
per

is well-known in the theory of stability of periodic waves in
the BO equation and can be computed explicitly as follows. Since

d

dx

sin(kx)

cos(kx) + coshφ
= k

1 + coshφ cos(kx)

(cos(kx) + coshφ)2
,

we obtain

‖U‖2
L2
per

= k2 sinh2 φ

�
dx

(cos(kx) + coshφ)2

= −k2 sinh2 φ coshφ

�
cos(kx)dx

(cos(kx) + coshφ)2

= −k2 sinh2 φ coshφ

�
dx

cos(kx) + coshφ
+ k2 sinh2 φ cosh2 φ

�
dx

(cos(kx) + coshφ)2
.

Eliminating the integral of (cos(kx) + coshφ)−2 yields

‖U‖2
L2
per

= k2 coshφ

�
dx

cos(kx) + coshφ

= k coshφ

� 2π

0

dx

cosx+ coshφ

= 2πk cothφ,

so that

− 1

2

d

dφ
‖U‖2

L2
per

=
πk

sinh2 φ
= −π dc

dφ
, (6.19)

which completes the proof of the second line in (6.16).
The orthogonality conditions (6.17) follow from the orthogonality conditions (3.4) and (3.5) in

Proposition 4 for λ = kn with n ∈ N. To verify the orthogonality conditions (6.18), we use (6.8),
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(6.9), (6.13), and (6.14) directly. For the first line in (6.18), we obtain{
〈q1, ψ0〉L2

per
= 〈∂xU, 1〉L2

per
= 0,

〈q2, ψ0〉L2
per

= 〈∂φU, 1〉L2
per

= 0,

where we have used that 〈U, 1〉L2
per

= 2π is independent of φ > 0. For the second line in (6.18), we
get

〈q0, ψ1〉L2
per

= 〈1, U〉L2
per

+
k

2λ0µ0

〈∂φU,U〉L2
per

= 2π +
k

4λ0µ0

d

dφ
‖U‖2

L2
per

= 0,

where we have used (6.15) and (6.19), and

〈q0, ψ2〉L2
per

= 〈1, ∂−1
x ∂φU〉L2

per
+

k

2λ0µ0

〈∂φU, ∂−1
x ∂φU〉L2

per
= 0,

where we have used the opposite parity of 1 and ∂φU relative to ∂−1
x ∂φU . �

6.2. Completeness of eigenfunctions in L2
per. To simplify the proof of completeness, we set t = 0

again and suppress the time variable from the list of arguments. We claim that solutions (6.3) and
(6.14) provide a basis in L2

per in the sense that every element q ∈ L2
per can be uniquely represented

by the superposition of elements of the basis:

q(x) =
∑
n∈N

anqI(kn;x) + bnqII(kn;x) + c0q0(x) + c1∂xU(x) + c2∂φU(x), (6.20)

where the coefficients in the decomposition (6.20) are computed by using the orthogonality relations
of Propositions 11 and 12:

an =
k

2π
〈q, ψ̄II(kn)〉L2

per
, bn =

k

2π
〈q, ψ̄I(kn)〉L2

per
, n ∈ N,

c0 =
k

2π
〈q, ψ0〉L2

per
,

and

c1 =
sinh2 φ

πk
〈q, ψ2〉L2

per
, c2 = −sinh2 φ

πk
〈q, ψ1〉L2

per
.

Substituting all projections into (6.20) yields the identity

q(x) =
k

2π

�
q(y)

(∑
n∈N

qI(kn;x)ψII(kn; y) + qII(kn;x)ψI(kn; y)

+
1

2
[qI(0;x)ψII(0; y) + qII(0;x)ψI(0; y)] +

2

k2
sinh2 φ [q1(x)ψ2(y)− q2(x)ψ1(y)]

)
dy,

where we have used

q0(x)ψ0 =
1

2

[
µ0

λ0

qI(0;x) +
λ0

µ0

qII(0;x)

