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CrossMark
Abstract

Dynamics of viscous shocks is considered in the modular Burgers equation,
where the time evolution becomes complicated due to singularities produced by
the modular nonlinearity. We prove that the viscous shocks are asymptotically
stable under odd and general perturbations. For the odd perturbations, the proof
relies on the reduction of the modular Burgers equation to a linear diffusion
equation on a half-line. For the general perturbations, the proof is developed
by converting the time-evolution problem to a system of linear equations cou-
pled with a nonlinear equation for the interface position. Exponential weights
in space are imposed on the initial data of general perturbations in order to gain
the asymptotic decay of perturbations in time. We give numerical illustrations
of asymptotic stability of the viscous shocks under general perturbations.
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1. Introduction

Modular nonlinearity is commonly used for approximations of nonlinear interactions between
particles by piecewise linear functions [14, 36]. Unidirectional propagation of waves in chains
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of particles is described by simplified nonlinear evolution equations with modular nonlinearity
such as the modular Burgers [25, 26, 28, 30] and modular Korteweg—de Vries [21, 27, 29]
equations.

Traveling solutions of modular evolution equations such as viscous shocks and solitary
waves are found from differential equations by matching solutions of linear equations with
suitable condition at the interface where the modular nonlinearity jumps. On the other hand,
the time evolution of the modular equations is a more complicated problem because the trans-
port term tends to break the solution along the characteristic lines whereas the diffusion or
dispersion terms smoothen out the solution and affect propagation of waves near the interface.
It is unclear without detailed analysis if the initial-value problem can be solved in a suitable
function space due to singularities arising from the modular nonlinearity. Because of these
reasons, stability of traveling waves remains open in the modular equations.

Similar questions arise in the context of granular chains and involve the logarithmic versions
of the Burgers and Korteweg—de Vries equations [10, 11]. The logarithmic nonlinearity is
more singular than the modular nonlinearity, hence questions of well-posedness and stability
of nonlinear waves remain open for some time [4, 20, 24].

Stable viscous shocks are important for understanding nonlinear dynamics of the mathemat-
ical models and for matching with experimental data of real-world applications. The purpose
of this work is to clarify stability of viscous shocks in the modular Burgers equation. We take
the modular Burgers equation in the following normalized form:

2

w = M + Biw (1.1)

ot Ox Ox?
where w(t, x) : Ry x R +— R. Preliminary numerical approximations of time-dependent solu-
tions to the modular Burgers equation (1.1) were constructed with the Fourier sine series in
[25]. Traveling wave solutions were constructed analytically in [26, 28]. Collisions of com-
pactly supported pulses were considered in [14] by using heuristic approximation methods.
However, no rigorous analysis of well-posedness, stability of viscous shocks, or numerical
approximations with the control of error terms has been developed so far.

In a similar context of the diffusion equation with the piecewisely defined nonlinearity,
we mention the Kolmogorov—Petrovskii—Piskunov (KPP) model with the cutoff reaction rate
proposed in [3]. Existence and asymptotic stability of traveling viscous shocks were analyzed
in [6] and more recently in [34, 35], where the method of matched asymptotic expansions in
the dynamically moving coordinate frame has been used.

Viscous shocks and metastable N-waves of the classical Burgers equation were studied in
[17]. Stability arguments for viscous shocks and metastable N-waves have been developed
in [2, 19] by using the linearization analysis and dynamical system methods. In particular,
algebraic weights were used to study the spectrum of linearized operators at the metastable
N-waves. Viscous shocks of the classical Burgers equation were also analyzed in [22, 23] in
the context of the enstrophy growth in the limit of small dissipation.

General stability results of the shock waves in the scalar conservation laws were considered
in [16]. Recent work in [7] deals with the asymptotic stability of the shocks under piecewise
regular perturbations by using estimates from the linearized equations of motion. Complete
classification of traveling waves of scalar conservation laws from the point of view of their
spectral and nonlinear stability under (piecewise) smooth perturbations is given in [8].

Non-smoothness of the nonlinear term in the modular Burgers equation (1.1) restricts us
from using the dynamical system methods in the analysis of asymptotic stability of viscous
shocks. Nevertheless, we are able to use the linearized estimates due to the piecewise definition
of the nonlinear term in this model.
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The main novelty of this paper is the rigorous analysis of the modular nonlinearity. We keep
the functional-analytic framework as simple as possible. If the perturbation has the odd spatial
symmetry, the asymptotic stability result follows from analysis of the linear diffusion equation.
For general perturbations, we impose the spatial exponential decay on the initial data in order
to gain the asymptotic decay of perturbations in time. This technique is definitely not novel,
see [9, 15, 31] for earlier studies in similar contexts. Further improvements of the asymptotic
stability results in less restrictive function spaces are left for future work.

The paper is organized as follows. Main results are described in section 2. Properties of
the heat kernel, convolution estimates, solutions to the linear advection—diffusion equations,
and solutions to the Abel integral equations are reviewed in section 3. Asymptotic stability
of viscous shocks in the space of odd and general functions is proven in sections 4 and 5
respectively. Numerical illustrations are given in section 6. The summary and open directions
are described in section 7. Appendix describes the central-difference Crank—Nicholson method
used for numerical simulations.

2. Main results

In what follows, we use the classical notations H*(R) for the Sobolev space of squared inte-
grable distributions on R with squared integrable derivatives up to the integer order k € N. In
particular, the norms in H' and H? are defined by

12

A1l = (LA + 1F1%) 2,
1F L = (I + £ + 1£71%) 2.

Similarly, we consider W!> and W>> for bounded functions with bounded derivatives up the
first and second order respectively. To simplify the notations, we use

1 | oo = max{ || f [l s 1 ll o }-

We start with the existence of the traveling viscous shock of the modular Burgers
equation (1.1). Substituting w(z, x) = W.(x — ct) in (1.1) yields the differential equation

W (x) + sign(W)W.(x) + cW.(x) = 0. 2.1
Solutions of (2.1) are piecewise C> functions satisfying the interface condition
[W/1% (x0) = —2W(x0) (2.2)

at each interface located at xo, where [f]11(xo) = f (Jco+ ) — f(xy) is the jump of a piece-
wise continuous function f across xo. The following theorem gives the exact solution for the
traveling viscous shock.

Theorem 2.1. The only piecewise C* solution of the differential equation (2.1) satisfying
the boundary conditions W.(x) — W as x — £oo with W_ < 0 < W, is given by

{W+(1 —e IFomy x>0,
We(x) = (2.3)

W_(1 —el=9), x <0,
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where the speed c is uniquely defined by

Wy + W
Cc = ++

A (2.4)

The solution W, satisfies the jump condition (2.2) with xo = 0 and can be translated in x.

Proof. The second-order differential equation (2.1) is integrable with the first-order invariant
Wi(x) 4+ |[We(x)| + cWe(x) = d, (2.5)

where d is constant. Since W, is piecewise C?, it follows that W, € C'(R) and the value of d
is the same independently of the sign of W’(x). From the boundary conditions W (x) — W
as x — oo, we findd = (c + )W = (¢ — 1)W_, which yields (2.4). Since W_ < 0 < W
and the equilibrium points W_ and W are reached in infinite ‘time’ x, the value of W.(x)
is sign-definite (positive) both for W (x) < 0 and W.(x) > 0. Therefore, there exists only one
interface xo € R where W.(x¢) = 0 and W;(xo) = d. Up to the translational invariance, one
can chose x¢ = 0, after which the exact solution of the first-order differential equation (2.5) is
found in the piecewise form (2.3). U

Remark 2.2. If W, = —W_, then ¢ = 0 and the viscous shock Wy, is time-independent.

The modular Burgers equation (1.1) on the line R can be closed on the half-line in the space
of odd functions. In this case, the evolution equation with the normalized boundary conditions
takes the form:

Wy = Wy + Wiy, x> 0’
w(t,0) =0, (2.6)
w(t,x) — 1 as x — 400,

subject to the positivity condition

w(t,x) >0, x>0. 2.7)
The classical solution of the boundary-value problem (2.6) satisfies the constraint

wa(1,07) + W (7,07) = 0. (2.8)

If a classical solution w(t, x) : R4 x Ry +— R to the boundary-value problem (2.6) is extended
to the odd function wex (1, x) : Ry X R +— R, then wex (%, -) is a piecewise C? function satisfying
the interface condition

[wee]T(2,0) = —2w,(2,0), (2.9)

where w = wey for simplicity of notations.

The following theorem states the asymptotic stability of the viscous shock (2.3) with ¢ = 0
under the odd perturbations from the analysis of the boundary-value problem (2.6) subject to
the positivity condition (2.7) and the boundary constraint (2.8). The proof of this theorem is
presented in section 4.