]
=

1

2
[qI(0;x)ψII(0; y) + qII(0;x)ψI(0; y)] ,
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which follows from (6.4) and (6.5). The identity holds for every f ∈ L2
per if and only if the eigen-

functions satisfy the completeness relation∑
n∈N

qI(kn;x)ψII(kn; y) + qII(kn;x)ψI(kn; y) +
1

2
(qI(0;x)ψII(0; y) + qII(0;x)ψI(0; y))

+
2

k2
sinh2 φ(q1(x)ψ2(y)− q2(x)ψ1(y)) =

2π

k
δ(x− y), (6.21)

where the Dirac delta distribution δ(x− y) in the periodic domain is understood in the sense of the
generalized identity: ∑

n∈Z

eikn(x−y) =
2π

k
δ(x− y). (6.22)

The following proposition confirms the validity of the completeness relation (6.21).

Proposition 13. The completeness relation (6.21) is satisfied.

Proof. We follow the proof of Proposition 6 and compute each term in (6.21). The first and second
terms are given by the same expressions (4.5) and (4.6) with λ = kn for integer n ≥ 0. Terms in the
last brackets in (4.5) and (4.6) produce different outcomes depending on the summation in n from 1
to∞ or from 0 to∞. By using µ0 = λ0 + k, we obtain

∞∑
n=1

[
eik(n+1)x−ikny

k(n+ 1)− µ0

− eiknx−ik(n−1)y

kn− µ0

]
=
eikx

λ0

, (6.23)

∞∑
n=0

[
eik(n+1)x−ikny

k(n+ 1)− µ0

− eiknx−ik(n−1)y

kn− µ0

]
=
eiky

µ0

, (6.24)

∞∑
n=1

[
e−iknx+ik(n+1)y

k(n+ 1)− µ0

− e−ik(n−1)x+ikny

kn− µ0

]
=
eiky

λ0

, (6.25)

∞∑
n=0

[
e−iknx+ik(n+1)y

k(n+ 1)− µ0

− e−ik(n−1)x+ikny

kn− µ0

]
=
eikx

µ0

. (6.26)

Splitting symmetrically the series in (6.21) and using (6.23), (6.24), (6.25), and (6.26), we obtain∑
n∈N

qI(kn;x)ψII(kn; y) + qII(kn;x)ψI(kn; y) +
1

2
(qI(0;x)ψII(0; y) + qII(0;x)ψI(0; y))

=
1

2

∞∑
n=0

qI(kn;x)ψII(kn; y) + qII(kn;x)ψI(kn; y)

+
1

2

∞∑
n=1

qI(kn;x)ψII(kn; y) + qII(kn;x)ψI(kn; y)

=
∑
n∈Z

eikn(x−y) +
i

2k
(eφ − e−φ)2 ∂

∂x

[
eikx−φ

f ′(x)f(y)
+

eiky+φ

f ′(x)f(y)
− eiky−φ

f(x)f ′(y)
− eikx+φ

f(x)f ′(y)

]
,

where we have used (2.3) again. Since the first term gives 2π
k
δ(x−y) due to (6.22), the completeness

relation (6.21) is satisfied if and only if the remaining terms

2i

k
sinh2 φ

∂

∂x

[
eikx−φ

f ′(x)f(y)
+

eiky+φ

f ′(x)f(y)
− eiky−φ

f(x)f ′(y)
− eikx+φ

f(x)f ′(y)

]
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cancel out with the last two terms in the left-hand-side of (6.21):
2

k2
sinh2 φ(q1(x)ψ2(y)− q2(x)ψ1(y)).

We note that

eiky+φ

f ′(x)f(y)
− eiky−φ

f(x)f ′(y)
=
eiky(eφ − e−φ)(1 + eikx(eφ + e−φ) + eik(x+y))

f(x)f ′(x)f(y)f ′(y)
,

eikx−φ

f ′(x)f(y)
− eikx+φ

f(x)f ′(y)
= −e

ikx(eφ − e−φ)(1 + eiky(eφ + e−φ) + eik(x+y))

f(x)f ′(x)f(y)f ′(y)
,

hence, we get

2i

k
sinh2 φ

∂

∂x

[
eikx−φ

f ′(x)f(y)
+

eiky+φ

f ′(x)f(y)
− eiky−φ

f(x)f ′(y)
− eikx+φ

f(x)f ′(y)

]
=

4i

k
sinh3 φ

∂

∂x

(eiky − eikx)(1 + eik(x+y))

f(x)f ′(x)f(y)f ′(y)
. (6.27)

On the other hand, we expand
2

k2
sinh2 φ(q1(x)ψ2(y)− q2(x)ψ1(y))

=
2

k2
sinh2 φ

∂

∂x

[
U(x)∂−1

y ∂φU(y)− U(y)∂−1
x ∂φU(x)

]
=

2

k2
sinh2 φ

∂

∂x

[
(f ′xf − fxf ′)(e2iky − 1)

f(x)f ′(x)f(y)f ′(y)
−

(f ′yf − fyf ′)(e2ikx − 1)

f(x)f ′(x)f(y)f ′(y)

]

= −4i

k
sinh3 φ

∂

∂x

eikx(e2iky − 1)− eiky(e2ikx − 1)

f(x)f ′(x)f(y)f ′(y)

= −4i

k
sinh3 φ

∂

∂x

(eiky − eikx)(1 + eik(x+y))

f(x)f ′(x)f(y)f ′(y)
. (6.28)

The sum of (6.27) and (6.28) is zero so that the completeness relation (6.21) is proven. �

6.3. Diagonalization of L. For the set of eigenfunctions (6.3), we introduce the same expressions
QI,n and QII,n as in (5.8) but for λ = kn with integer n ≥ 0. These expressions correspond to the
Floquet–Bloch form (5.18) with θ = 0. The eigenfunctions satisfy the spectral problem (5.5) in the
periodic domain with the eigenvalues{

ΛI,n = ikn(kn+ c),

ΛII,n = −ikn(kn+ c),
n ≥ 0.

For the set of eigenfunctions (6.14), we have

L∂xU = 0, L∂φU = − dc
dφ
U, (6.29)

due to the differentiation of the stationary BO equation −H(U ′)− U2 + cU = 0 in x and φ.
We can write explicitly similarly to (5.10) that

LQI,n = (kn+ c)ΨI,n, LQII,n = (kn+ c)ΨII,n, (6.30)
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which holds for any integer n ≥ 1. The relations (6.30) are extended to eigenfunctions (6.8) and
(6.9) for n = 0 since

Lq0 = c− 2U +
k

2λ0µ0

L∂φU = c− 2U − k

2λ0µ0

dc

dφ
U = cψ0,

where we have used (6.15) and (6.29).
By using the decomposition (6.20) and the completeness result of Proposition 13, we obtain for

every q ∈ H1/2
per , similarly to Proposition 8, that

〈Lq, q〉L2
per

=
2π

k

∑
n∈N

(kn+ c)

[
|an|2e2φkn− λ0

kn− µ0

+ |bn|2e−2φkn− µ0

kn− λ0

]
+

2πc

k
|c0|2 −

πk2

sinh4 φ
|c2|2, (6.31)

which follows from

Lq =
∑
n∈N

[anLQI,n + bnLQII,n] + c0Lq0 + c1L∂xU + c2L∂φU

=
∑
n∈N

(kn+ c)[anΨI,n + bnΨII,n] + c0cψ0 − c2
dc

dφ
U

and

q̄ =
∑
n∈N

[
āne

2φkn− λ0

kn− µ0

QII,n + b̄ne
−2φkn− µ0

kn− λ0

QI,n

]
+ c̄0q0 + c̄1∂xU + c̄2∂φU,

due to the orthogonality result of Propositions 11 and 12. Similarly to the outcome of Proposition
8, all terms but the last one in (6.31) are positive semi-definite, whereas the last term in (6.31) is
negative semi-definite. The coefficient c1 does not appear in (6.31).