Theorem 2.3. For every € > 0 there is § > 0 such that for every odd wy satisfying

|wo — Wollgz < 0, (2.10)
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there exists a unique odd solution w(t, x) to the modular Burgers equation (1.1) with w(0, x) =
wo(x) satisfying

llw(t, ) — Woll;e <€, >0 (2.11)
and

lw(t, ) — Wollpaee — 0 as t — +oo. (2.12)
The solution belongs to the class of functions such that w — Wy € C(R_, H*(R)).

Remark 2.4. Since H*(R) is continuously embedded into C'(R) N W'">(R) with functions
and their first derivatives decaying to zero at infinity, whereas W (0) = 0, W.(0) > 0, and
Wo(x) — 1 as x — oo, the only interface of the solution w(t, -) in theorem 2.3 with small € > 0
is located at the origin. The positivity condition (2.7) is satisfied for all r € R

Remark 2.5. The following transformation

{W+v((l + 0’ (1 +o)(x—ct), x—ct>0,
w(t, x) = (2.13)

W_v((1 =)t (1 — c)(x — ct), x—ct <0,

where ¢ is given by (2.4), relates solutions w(t, x) with W, #= —W_ to solutions v(z, x) with
normalized boundary conditions v(¢, x) — £ 1 as x — Fo00. If v(z, x) is odd in x, then it satisfies
the same boundary-value problem (2.6) subject to the same constraints (2.7) and (2.8). Hence
theorem 2.3 can be extended trivially to the traveling viscous shock W, with ¢ # 0 under the
odd perturbation of v(z, x) in (2.13).

For the general perturbations, we consider the solution w(#,x) to the modular Burgers
equation (1.1) with exactly one interface located dynamically at x = £(¢). Without loss of gen-
erality, we assume £(0) = 0. The evolution equation with the normalized boundary conditions
takes the form:

W, = W, + Wiy, +(x —£&(@) > 0,
w(t, £(1) =0, (2.14)
w(t, x) — £1 as x — +oo,

subject to the positivity conditions
FTw(t,x) >0, *x(x—-£@)>0. (2.15)
Piecewise C? solutions of the boundary-value problem (2.14) satisfy the interface condition

[we T (1, £(1) = —2w.(1, (1)), (2.16)

whereas the boundary condition w(t, £(f)) = O implies

wi(t,£0) + € w1, £(1) = 0, (2.17)

for continuous w, and w, across the interface at x = £(7).
The following theorem states the asymptotic stability of the viscous shock (2.3) with ¢ = 0
under general perturbations from the analysis of the boundary-value problem (2.14) subject to
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the positivity conditions (2.15) and the interface conditions (2.16) and (2.17). The proof of this
theorem is presented in section 5.

Theorem 2.6. Fix a € (0, %) For every € > 0 there is § > 0 such that for every wy
satisfying
lwo — Wollgzamwaee + [l€(wo — Wo)||yaee < 6 (2.18)

and wy(0) = 0, there exists a unique solution w(t, x) to the modular Burgers equation (1.1)
with w(0, x) = wo(x) satisfying

llw(t, - + £@O) — Wollpeawee <€ >0 (2.19)
and
lw(t, - + £(0) — W[ 2o — 0 as 1 — +o0, (2.20)

where £(1) is the uniquely determined interface position satisfying £(0) = 0 and £ € L'(R,) N
L>*(R). The solution belongs to the class of functions such that

w(t, - 4 (1)) — Wo € LR, HA(R) N W**(R)) (2.21)
and
IO (s, - + (1) — Wol € L¥(R, WX (R)). (2.22)

Remark 2.7. The additional requirement wy — Wy € H*(R) N W>>*(R) for the initial data
wy in theorem 2.6 compared to wy — Wy € H*(R) in theorem 2.3 is due to the necessity to
control £'(f) from the interface conditions (2.16) and (2.17). As we will show in lemma 5.1,
this is possible if the solution stays in the class of functions satisfying (2.21).

Remark 2.8. We assume in (2.18) that |wo(x) — Wo(x)| — 0 as |x| — oo at least expo-
nentially with the decay rate o € (0, %). This gives the asymptotic stability resulting in

) —0 and |w(t, -+ &@F) — Wollyze — 0 as t — +oo.

The exponential decay in space is preserved in time as is shown in (2.22). It is opened for
further studies to relax the exponential decay requirement on the general initial data wy.

Remark 2.9. Thanks to the transformation (2.13), theorem 2.6 can be extended trivially to
the traveling viscous shock W, with ¢ # 0 under a general perturbation of v(¢, x).

Remark 2.10. Since & € L'(R ), there exists £, == . liin &(7). The value of £, depends on
——+00
the asymmetry of wy and satisfies generally & # 0 even if £(0) = 0.

Numerical illustrations of the asymptotic stability of the viscous shock (2.3) with ¢ =
0 for two examples of general perturbations are given in section 6, where the boundary-
value problem (2.14) with (2.15)—(2.17) is approximated by using the central-difference
Crank—Nicholson method. Error of the central-difference numerical approximation is con-
trolled by the standard analysis. The two examples are constructed for perturbations with the
Gaussian and exponential decay at infinity. Numerical simulations illustrate the asymptotic
stability result of theorem 2.6.
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3. Preliminary results

We review here properties of the heat kernel, convolution estimates, solutions to the linear
advection—diffusion equations, and solutions to the Abel integral equations.

3.1. Heat kernel and linear diffusion equations

The heat kernel is defined by

1 X2
GUJJ::VZEe_W. 3.1

It follows from explicit computations of integrals that the heat kernel satisfies the properties:

1
G pw =1, G )l 2w = W’ |G, )| o) = W’ (3.2)
1 1
10:G (@, 1) = eV 10:G (@, ) 2w = 2@ AR (3.3)
and
106G My = 55175 (3.4)
D IIEEE T o ey 2 '

The heat kernel G(¢,x) is used to solve the following Dirichlet problem for the linear
diffusion equation on the half-line:

UVt = Uxxs X > O, t> 0,
v(t,0) =0, t>0, 3.5)
(0, x) = vo(x), x> 0.

For a rather general class of functions vp(x) : Ry +— R (not necessarily decaying to zero at
infinity), the Dirichlet problem (3.5) can be solved by the method of images:

o(t, x) = / w0 (Gl x — ¥) — Gltox + )] dy. (3.6)
0

Convolution integrals in (3.6) are analyzed with Young’s convolution inequality:
1 1 1
If *gllre < Iflvwllglue,.  pgr=1 1+-= rRi (3.7

for every f € LP(R) and g € LY(R), where (f * g)(x) := fR f()g(x — y)dy is the convolution
integral. When integration is needed to be restricted on Ry as in (3.6), we can use the
characteristic function g defined by xg, (x) = I forx > 0 and xg, (x) = 0 forx <O0.

For the inhomogeneous linear diffusion equation on the half-line:

vt:vx-¥+f(tax)a X>O, t>0,
v(t,0) =0, t>0, (3.8)
(0, x) = vo(x), x> 0.
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with given vp(x) : Ry — R and f(f,x) : Ry X Ry +— R, the exact solution is written in the
form

o(t, x) = /0 v [G(t,x —y) — G(t,x + y)]dy

+// fr Gt —1,x —y) — Gt — 7,x + y)]dydr. (3.9)
0 Jo

The exact solutions to the linear diffusion equations (3.5) and (3.8) are used in the proof of
lemmas 4.3 and 5.5.

3.2. Convolution estimates
Convolution integrals in time are analyzed with Young’s convolution inequality:

1 1
1Bxylren <IBlvepllve,), par=1 1+-= p +

1
-, (3.10)
q

for every 8 € LP(R;) and v € LY(R), where (8 x y)(1) := fot B(t — 7)y(7)dT is the convolu-
tion integral in time. The following two lemmas give bounds used in the proof of lemmas 3.3,
3.6,5.7,5.8, and 5.10.

Lemma 3.1. For everyy € L'(R,) N L®(R,) and every s € [0, 1), there exists a positive
constant C such that

"
v(7)
dr < G 00 , t>0. 3.11
o (1 — 1) T ~||’Y||L1(R+)QL (Ry) ( )
Proof. For every fixed T > 0, it is obvious that
t | 1—s
v(7) T
< o , te€]0,T].
- [l (0, 7]

Then, provided T > 1, we get the bounds

Yol ) ")
oa—rym”ﬂﬁ a—ﬂ“h+lga—rrw

1
<oy + 7l 1> T,

and the bound (3.11) holds. O

Lemma 3.2. For every v € L'(R,) N LR ) satisfying v(f) — 0 as t — 400 and every
A>0ands € [0,1), we have

t —\(t—7)
fim [ ORETTT ) (3.12)
=+00 J (t—1)

Proof. One can write for ¢ > 0O:

t e A=) t/2 e A=) ‘ e A=)
b@Lgfwz/ h@e™ [ @D
o @—=1) 0 =7y o (E—=T)
o /2 .
< ||’7||L1(R+)2st e 2 + Eslltl/lz)t]|7(7')| A e M dr,
T 5
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from which the limit (3.12) follows from the assumptions of the lemma. U

3.3. Linear advection—diffusion equation

For a given function v € L'(R;) N L*(R), we analyze the following initial-value problem
for the advection—diffusion equation:

{1/, = vy + 1, +2900(y), yER, 1>0, (3.13)

v(0,y) =0, yeR,

where ¢ is the Dirac distribution centered at zero. The advection—diffusion equation is used in
the proof of lemmas 5.7 and 5.8.