6.4. Diagonalization of L̃. The eigenfunctions QI,n and QII,n satisfy the spectral problem (5.22)
in the periodic domain for the eigenvalues{

Λ̃I,n = ikn(k2n2 + γ),

Λ̃II,n = −ikn(k2n2 + γ),
n ≥ 0.

The eigenfunctions (6.14) satisfy

L̃∂xU = 0, L̃∂φU = −dγ
dφ
U, (6.32)

due to the differentiation of the stationary higher-order BO equation

−U ′′ + 3

2
UH(U ′) +

3

2
H(UU ′) + U3 + γU = 0

in x and φ.
We can write explicitly similarly to (5.25) that

L̃QI,n = (k2n2 + γ)ΨI,n, L̃QII,n = (k2n2 + γ)ΨII,n, (6.33)

which holds for any integer n ≥ 1. The relations (6.33) are extended to eigenfunctions (6.8) and
(6.9) for n = 0 since

L̃q0 = γ + 3U2 + 3H(U ′) +
k

2λ0µ0

L̃∂φU = γ + 3cU − k

2λ0µ0

dγ

dφ
U = γψ0,
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where we have used the stationary BO equation−H(U ′)−U2 + cU = 0, as well as relations (6.15),
(6.32), and dγ

dφ
= −3

2
c dc
dφ

.
By using the decomposition (6.20) and the completeness result of Proposition 13, we obtain for

every q ∈ H1
per, similarly to Proposition 10, that

〈L̃q, q〉L2
per

=
2π

k

∑
n∈N

(k2n2 + γ)

[
|an|2e2φkn− λ0

kn− µ0

+ |bn|2e−2φkn− µ0

kn− λ0

]
+

2πγ

k
|c0|2 +

3πk2c

2 sinh4 φ
|c2|2, (6.34)

where we have used (6.15), (6.16), and dγ
dφ

= −3
2
c dc
dφ

. Similarly to the outcome of Proposition 10,
the last term in (6.34) is positive semi-definite, whereas the other terms in (6.34) are sign-indefinite.
The coefficient c1 does not appear in (6.34).

6.5. Diagonalization of L̃ + δL in L2
per. We define δ = c − µ0 = −λ0 − 2µ0 > 0 and obtain the

following diagonalization of L̃+ δL for every q ∈ H1
per from (6.31) and (6.34):

〈(L̃+ δL)q, q〉L2
per

=
2π

k

∑
n∈N

(k2n2 + δkn+ γ + δc)Sn

+
2π

k
(γ + δc)|c0|2 +

πk2

sinh4 φ

(
3

2
c− δ

)
|c2|2, (6.35)

where

Sn = |an|2e2φkn− λ0

kn− µ0

+ |bn|2e−2φkn− µ0

kn− λ0

≥ 0.

Since δ > 0, γ + δc = µ2
0 + 2λ0µ0 > 0, and

3

2
c− δ =

c

2
+ µ0 =

k

2
> 0,

all terms in (6.35) are positive semi-definite and the only term missing is the projection c1 of q ∈ H1
per

to ∂xU . Hence, KerL2
per

(L̃ + δL) = span(U ′), where U ′ is the translational mode of the linearized
BO equation (1.9) with u(x, t) = U(x− ct). Coercivity of the quadratic form 〈(L̃+ δL)q, q〉L2

per
for

every q ∈ H1
per|(U ′)⊥ follows from positivity of all other coefficients in (6.35) with the explicit lower

bound for some C > 0:

〈(L̃+ δL)q, q〉L2
per
≥ 2π

k

µ2
0

λ2
0

∑
n∈N

(k2n2 + γ + δc)(|an|2 + |bn|2)

+
2π

k
(γ + δc)|c0|2 +

πk2

sinh4 φ

(
3

2
c− δ

)
|c2|2

≥ C‖q − c1∂xU‖2
H1

per
,

where we have used that
kn− λ0

kn− µ0

≥ 1,
kn− µ0

kn− λ0

≥ µ0

λ0

, e2φ =
λ0

µ0

> 1.

The proof of Theorem 1 is complete for N = 1.
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6.6. Diagonalization of L̃+δL in L2
Nper with fixedN ∈ N. Working in L2

Nper for any fixedN ∈ N,
we can use the Floquet–Bloch form of eigenfunctions (5.18) and (5.19) for the following N values
of parameter θ ∈ [0, k):

θm :=
mk

N
, m ∈MN := {0, 1, . . . , N − 1}.

Eigenfunctions {QI,n(θm)}n≥0,m∈MN
and {QII,n(θm)}n≥0,m∈MN

are defined by (5.18) for θ = θm
with the only exception for (n,m) = (0, 0), for which the proper eigenfunction is q0 in (6.8).
Eigenfunctions {QIII(θm)}m∈MN

and {QIV (θm)}m∈MN
are defined by (5.19) for θ = θm with the

only exception for θ0 = 0, for which the proper eigenfunctions are q1 and q2 in (6.14). Similar
preparations are done for the adjoint eigenfunctions.

The orthogonality relations of Propositions 11 and 12 are extended for these eigenfunctions and
their adjoint eigenfunctions in L2

Nper. The completeness relation of Proposition 13 is also extended
in L2

Nper with a similar proof. Since all additional eigenfunctions in L2
Nper correspond to non-zero

eigenvalues Λ and Λ̃, the diagonalization formula for 〈(L̃ + δL)q, q〉L2
Nper

has strictly positive coef-
ficients for all terms with the exception of the projection to ∂xU ∈ L2

Nper, for which the coefficient
is zero. Hence, KerL2

Nper
(L̃+ δL) = span(U ′) and the coercivity bound holds for some CN > 0:

〈(L̃+ δL)q, q〉L2
Nper
≥ CN‖q − c1∂xU‖2

H1
Nper

.

The proof of Theorem 1 is complete for every fixed N ∈ N. We note that CN → 0 as N →∞ due
to the lack of the spectral gap in the second term in (5.36).
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APPENDIX A. PROOF OF RELATIONS (5.25) FOR QI(λ) AND QIII(λ)

Relation (5.25) for QI(λ). We recall from (5.8) and (5.11) that QI and ΨI are analytic in C+ in
the complex x-plane. Then, we have H(Q′I) = iQ′I and HΨI = iΨI . Applying the Hilbert operator
to both sides of (5.28), we obtain

Q′I = 2iUQI − icQI + i(λ+ c)ΨI , (A.1)

which immediately results in

Q′′I = 2iU ′QI + 2iUQ′I − icQ′I − λ(λ+ c)QI . (A.2)

Resorting to (2.17), we arrive at

U ′ = ik2

(
1

f ′
− 1

f

)(
1

f ′
+

1

f
− 1

)
. (A.3)

By combining (2.2), (2.3), (2.4), (2.17), (5.3), (5.4), (5.28), (A.1), (A.2), and (A.3), we compute

L̃QI =−Q′′I +
3

2
QIH(U ′) +

3

2
UH(Q′I) +

3

2
H(UQI)

′ + 3U2QI + γQI

=− 1

4
Q′′I +

3

2
iUQ′I +

3

4
icQ′I +

3

2
cUQI +

3

2
U2QI +

3

4
λ(λ+ c)QI + γQI

=QI

[
λ(λ+ c) + λ0µ0 +

1

2
cU − 1

2
U2 − 1

2
iU ′
]
−ΨI(λ+ c)(c+ U). (A.4)
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Substituting the expressions of (2.2), (2.3), (2.17), (5.8), (5.11), and (A.3) into (A.4), we arrive at

L̃QI =
eiλξ

(λ− µ0)f ′
[
λ3f − λ2λ0f

′ − λf(k2 + 3λ0µ0)− k(k2 + 3λ0µ0) + µ0f(k2 + 3λ0µ0)
]