In order to construct the exact solution to the initial-value problem (3.13), we use the Laplace
transform in time ¢ defined by

A(p) = LN(p) = / y(te "dr, p=0. (3.14)
0
We also use the following relations from the table of Laplace transforms for every y € R:
£<—1—5§>::—Le—ﬁy p>0 (3.15)
Vi NG
and
(-2 e ) = signe v, p>o. (3.16)
/7t 2t ’

The following lemma gives the exact solution to the initial-value problem (3.13).
Lemma 3.3. For every v € L'(R) N L™(Ry.), there exists a unique solution to the initial-
value problem (3.13) in the exact form:

o) _or=n?

Ly)=2| ————=e¢ ¥ d
B v e M
Moreover, v belongs to the class of functions in L*(R ., H'(R) N W'>°(R ,)) satisfying

, yER, t>0. (3.17)

1
vy(t, 0%) + Eu(t, 0) =Fv(), t>0. (3.18)
Proof. By using (3.14) and (3.15), we compute from (3.17):

2(p, y) c( Le—‘”’)2)< ) x LO(p) = e+ L‘l‘mm
v(p, e _ 4t — 2 — S
DYy o p YD p—l—% V2

where we have used the following properties of the Laplace transform:

¢ . 1 t )
L(fe )p) = f (17 + 4> and L ( /0 f(r)gt — T)dT> (») = f(Pep.

Differentiations of (p, y) in y yield

1 y !
0y = 50— sign(e 2 e VT (p), (3.19)
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N 1. N I . _y Tiyl . 1\ .
vw:—gw—wwwm+2m@om2eV”“wm+(pa0u. (3.20)
Combining (3.19) and (3.20) yields

Dy = =1y = 26(0A(p) + po, (3.21)

which becomes the initial-value problem (3.13) after the inverse Laplace transform. It follows
from (3.19) for p > 0 that

1
ﬁMWﬂz—?m®¢%m

which yields (3.18) after the inverse Laplace transform. Uniqueness of the solution (3.17) is
proven from uniqueness of the zero solution in the homogeneous version of the initial-value
problem (3.13).

It remains to estimate the solution (3.17) in H'(R) N W'>(R ) provided that v € L'(R) N
L>*(R,). By using (3.2), we obtain

2 " h&
vt )| 2@y < (87r)1/4/0 D/ dr (3.22)
and
"
v(7)|
Hl/(t, )HLOC(R) g ﬁ A m T. (323)
The derivative v(¢,y) in y is given by
t 1 — +t—1)%
b(ty) = — %e‘%rf dr. (3.24)
0 m(t—T7
By using (3.3), we obtain
L[ @l
[t )| 2wy < (8%)‘/4/0 1) dr. (3.25)

It follows from (3.22) and (3.25) with lemma 3.1 that v € LR, H'(R)) if v € L'(R) N

L*(R). By Sobolev embedding, v € L* (R, L>*(R)), which also follows from (3.23).
Finally, we show that v, € L*(R;,L*(R;)). Due to (3.4), direct estimates on

l|lvy(t, )| o) from (3.24) produce a non-integrable singularity in the convolution integral in

time. Nevertheless, we show hereafter that ||14(z, )|, ) can be estimated in terms of [y(7)|.
The initial-value problem (3.13) can be rewritten in the piecewise form:

U = Uy + 1y, +y >0, t>0,
v(t,07) —1y(1,07) = =2v(r),  t>0, (3.26)
v(0,y) =0, yeR.

With the transformation

v(t,y) = e 2 1(t, ),
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the initial-boundary-value problem (3.26) is equivalently written as

Uy = Dyy, +y >0, >0,
y(1,07) — 7,(1,07) = —27(1)ef, >0, (3.27)
v(0,y) =0, yeR.

Due to the parity symmetry of the boundary and initial conditions in (3.27), v is evenin y, vy is
odd in y, so that 7, solves Dirichlet’s problems for the diffusion equation on the quarter planes
{y > 0,7>0}and {y < 0,7 > 0} subject to the boundary conditions ,(z,0") = —~(r)e? and
Uy(1,07) = O respectively. It follows by the maximum principle for the diffusion equation
that

17,2 )|y < [y(@les, 1> 0, (3.28)
which yields
1
oyt ey < Sy + Y@L >0, (3.29)
since vy, + 1y =e 2 4 ande 7 < 1fory > 0. Hence, v, € L¥(Ry, L¥(R4)). O

Remark 3.4. Since e ? is unbounded for y € R_, no bound on ||vy(t,-)||z~m®_) can be
obtained from the estimate (3.28). However, we only need to use v/(¢,y) fort > 0 and y > 0.

3.4. Abel’s integral equations

For a given function f € W'*(R}.), we solve the linear integral equation

I
M= = /0 fope T dn, >0, (3.30)

where

_ [ I (G N e
M(7y) = Omdr /o\/m ; e 2e %1 dndr. (3.31)

The linear equation (3.30) with the integral operator (3.31) is used in the proof of lemma 5.6.
The linear integral equations (3.30) and (3.31) is related to Abel’s integral equation [32,

33]. We use again the Laplace transform in time ¢, as is defined in (3.14). The following lemma

gives the exact solution to the integral equation (3.30) in the space of bounded functions.

Lemma 3.5. For every f € WH°(R,) satisfying f(0) = 0, there exists a unique solution
v € L*(R) to the integral equation (3.30) in the exact form:

I ntry -z
W(I)_\/ﬁ/o f(n)< > >e dn, >0, (3.32)

or, equivalently,

1>, 1 2
v = \/ﬁ/o {f (m) + 2f(77)] e #dn, t>0. (3.33)
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Proof. By using (3.14) and (3.15), we rewrite the integral equation (3.30) in the product
form:

1.
v

Evaluating the integral gives the solution in the Laplace transform space:

1= g0 [ e tevman= s [T e poo

1 1
Y(p) = 1+ —— | e VP dp.
A(p) / f(n)( + \/ﬁ> e 7

After the inverse Laplace transform, we obtain the exact solution (3.32) with the use of (3.16).
The equivalent form (3.33) is obtained from (3.32) after integration by parts if f € W'*(R, )
and f(0) = 0. It follows from (3.2) and (3.33) that

1 1
OI < 51 @ + 71 lex@ps >0,

so that v € L*(R). O

Similarly to lemma 3.5, we solve the linear integral equations

! 1 P
M('Y) = A mA g(T, 77)6 (i=7) d’r] dT, > O (334)
and
B " W(r)dr
Moy = [ s a0 (3.35)

where M() is given by (3.31), g € L'(Ry, L*(R,)) N L*(R,,L*(R,))and h € L'(R;) N
L>*(R) are given functions. The linear equations (3.34) and (3.35) are also used in the proof
of lemma 5.6. The following lemma gives the exact solutions of the integral equations (3.34)
and (3.35) in the space of bounded functions.

Lemma 3.6. For every g € L'(R,,L*(R,)) N LR, ,L*(R,)), there exists a unique
solution v € L™®(R}) to the integral equation (3.34) in the exact form:

7[2
(1) = / W/ g(r,m) (77237 9 )e‘“”) dndr, > 0. (3.36)

For every h € LI(R+) N L*(Ry), there exists a unique solution v € L°(R.) to the integral
equation (3.35) in the exact form:

1 " h(r)dr
() = h(t)—|— \/m t>0. (3.37)

Proof. By using (3.14) and (3.15), we solve the integral equation (3.34) for the Laplace
transform:

1 [> 1
o) = — 0 R _\/—7
¥(p) 2/0 gp.n) (1 + 2\/]_) e vPdn.
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After the inverse Laplace transform, we obtain the exact solution (3.36) with the use of (3.16).
By using the first integrals in (3.2) and (3.3), we obtain

1 U e( )|~ dr
1 < — 5" 00 d = + 5
()] 4/0 187, M~y dT + 2/ Jrl—1)

where the upper bound is bounded if ||g(t, -)[| <, ) belongs to L'R) N L®*R,) by lemma
3.1.

For the integral equation (3.35), we use the substitution () = %h(t) + v(f), where v(r)
satisfies the integral equation

1 (" k(1) * g _1_712_
S RSP P dpdr, 1> 0.
M(v) 2/0 ==/, e 2e ndr

Since g(7,n) = %h(T)e’% belongs to L'(R, L*(R,)) N LR, L*(R,)), we can use the
exact solution (3.36) and obtain

1 [ k() i n+t—1\ __2
He=- | L0 [ 3 (1TITT S dndr, 1> 0.
v 2/0\/47r(t—7') ) © (2@—7))6 ndr, =

Integrating the inner integral by parts gives

>0,

’U(t) — 1 tﬂ >0

2 o VATt —71) '
which recovers (3.37) for y(t) = %h(t) + v(f). Again, we have v € L*(R, ) if h € L'(R) N
L>*(R,) by lemma 3.1. (]

Remark 3.7. Compared to the decomposition method v = %h + v in the proof of lemma
3.6, the exact solution (3.37) can be independently obtained by using the Laplace transform
(3.14) in the linear equation (3.35).