=
eiλξ

(λ− µ0)f ′
[
λ2(λf − λ0f

′)− (k2 + 3λ0µ0)(λf − µ0f + k)
]

=
eiλξ

(λ− µ0)f ′
[
λ2 − (k2 + 3λ0µ0)

]
(λf − λ0f

′)

=
eiλξ(λ2 + γ)

(λ− µ0)f ′
[f(λ− µ0) + k] = (λ2 + γ)ΨI ,

which coincides with the first relation in (5.25), where we have used the identity

k(f − 1) + λ0f = λ0f
′, λ0f

′ = µ0f − k. (A.5)

Relation (5.25) for QIII(λ). Similar to the derivation of (A.4), using (5.3), (5.31), and (5.32), we
obtain

L̃QIII =−Q′′III +
3

2
QIIIH(U ′) +

3

2
UH(Q′III) +

3

2
H(UQIII)

′ + 3U2QIII + γQIII

=− 1

4
Q′′III +

3

2
cUQIII −

3

2
U2QIII −

1

4
k2QIII

− 3

4
λ−1(λ− λ0)(λ− µ0) [2UΨIII + cΨIII +H(Ψ′III)] , (A.6)

Resorting to (2.3), (2.4), and (5.33), we have

H(Ψ′III) =
d

dξ

[
iei(λ−λ0)ξ

(
λ

(λ− µ0)f ′
+

λ0

(λ− µ0)f

)]
=− ei(λ−λ0)ξ

(
λ

f ′
+
λ0

f

)
− kei(λ−λ0)ξ

λ− µ0

[
λ

(f ′)2
+
λ0

f 2

]
. (A.7)

By using (2.3), (2.4), and (5.9), we arrive at

Q′III = i(λ− µ0)QIII +
ikei(λ−λ0)ξ

λ− µ0

[
λ− µ0 − k

(f ′)2
+

2k

(f ′)3
− λ0

λ

(
λ− µ0 − k

f 2
+

2k

f 3

)]
, (A.8)

Q′′III = −k(λ− λ0)ei(λ−λ0)ξ

λ− µ0

[
λ− µ0 − k

(f ′)2
+

2k

(f ′)3
− λ0

λ

(
λ− µ0 − k

f 2
+

2k

f 3

)]
+ i(λ− µ0)Q′III −

2k2ei(λ−λ0)ξ

λ− µ0

[
λ− µ0 − 4k

(f ′)3
− λ− µ0 − k

(f ′)2
+

3k

(f ′)4

−λ0

λ

(
λ− µ0 − 4k

f 3
− λ− µ0 − k

f 2
+

3k

f 4

)]
. (A.9)
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Once again, plugging (2.2), (2.3), (2.17), (5.9), (5.12), (A.5), (A.7), (A.8), and (A.9) into (A.6), a
tedious but direct algebraic computation gives rise to

L̃QIII =
ei(λ−λ0)ξ

λ(λ− µ0)f 3(f ′)3

[
λ4f 3(f ′)2 − λ3λ0f

2(f ′)3 − λ2f 3(f ′)2(k2 + 3λ0µ0)

+λλ0f
2(f ′)2[(λ0 + µ0)k + f ′(4λ0µ0 + k2 + λ2

0)]− λ2
0µ0(2λ0 + k)f 2(f ′)3

]
=

ei(λ−λ0)ξ

λff ′(λ− µ0)

{
k
[
λ3 − λ(k2 + 3λ0µ0) + λ0µ0(λ0 + µ0)

]
+f
[
λ4 − µ0λ

3 − λ2(k2 + 3λ0µ0) + λµ0(k2 + λ2
0 + 4λ0µ0)− λ0µ

2
0(λ0 + µ0)

]}
=ei(λ−λ0)ξ (λ− λ0)(λ− µ0)(λ− c)

λff ′(λ− µ0)
[f(λ− µ0) + k]

=
(λ− λ0)(λ− µ0)(λ− c)

λ
ΨIII ,

which coincides with the third relation in (5.25).
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