4. Asymptotic stability under odd perturbations

Here we study the boundary-value problem (2.6) in order to prove theorem 2.3. The boundary-
value problem (2.6) is solved by direct methods. First, we decompose

w(t, x) = Wo(x) + u(t,x), x>0, 4.1)

where Wy(x) = 1 — e is the viscous shock given by (2.3) withc =0and W, = —-W_ = 1.
The perturbation u(t, x) satisfies the following boundary-value problem:

Uy = Uy + Uyy, X>0,t>0,
u(t,0) = 0, t>0, “4.2)
u(t,x) -0 as x — +oo, t>0,

subject to the initial condition u(0, x) = w(0, x) — Wo(x) =: up(x).

Remark 4.1. Although the boundary-value problem (4.2) can be solved with the unified
transform method which involves complex analysis, implicit solutions, and numerical compu-
tations [1], we can solve this problem explicitly using the exact formula (3.6) from the method
of images and the exponential transformation.
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In order to prove theorem 2.3, we first derive a priori energy estimates (lemma 4.2) and then
explore the exact formula (3.6) to study the solution in #? (lemma 4.3) and in W>* (lemma
4.5).

The following lemma implies that the H'-norm of a smooth solution u(t, -) is decreasing in
time 7. The result is obtained by using a priori energy estimates.

Lemma 4.2. Assume existence of the solution u € C(R, H*(R)) to the boundary-value
problem (4.2) with the initial condition u(0, x) = ug(x). Then, for every t > 0:

[t 22 < Nluollzs [Juce g < ol

Proof. Multiplying u, = u, + u,, by u and u,, and integrating by parts yield for 7 > 0
‘ n=-2 : 4.3
g 112 = =2l )l 2, (4.3)

d
@qu(t, Wi = [(t, 00F = 2f (2, |72 4.4

where u,(z,0) = 0 has been used due to the boundary condition u(z, 0) = 0 forz > 0. It follows
from (4.3) that ||u(z, -)|| ;2 < ||uo||,2 forevery ¢ > 0. By Sobolev embedding, it follows for every
f € H'(R,) that

OP = -2 /0 FOL @dx < If s @.5)

so that we obtain by adding both equations (4.3) and (4.4) together and using (4.5) that

d
gl N2 = [, 00 = 2[us(t, |71 < —lux(t, )70

hence ||u(t, -)|| ;1 < ||uol| g for every > 0. O

Lemma 4.2 implies uniqueness and continuous dependence of solutions to the boundary-
value problem (4.2) with initial condition (0, x) = up(x). It remains to show existence of a
solution u € C(R,, H*(R..)) for any given uy € HZ(R+). The following lemma explores an
explicit formula for solutions to the boundary-value problem (4.2).

Lemma4.3. Forany given uy € H*(R ) satisfying uo(0) = 0, there exists a solution u(t, x)

to the boundary-value problem (4.2) with the initial condition u(0, x) = uy(x) given explicitly
by

u(t, x) = \/%m/ooouo(y) [e_(l_{l?iz —e* e_%{tiz dy. (4.6)
Moreover, u € C(Ry, H*(R,)).
Proof. By using the transformation

u(t, x) = e~ 24 u(1, x), 4.7)

we can write the boundary-value problem (4.2) in the form (3.5) with the initial condi-
tion vo(x) = e2 ug(x). By substituting the transformation (4.7) to the exact solution (3.6) and
completing squares for the heat kernel G(#, x), we obtain the exact representation (4.6).
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It remains to show that u € C(R,, HQ(R+)) if uy € HZ(R+). The convolution integrals in
(4.6) are analyzed by means of Young’s inequality (3.7) with p=r =2 and g = 1:

‘|’40XR+*G(1‘ +f)HL2(R+) ||u0HL2(R+)HG(t + 0@ < ||u0||L2(R+)
and

[uoxe, * G(t, — - +D| 2w,y < luoll 2w |G — - +D L@y < lluoll 2@ )

—X

At the same time, e * < 1 for x > 0, so that

[lut, )2 < 2uoll 2, (4.8)

where the L? norms are understood as LZ(R+). In order to obtain similar estimates for u, and
u,y, we differentiate (4.6) in x, use integration by parts under the consistency condition u((0) =
0, and obtain

oy ti? (H—) ~n?

ue(t, x) = \/_/ uy(y) [e T te e

(cty—1)
4+ —e " up(y)e- 4.9
\/H /0 o) 4.9)
and
1 <, ey o Gyn?
Upe(1,X) = ———= u e & —e Ye  # d
0= = [ [ } )
1 <, aty-n?
——c " e” o d
\/E /0 up(y)
1 e (x+ v t)
——e " up(y)e™ dy. 4.10
By the same estimates used in (4.8), we obtain:
lJuct, )2 < 2]l 2 + ol 2, (4.11)
Ja(t )2 < 2wl 12 + 2lugll 2 + [luoll2- (4.12)
This shows that u(t, -) € HZ(R+) continuously in € R . U

Remark 4.4. It follows from (4.9) and (4.10) as x — 0T that the solution u €
C(R,, H*(R)) satisfies the interface condition

u(1,07) + U (1,07) =0, ¢>0. (4.13)

The decay condition u(t, x) — 0 as x — oo is satisfied by the continuous embedding of H*(R )
into C'(R.) N W>(R ;) with functions and their first derivatives decaying to zero at infinity.

The following lemma establishes the decay of ||u(z, -)|| 2 to zero as t — +oo.

Lemma4.5. Letu € C(R,,H*(R,)) be the solution to the boundary-value problem (4.2)
given by lemma 4.3. Then, we have

u(t, )|z — 0 as 1 — oo. (4.14)
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Proof. For ¢ > 1, we can estimate the convolution integrals in (4.6) by means of Young’s
inequality (3.7) withp =g =2and r =
luoxm, * G, + Dl[~@y) < [uoll 2w, 1GE - + Dl 2w
1
< WH”OHLZ(RJF)

and

HMOXR+ * G(t, — - 40| 1oy < ||“o||L2(R+)||G(f D) 2w
1
X WHMOHLZ(R+)'
Using these estimates in (4.6), (4.9), and (4.10), we obtain

2
[luct, )| < WHMOHL%

1
st i < sz @llez + ol
st e < t)1/4(2\|u ollzz + 2lupll 2 + lluoll 2),
which prove the decay (4.14). ([

Proof of theorem 2.3. By lemma 4.3 and the bounds (4.8), (4.11), and (4.12), if up €
H?(R.) satisfies ||ug|| 2 < § as in (2.10), then

|u(t, M| g2 < Clluol[ 2 < C§

for a fixed d-independent positive constant C. Hence, for every € > 0, there is § := ¢/C such
that the odd perturbation u(t, -) to the viscous shock W in the decomposition (4.1) is bounded
in H*(R) norm for every ¢ > 0 according to the bound (2.11). The decay (2.12) follows from
the decay (4.14) in lemma 4.5.

The constraint (2.8) is satisfied because both W and u in the decomposition (4.1) satisfy this
constraint. Under the constraint (2.8), the solutions w(¢, x) : Ry x R4 — R to the boundary-
value problem (2.6) are extended to the odd function wey(f, x) : R4 X R — R satisfying the
interface condition (2.9).

It remains to verify that w(t, x) = Wo(x) + u(t,x) > 0 for every x > 0. The positivity
condition (2.7) is necessary for reduction of the modular Burgers equation (1.1) with the
odd functions to the boundary-value problem (2.6). By Sobolev embedding of H*(R, ) into
C'(R;) N WH2(R,.), we obtain

([, )z + lu(t, )= <€, >0,

where € is small. The symmetry point x = 0 is a simple root of w(, -) for every ¢ > 0 because
Wo(0) =0, Wi(0) = 1, u(r,0) = 0, and |u,(z,0)| < € is small. Therefore, there exists an e-
independent xo > 0 such that w(z,x) > 0 for every t > 0 and x € (0, xp). Now, Wy(x) >
Wo(xo) > 0forevery x > xo and since |u(f, x)| < € forevery ¢ > 0 and x > 0, then w(z, x) > 0
for every t > 0 and x > xo if € is sufficiently small. Combining these two estimates together
yields w(t, x) > 0O for every t > 0 and x > 0. ]
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5. Asymptotic stability under general perturbations

Here we study the boundary-value problem (2.14) in order to prove theorem 2.6. The boundary-
value problem (2.14) can be reformulated by using the decomposition

w(t,x) = Wo(x — £(0)) + u(t,x — £(1), x €R, (5.1)

where W is the viscous shock (2.3) withc = 0and W = —W_ = 1, £(¢) is the location of a
single interface, and u(t, y) with y := x — £(7) is a perturbation satisfying

ue = ('@ £ Duy + uyy + EOWH(y), £y >0,
u(t,0) =0, (5.2)
u(t,y) — 0 as y — oo,

subject to the initial condition u(0, x) = w(0, x) — Wy(x) =: up(x). We assume without loss of
generality that £(0) = 0. The interface dynamics is defined by the following lemma.

Lemma5.1. Letu(t,-) € C'(R) N C*(R\{0}) be a solution of the boundary-value problem

(5.2) fort € Ry. Then, £'(¢) can be expressed in two equivalent ways by

uy(t, 0+) + uyy(t, O+) - uy(ta 07) — uyy(t, 07)
L4+ u(t,07) 14 u(,07)

Proof. It follows from (2.16) and (5.1) that piecewise C? solutions of the boundary-value
problem (5.2) satisfy the interface condition

&) =— , teR,. (5.3)

[uyy]J_r(t’ 0) = _2uy(t’ 0). (5.4)
On the other hand, it follows from (2.17) and (5.1) that u,(z,0) = 0. Taking the limits y — 0
inu, = (£'(0) £ Duy + uyy + € W (y) yields

(€' (0) £ Duey(2,07) 4 uy(1,07) + (1) = 0,

since W{,(0) = 1. This balance yields the dynamical equation (5.3). The two equalities in (5.3)
are consistent under the interface condition (5.4) since u,(z, o) = uy(t,07). U

Remark 5.2. The system of equations (5.2)—(5.4) is derived under the conditions
+ [Wo(y) +u(t,y)] >0, +y>0 (5.5)

which follow from (2.15) and (5.1). Since W,(0) = 0, WQ)(O) =1, u(t,0) =0, and u(t,-) €
C'(R), the positivity conditions (5.5) are attained near y = 0 if 1 4 uy(t,0) > 0, which also
ensures that the interface dynamics is well defined by the evolution equation (5.3).

Let us define
wt(ty)=u(t,y),  u (t,y):=ult,—y), y>0. (5.6)

We also define v(¢) := £'(¢) and use Wy(y) = e Pl The boundary-value problem (5.2) can be
rewritten in the equivalent form

= (1 £y + gy + e, y>0,
ui(t, 0) — 0’ (57)
ui(t, y)—0 as y — oo,
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subject to the continuity condition

wf (1,07) = —uy (1,01), (5.8)
the interface condition

u;;(t, 0") — u,, (1, 0") = —2uy+(t, 0"), (5.9)
and the dynamical condition

wH(L0) + 1 (1.07)  uy (1,01) + up (1,01

5.10
1+ (1,07) 1 —uy (1,0) 10

Y0 =—

The proof of theorem 2.6 is divided into two steps.

In the first step, for a given v € L/ Ry)NL>®(R4), we show that the boundary-value
problems (5.7) equipped with the initial conditions u*(0,y) = u§(y) can be uniquely solved
provided the norms of v € L'(Ry) N L®(R;) and uy € H*(R4) N W**(R) are small. The
unique global solutions u* € L*(R, H*(R,) N W>*(R)) satisfy the dynamical conditions
(5.10) for any ¢ > 0.

The two solutions for u™ and u~ are uncoupledif 7 is given. However, if the solutions #™ and
u~ are required to satisfy the continuity condition (5.8), then this constraint yields an integral
equationony € L'(Ry) N L>®(R,.). In the second step, we prove that the integral equation for
v € LY(R4) N L=(R+) can be uniquely solved provided uy € H*(R;) N W>*(R.) are small
and satisfy an additional requirement of the exponential decay in space.

Finally, the two conditions (5.8) and (5.10) imply the interface condition (5.9), which is
thus redundant in the boundary-value problem.

The following lemma gives a priori energy estimates for the boundary-value problems (5.7)
completed with the continuity condition (5.8). These energy estimates imply monotonicity of
the H'-norm of a smooth solution in time ¢.

Lemmab5.3. Assume existence of the solutions u*t € C(R., H*(R.)) to the boundary-value
problem (5.7) completed with the continuity condition (5.8) for the initial conditions u™(0,y) =
uat(y) and for some y € L'(R.) N L*(R). Then, for everyt > 0:

e+ Nl )5 < g 170 + g 15 (5.11)

Proof. Multiplying u;” = (1 £ ~)u; + u;, +~e™” by u* and u;, and integrating by parts
yield for ¢ > 0

d > .
1@l = =2l )l + 2 / W (t,y)e " dy, (5.12)
0
d 2
@Iu_f(t, M2 = A9 [y (1,00)]" = 2]lusy (2, )]
+ 2qu(1,01) — 2y / us(t,y)e™ dy,
: 0

where uti (¢,0) = 0 has been used due to the boundary conditions #*(¢,0) = 0 for¢ > 0. Adding
all equations and using the continuity condition (5.8) yield

d d
Gl @l + e = 7@ 0]+ [ ¢.05)°

— 2wl (2 )3 = 2y (@, )|
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By using the same inequality (4.5), we close the estimate and obtain

d - -
7 Ul N+ el ] < =l @ )G =y @97 <0,

from which the inequality (5.11) follows. (]

Remark 5.4. Compared to lemma 4.2, we are not able to conclude on monotonicity of the
L?-norm of the solution. By using Cauchy—Schwarz inequality in (5.12), we get

d _
@I <bllelpe,
which yields the Stritcharz-type estimate

sup (w2, )|z < Ml llez + [l lle™ Nz,
teR

where we write |le™]| 2w, ) instead of |le™"|| 2 for better clarity.

We shall now consider the existence of solutions to the boundary-value problems (5.7) for
a given (¢). Due to the condition (5.10) satisfied by smooth solutions u*(¢, y), we need to
require uyiv be bounded in a one-sided neighborhood of y = 0. This is achieved by using a
sharper condition on the initial data uy € H*(R) N W>*(R}) compared to the requirement
up € H*(R.) imposed in lemma 4.3. On the other hand, the L> norm of the solution does
not need to be continuous in time [18], hence we consider solutions to the boundary-value
problems (5.7) in function space L*(R ., H*(R ;) N W2*(R })).

The following lemma provides a convenient reformulation of the boundary-value problems
(5.7) as systems of integral equations, where u™ and y are not required to satisfy the continuity
condition (5.8), the interface condition (5.9), and the dynamical conditions (5.10).

Lemma 5.5. There exist solutions u*™ € L*(R ., H*(Ry) N W>*(R.)) to the boundary-
value problems (5.7) with the initial conditions u=(0,y) = ua—L(y) and the given function (t) if
there exist solutions u™ € LOO(R+,H2(R+) N WZ’OO(R+)) to the following integral equations
Jor (t,y) e Ry x Ry

O-1+0? . _Gtn-n?
7 dn

1 [o¢]
ut(t,y) = —4_7”/0 uz (1) {e_ T —e Ve 4

t o0 2 2

T)dT =n+1=7) Otn—1+7)

+ / L ein e . Z;I(I—T)T — efy e : 4?!—7)7- d'r]
o Var({t—1) )

t 00 2 2
’y(T)dT + _ =nt1=7) _y _Ofn=tdn)
+ A , e -1 —e Ve A=) dn.

/0 VaTGi =1 )y - !

Proof. Similar to the transformation formula (4.7) in the proof of lemma 4.3, the system of
equation (5.7) can be simplified by using the transformation formulas:

wt(ny) =e 2 it (1y), () = e T30, (5.13)

The boundary-value problems (5.7) can be rewritten in the form (3.8) with v = v,

: ' 1
fy)=7et+qeh (ﬁ - f) ,
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and vy(y) == u(f (y)e%. The exact solution (3.9) yields the integral equations for v*:

1 o0 _on? _on?
Ui(l‘, y) = \/Tm/ Uoi(n) |:e T _ e — :| d’l7
0

t = 0 ) :

y(T)dr 1 { _G-m ) ]

+/ T e 2 |e WD —e 4 dn
o Van({t—1)J

t =~ -z 00
y(T)e % dr " |- _ O _On?
£ | — S(T,m) — = , d-n — e 40 | dn.
/0 =1 s (vy (7,m) 7V (r.m) | |e e 7

Substituting the transformation (5.13) yields the integral equations for u*(z, y). (]

If solutions u™ € L*(R,, H*(R ) N W2*°(IR,)) of the integral equations in lemma 5.5 are
required to satisfy the continuity condition (5.8), then v € L'(R) N L>®(R,.) satisfies a cer-
tain constraint. Computing partial derivatives of u*(z,y) in y, taking the limit y — 0%, and
substituting u_f(t, 07) into (5.8) yields the constraint in the form

-2

1 o0
\/4771'—1‘3/0 [U(T(U) + 146(77)] ne % ,dp

t [e.9] 2
y(T)dr ety
+2/ — P [ epe mo d

0 ar(t—71)3Jo 7 "

1 d oo n—t41)2
0

Van(t —1)3Jo

The following lemma rewrites the constraint (5.14) as the integral equation for (7).

Lemma 5.6. Assume that u* € L*(R,,H*(R,)NW*>>*(R,)) are solutions to the
boundary-value problems (5.7) with the initial conditions u*(0,y) = ua—L(y) satisfying u(f(O) =
0 and u(')H(O) + ua'(O) = 0. There exists a solution v € L'(Ry) N L>*(R}) to the integral
equation (5.14) if there exists a solution v € L'(R.) N L*(R,) to the following integral
equation

l o0

== [ |u' o+ "o+ S+ s | () e
() = i)y o (1 o )+ e (1) + o (1) o Ui

1
— 570 [i5/(1.0%) — 1 1,0%)]

1 t _ =7
2/ \}% [u;r(r,oﬂ — u;(r,0+)] dr

t
() T B n+t—71 _(v4—(r+r))2
- | = v — Uyt sug — —ug | (T, Yy =0~ dndr.
/0\/47T(f—7') 0 {u” gt T | T ) e

Proof. First, we integrate by parts in (5.14) with the use of the boundary conditions
ut(z,0) =0 and u§(0) = 0 in order to obtain the integral equations in time variable with a
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weakly singular kernel. A short computation yields the following integral equation:

t o0
Y(7) _i=r ~(7) b2
— L e i dr— | ——— e i dndr
o V/(t—T) 0 Var(t—1) /o d

1 )2
+\/T_m/0 [ (n)+uo(n)+ —ug () + “0(77)} dn

Y(T) 0 + _ 1 + 1 —t+T _ (r 7))2
Y AT t T 4= Jg-rrr 7 dnd
o VAT =1 )y {“y ty +put = u () 2(: n)° nar

By using the transformation (5.13), we rewrite the integral equation in the equivalent form:

- 1 ‘
MG)+ = /0 Hn) + v’ ()] e dny

z o0

e (4T

e + n—t+TY\ 2 B
T ), [0 — ](wy)(z(t ))e “n dpdr =0, (5.15)

where the linear operator M is given by (3.31) and v (y) = ug (y)e?. By using lemma 3.5 with
f € WI(R ) given by

F) =" () + vy (),

the linear operator M can be inverted on the second term of the integral equation (5.15).
Note that f(0) = 0 in lemma 3.5 is satisfied due to the consistency conditions uf)t(O) = 0and
ug'(0) + uy"'(0) =

In order to invert the linear operator M on the third term of the integral equation (5.15), we
integrate it by parts and obtain

! ( )67% o0 n—t+rT 2
[ [ -l (ST ) e anar

~Jo \/% [0, (r,0%) — v, (7,0)] dr

e s [ 1 1
0 \/ﬁ A [Uj; = Uy — va + 11 (,me" b= T) dndr.

We are now in position to use lemma 3.6 with g € L'(R, L*(R,)) N L*(R,, L*(R,)) given
by

g(r.m) = y(r)e ¥ [v;m ) = vy (1) — S0y (7,7) + v, (T, n)}
and h € L'(R,) N L>®(R ) given by
h() = 3(T)e "5 [v](7,07) — v, (7,07)] .

By using lemmas 3.5 and 3.6 as described above, we obtain the following integral equation:
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- 1 o p » + 7
(@) = _\/ﬁ/o [US_ () + vy (77)] (772It> e @ dn

1 :
= 330 [0 (1,07) — v (1,01

L[ Ame s _
- ,0M) — ,0M)]d
2 ), Vi [0, (7,0%) — vy (7,01)] dr
f o~ _T 00 2
Y(T)e 4 4 1 1 n+t—rT -~
I — — _ L -0 dndr.
V=5 /s {vyy Vyy 211) + v (T,m) -1 e ndr
Substituting the transformation (5.13) yields the integral equation for (7). O

Next, we solve the integral equations in lemmas 5.5 and 5.6.

The following lemma guarantees existence of the global solutions u™ € L*(R, H*(R;) N
W2>>(R,)) to the boundary-value problems (5.7) for small initial data u§ € HZ(R+) N
W2>°(R ;) and small functiony € L'(R,) N L®(R ). The global solutions satisfy the dynam-
ical conditions (5.10) for > 0 but do not generally satisfy the additional conditions (5.8) and
(5.9).

Lemma 5.7. For every € >0 (small enough), there is § > 0 such that for every u(f €
H>(Ry) N W2*(Ry) and for every v € L'(R,) N L*(R ) satisfying

lug (| 2ewzee + llug lpzawzee + 1 ¥lline < 6 (5.16)

and uy (0) = 0, there exist unique solutions u= € L*(R, H*(R1) N W>*(R.)) to the inte-
gral equations in lemma 5.5. Moreover, the solutions satisfy

Hlfi+(t, ')HHZQ‘)VZ,DQ + ||u_(t, ')HHZQ‘)VZ,DQ <€ t> O (517)
and the dynamical conditions (5.10) fort > 0.

Proof. We rewrite the integral equations in lemma 5.5 as the fixed-point equations associated
with the following integral operators:

ut = AT uF) =uy +uy +ug, (5.18)
where
1 o0 _ O~ +1? .y _(y+17t)2
U (L, y) = \/Tm/o ug(n) [e W e Ve @ ]dn, (5.19)
n ~(T)dT o0 - [ _Gpkir? S s }
us(t,y) = | — e 1 —eVe dn, (5.20)
AR Ve !

_ G=nt1=?

y(r)dr T ey en ‘““} dn.  (5.21)

+ _ AT +
“3(%)’)— 0 m 0 “7,(7',77) |:e

The fixed-point equations (5.18) are considered in a small ball B, C X of radius € > 0 in
Banach space

= L¥R,, HA(R,) N W*¥(R,)),
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where uy € H*(Ry) N W>*(Ry) and v € L'(R) N L*(R) are given and satisfy the initial
bound (5.16). We analyze hereafter each term in the definition of A*(u™*) in X.

The explicit expressions for uli in (5.19) coincide with (4.6) after the change of the initial
data ug to uat. By using the same analysis as in the proof of lemma 4.3, we obtain the same
bounds (4.8), (4.11), and (4.12) for uf(t, -) and their first and second y-derivatives in the L>(R ;)
norm. Similarly, the same bounds can be rederived in the L*(R) norm. Combining them
together, we deduce that there exists C > 0 such that

|y (2, ) s2ewzce < Cllug lg2nwase, > 0. (5.22)
It follows from (4.13) in remark 4.4 that
Ayuy (1,07) + 0fuy (1,07) =0, 1> 0. (5.23)

Let us now consider the explicit expressions for u5 in (5.20). Recall from the proof of
lemma 4.3 that the estimates for e G(¢, —y + ?) in Lf(]RQ N L (R4) are identical to those
for G(¢,y + t) and result in the double factors in the bounds (4.8), (4.11), and (4.12). In what
follows, we only show the explicit estimates for the first term G(z, y + 7). By Young’s inequality
(3.7) witheither p=1andg=r =2 or p =g = 2 and r = o0, we obtain

!
[y (&, ) 2 < 2/0 YOIlle™ *« Gt =7,y + 1 = Dl 2w, upe,) 47
t
2/0 "V(T)‘Heﬂ||L}.(R+)mL§(R+)||G(t —T,y+1- T)HL%(R) dr

2 [ ()
< G, o

where the second equality in (3.2) has been used together with |e™ HL‘I,(]R_;,_) =1 and

lle™]| Ry = % < 1. Computing derivatives in y and integrating by parts yield

o0

(T)dT DO e ol ?
ut(r,y) = — | LT e i g ‘) 5.24
it (1, y) Vara—n ), © n+ vty (5.24)
and
’V(T)dT o0 _ G=nti=n)?

1
2yt (y) = | 22 -1 awn  dn — ~u(t, t, 5.25
U (t,y) ; P A e e 7 V( y) + V)( ), ( )

where v(t,y) is given by (3.17). By using estimates (3.22), (3.23), (3.25), and (3.29) in the
proof of lemma 3.3, we obtain

()
. iz < 7 )1/4/ T e

[y (7)|

\/_/ (r— )1/2

H3 uét(f e <

2t 2 /t [v(7)] 1 /t [y (7)]
18y @Mz < (8m)/4 Jo (1 — )1/ dr + 8m)4+ Jo (t— )34 ar,
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and

0800 < / (t‘”“))l‘/deh(t)\.

Combining all estimates together, we deduce that there exists C > 0 such that

I e < € ([ Dhsars [T o [0 et o).

(5.26)

By taking the limit y — 07 in (5.24) and (5.25) and using (3.18) in lemma 3.3, we obtain
1
Ayuy (1,0%) + 0Juy (1,07) = v, 01 +1(t,01) = —y(), t>0. (5.27)

Let us now consider the explicit expressions for uf in (5.21). Integrating by parts with the
boundary conditions u=(z,0") = 0, we obtain

' dr [ y—n+t—7\ _optn?
L(1y) = — _ndr o) (=L - d
GUN== ) i)y “ TP Ty )¢ g
~(T)dr b ytn—t47\  _otpn?
AL T rr ) 0 dn. 5.28
Vo § A G TP ) R oG

The second term again enjoys the same estimates as the first term and give a double factor
in the resulting bounds. By Young’s inequality (3.7) with p = 1 and either g =r =2 or g =
r = 0o, we obtain

t
3 (2, )| 2o < 2 / YO0 * G =T,y + 1 = D@, uge,) 47
t
2 [ @ M 0,60 = 73+ 1= g 7
0 ,

' [v(7)] +
X 2/0 \/m”u (7, ')”LzﬁL’O dr,

where the first equality in (3.3) has been used. Computing derivative in y and integrating by
parts yield

t o'e}
(T)dr y—n+it—r Gope=r?
O (ty) = — _a\ar (7, YTHNTETT ) i g
yu3( }’) 0 \/m 0 l/t) (T 77) 2(t— ) € n
~y(r)dr S yEn =t _whnin?
PR — S — (1—7) d
L Vara=n ), T\ Ty )¢ e g
~(T)dT R y+n—t+71\ _, _ (v+4n—t+r>2
A — - ) 1 dn.
L Vari=n )y C T\ Ty )¢ e "

With similar estimates as above, we obtain

t
(7)
\|8yu3i(t, Mizaze < \/‘07‘(2‘|8y”i(7" M2z + H’/‘i(T’ M r2eze) d.
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Computing another derivative in y and integrating by parts yield

O () = — Ot\/% ow“fy(ﬂ ’7) (W) T
[ Ao Omum 0 (%) e
\/% u*(7,0%) ( T) e ar,

where the last term can be written as 7,(t,y) + %D(t, y) with

t + + 2
. o Y(T)Oyu™ (1,07) e
v(t,y) = 2/ —47r(t — dr.

All terms in 8v2u§[ including the last one are estimated similarly to what was done above. As a
result, we obtain

" y(m)|dr
N

(T)dT 1.
s [t o a0+ 5500 e

||ay2~”3i(t’ Mz <2 (Ha_vzui(T’ M2z + ||ay”i(7" ')HL2mL°C) dr

where the following estimates from the proof of lemma 3.3 can be used:
1 y(D)|[oyu (T, 07))
@m4 J, (t—m7)l/4

1 D[y, 07))
@mY)o (= 1)

dr

. 1.
HV)'(t’ ) + Ey(ta ')HL2 <

+
and

936, + 370l < 00,07,
Combining all estimates together, we deduce that there exists C > 0 such that

L P v A Ta T

@Ol 00 L[ @0 0%)
o (=7 o (—TPn

+ [y ()] |8yu* (e, 0+)> , t>0. (5.29)

6003



Nonlinearity 34 (2021) 5979 Uleetal

By taking the limit y — 0" in dyu5 (1, y) and 9Ju; (1, y) and using (3.18) in lemma 3.3, we
obtain

Ayuz (1,0) + 07uy (1,07) = y(1,07) + %D(r, 0") = —v@®)ou™(1,0%), t>0. (5.30)

Summing (5.23), (5.27), and (5.30) with the decomposition u* = ui + u5 =+ u3 recovers
the dynamical conditions (5.10) for ¢ > 0.

Next, we run the fixed-point arguments for the fixed-point equations (5.18) in B, C X. If u§
and +y satisfy the initial bound (5.16), then there exists C > 0 such that

IA=©O)lx < €5

due to bounds (5.22) and (5.26), where we have also used the bound (3.11) in lemma 3.1.
Furthermore, for every small € > 0, there is sufficiently small § > 0 such that if ut € B. C X,
then AT (uF) € B. C X; moreover AT are contractions on B. C X due to bounds (5.29), where
the bound (3.11) is used again. Existence and uniqueness of the fixed points u™ € B, C X to
the fixed-point equations (5.18) follow by the Banach fixed-point theorem. Hence, the bound
(5.17) is proven and the proof of the lemma is complete. (]

When ™ € LR, H*(R,) N W2>®(R,.)) are substituted from lemma 5.7 into the integral
equation (5.14), we are looking for a small solutiony € L'(R, ) N L>®(R, ) in response to small
initial data uy € H*(R;) N W>*(R,). However, we were not able to close the fixed-point
iterations unless we added the additional requirement of the spatial exponential decay of the
initial data u; .

The following lemma shows that the spatial exponential decay of the initial data u§ is
preserved in time.

Lemma 5.8. [In addition to (5.16), we assume that uoi € H*(Ry) N W>>(R,) satisfy
e ug || wame + [l ug || w2 < 6, (5.31)

for a fixed « € (0, %] and that |y()| =0 as t— +oo. The unique solutions u* €
L¥(R ., H* (R ) N WH¥(R,)) of lemma 5.7 satisfy

lle®u™(t, )| waee + |le“u (4, )| o <€, >0 (5.32)
and

|t (t, ) ||z — O as t — 4-o00. (5.33)

Proof. By rearranging the heat kernels, we can rewrite (5.19), (5.20), and (5.28) as

. —all=ay - poo Gont(1-20)0?  otn(-20?

eayuli(t, y) _ T e(yr]u§(n) |:e— —— _ e—(l—2(¥)y e~ a7 :| d’l’}, (5.34)
7wt Jo
t —a(l—a)(t—7)
iy = [
0 4r(t — 1)
o0 O=nt+(-20)=7) C_ tn-(-20)¢=1)?
x / e (e [eﬁ — 120y e%} ), (5.35)
0
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and
1 —a(l—a)(t—71) 00 .
ay, + Y(T)e dr o, £ y—n+t—1 _ G207y
- 1, = — _—— N i A(—1) d
euz (t,y) /0 e | e“u*(T,m) = e n
—a(l— - ) ,
— /IW C>Qe“flui(Ta ) (%) e (1-20)y o= = R (J(, 2:;“ = dn.
0 vamil =1 0 -7

(5.36)

If o € (0, 1], the exponential function e!~2*” is still bounded on R, whereas e®ug ()
belongs to W>* (R, ) and satisfies the initial bound (5.31). All convolution estimates of lemma
5.7 hold true with some a-dependent constants and give the unique solution in W>>®(R,)
satisfying the bound (5.32).

It remains to prove the asymptotic decay (5.33). Since
lullre®y) < [le”ullzxw,),
gl oo yy < ([ wyl[zewy ) + e ullrom,y ),
gy lloyy < N1 Wyl + 20/ w)y ||y ) + [l ul| oy
it is sufficient to prove the decay to zero as t — +oo for e®u*(z,y) in W>*(R ).

Similarly to the expression (5.34), one can write the integral representations for e® 0, u;
and e™ 8)2141i obtained from (4.9) and (4.10) with the exponential weights. It follows from these

representations that if a € (0, %], there exists an a-independent C > 0 such that
e w5t )|l wase < Ce ™|l ug | e, (5.37)

where the upper bound decays to zero as t — 400 exponentially fast.
Similarly, it follows from (5.35) and the integral representations for e d,u; and e 6)2@
obtained from (5.24) and (5.25) that there exists an a-independent C > 0 such that

t
Hea‘ug:([a ')Hw2,oo < C (/ ‘7(7)‘670(170)077) dT
0

1 ‘ —a(l—a)(t—T1)
y(1)le
———d N, 5.38
+ v e S + )) (5.38)
where we have used the weighted representation for v(z, y) in (3.17):
1 —a(l—a)(t—T1) - )
: y(7)e _ O2a)=1)?
evit,y) =2 m—Fee——¢ A=) d

V() /o Var(t — 1) T

and the representation
ay 1 ay —Id-2a)y-% ~
Uy (ty) + 5 ePrlty) = e YAyt y)

with 7, satisfying the bound (3.28). By lemma 3.2, the upper bound in (5.38) decays to zero
as t — +oo since y € L'(R) N L>(R) and |y(¢)| — 0 as t — +o0.
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Finally, it follows from (5.36) with (3.3) and Young’s inequality (3.7) with p = r = oo and
g = 1 that

t
wwa»nmszwmwum»nxP/meﬂ“MHmf
tER+ 0

1 efa(lfa)(tfr)
4 [l dT]

0 vVt —71)

The bounds for ||e® dyu3 (¢, )|~ and [|e* d2u; (¢, -)|| .~ are similar and follow from the inte-
gral representations for e® 8),u3i and e® 8)2u3i obtained in the proof of lemma 5.7 after adding
exponential weights and using (3.3) and (3.7). As a result, we conclude again that there exists
an a-independent C > 0 such that

t
|&@@omx<0wpww%»wm(/vvn““””HT
I€R+ 0

t —a(l—a)(t—7)
+/0 %dTJr |7(z)> : (5.39)

for every u™ € L*(R,, H*(R;) N W>*(R.)) of lemma 5.7. By lemma 3.2, the upper bound
in (5.39) decays to zero as t — +oo since v € L'(R) N L>(R) and |y(¢)| — 0 as t — +oc.
Combining all estimates together, we obtain the asymptotic decay (5.33). (|

Remark 5.9. Due to the exponential decay with a € (0, %], we also have the bound
‘|’4HH2(R+) < CwHeaA“HWlDO(RjL)’

which implies that ||u®(z, -)|| 2 — 0 as t — oo.

The final lemma gives the existence of a unique solution to the integral equation (5.14) for
v € L'(Ry) N L®(R,), where u* € L°(R ., H*(R ) N W>>(RR,)) are substituted from lem-
mas 5.7 and 5.8 into the integral equation (5.14) and the initial data uy € H*(R1) N W>*(R}.)
satisfy the bounds (5.16) and (5.31).

Lemma 5.10. Fix a € (0, %] and consider the integral equation (5.14) with the unique
solutions u™ € L>*(Ry, HZ(R+) N W2’°°(R+)) defined in lemmas 5.7 and 5.8 that depend on
(small) v € L"(Ry) N L®(R.). For every € > 0 (small enough), there is 6 > 0 such that for
every u(f € H* (R, N W>>(R,)) satisfying

HuarHHzmwz.ao + ||ua||H2mw2.3o + Hea‘u(THWz.x + Hewuanz.x < ) (5.40)

and the boundary conditions uf)t(O) =0 and u(‘)”' /(0)+u5 '(0) = 0, there exists a unique
solution v € L'(R ) N L*(R.y) of the integral equation (5.14) satisfying

[Vl zoorer < € (5.41)
and |y()| = 0 as t = +oo0.

Proof. We rewrite the integral equation in lemma 5.6 as the fixed-point equation associated
with the following integral operator:

=AM =n+7+s, (5.42)
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where

1 *© _ 1 1 _ +1\ _w-0?
"M@ = _\/Tﬂ't ; [uo*'(n) + u, () + Euér(ﬁ) + Euo (77)} (772—1‘> e @ dn,

1
2t = =570 [ (1,07) —uy (1,07)]

1" y(ne
o Var(t—1)

~(T) . 1, 1 n+t—71\ _a —(r+r))2
__ [ D _ 1 DETZ T %25 gy
B0 == ) a0 Jo {” ty oty = 3t | T\ Gy ) nar

The fixed-point equation (5.42) is considered in a small ball B C L'(R+) NL®(R;) of
radius € > 0, where ug € H*(R;) N W>*(R,) are given and satisfy (5.40) and u* €
LR, HX(Ry) N W*(R..)) are defined in lemmas 5.7 and 5.8 such that § and ¢ in (5.40)
and (5.41) are smaller than § in (5.16). We analyze hereafter each term in the definition of A(~y)
in L"(R,) N L®(R,).

Since the boundary conditions uoi(O) = 0and uo+ "(0) + uy'(0) = 0 are satisfied by the initial
condition u§ S WZ’OO(R+), we can use the equivalent form (3.33) in lemma 3.5 and express
v,(t) in the form:

[u_;"(T, 0t) — uy (7, 0+)] dr

e 2
WO =~ /0 Fape " dn, (5.43)

where

_ 3 3 1
) = ug" () + uy"(n) + u )+ Sue" () + u §(m + 5o (1)-
It follows from the first identity in (3.2) that there exists C > 0 such that
@] < C ([lug lwoee + llug lwse) . 7> 0. (5.44)

However, there is no bound on || ||,: unless we add some weights (e.g. the exponential weight
in lemma 5.8) on the initial conditions u§ and rewrite (5.43) in the form:

—a(l—a)t
Wl(t):_ﬁ ; m]f( e

—a(l—a)t

(= (1 2&):)2

dn.

Now, thanks to the exponential factor e decaying to zero as t — -+00, we obtain

€% f o=,

1
g JE—
il € ==

so there exists a positive a-dependent constant C,, such that

Il < Ca ([le®ug lwaoe + lle¥ug [lyase) - (5.45)
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Moreover, |v(1)| < e *!=|[e® f]| 1, hence |y, ()] — 0 as t — +oo.
For ~,(t), we obtain

!
00 o= g

47t

1
V2l iz < 3 (1 + ; df) (o PRI A

x sup ([, oo + =@ )l s (5.46)

teR

where the expression in brackets is a finite constant. No weights are needed to estimate
v, in L'(Ry) N L>®(Ry). Moreover, by lemma 3.2, if |y(f)] — 0 as t— +oc and u* €
LRy, H*(Ry) N W2>(R,)), then |y,(¢)| — 0 as t — +oo.

For 75(#), we use (3.2) and (3.3), and Young’s inequality (3.7) with p =g =2 and r = oo
and obtain

()] < C( " v(r)|dr ! 7(7)d7>

+(t. - —(t. -
e [ Tae) s (e @l 4 ) o0,

teR 4

which is bounded by lemma 3.1 if v € L'(R ) N L*(R ). To get the bound on ||y3]|,1, we add
the exponential weight and rewrite ~y;(#) in the equivalent form:

t —a(l—a)(t—T1) o d] —(1=2a)(t—7))2
7(7)6 n +t—T7 _ (=1 -2a)(t=7))
HN=—[| >~ Mo(r, . -7 dndr,
Y3(1) /0 =7 e™g(r 77)(20—7))6 ndr

where

_ 1 1 _
g(r,m) = ul(T.n) — uy (T, m) + Euj (T,m) = Sy (7.m).

By using Young’s inequality (3.7) with p = r = oo and ¢ = 1 and Young’s inequality (3.10)
with either p=r =1or p=r = oo and ¢ = 1, we now obtain

1 ooe—a(l—a)t
Pl < (14 ) Il sup e et o,
1

Tt S:0
so there exists a positive a-dependent constant C,, such that

alletnz < Callvllznz sup (e, Ilwaee + lle™u (2, Iz - (5.47)
telRy

Moreover, by lemma 3.2, if |y(f)] — 0 as t — 400 and u* € L*(R,, H*(R,) N W>*(R.)),
then |y5(1)] — 0 as t — +oo.

Next, we run the fixed-point arguments for the fixed-point equation (5.42) in B: C
L'(R1) N L>®(Ry). If uy satisfy the initial bound (5.40) and ~ € Bz, then the solutions u* €
LRy, H*(R,) N W>>(R,)) in lemmas 5.7 and 5.8 satisfy the bounds (5.17) and (5 32) if
0 < ¢ and € < §. The bounds (5.44)—(5.47) imply that A(~) € B for sufficiently small § and
given small €. Moreover, A is a contractionon B; C L'(R ) N L>(R ;) due to the same bounds
(5.46), and (5.47) and the smallness of the solutions u* € L*(R, H*(R,) N W>*(R.)).

Existence and uniqueness of the fixed point v € B; C L'(R) N L>*(R ) to the fixed-point
equation (5.42) follows from the Banach fixed-point theorem. Hence, the bound (5.41) is
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proven. Moreover, the decay |y(¢)] — 0 as t — +o0 is preserved by the fixed-point iterations.
The proof of the lemma is complete. (]

Proof of theorem 2.6. The existence, uniqueness, and continuous dependence of the solu-
tions u* to the boundary-value problems (5.7) with (5.8) and (5.10) is obtained from lemmas
5.7, 5.8, and 5.10 as follows. For a fixed € in (5.17) and (5.32), there exists a small § in (5.16)
and (5.31), for which we select € in (5.41) such that € < §. By lemma 5.10, there exists § in
(5.40) and, if necessary, we reduce 5 so that & < ¢. Then, the results of lemmas 5.7, 5.8, and
5.10 hold simultaneously for the initial conditions satisfying (5.40), which is obtained from
(2.18) by the transformations (5.1) and (5.6). The bound (2.19) follows from u~ € B, C X in
the proof of lemma 5.7 and the transformations (5.1) and (5.6). The decay (2.20) follows from
the decay (5.33). By lemmas 5.7 and 5.8, the solutions belong to the spaces (2.21) and (2.22).

The interface condition (5.9) follows from (5.8) and (5.10). The interface condition (5.3)
of lemma 5.1 follows from the transformation (5.6) and the dynamical condition (5.10). The
positivity conditions (5.5) follow from the decomposition (5.1) and smallness of u in W*°(R)
similarly to the proof of theorem 2.3. |

6. Numerical simulations

Here we simulate numerically the boundary-value problem (5.2) completed with the dynamical
equation (5.3) and the interface condition (5.4). The interface location £(¢) satisfies £(0) = 0.
By using (1) = £'(v), Wé,(y) = e~ P, and the new variables u*(z, y) in (5.6) the boundary-value
problem is rewritten as the system (5.7)—(5.10). Although this system can also be simulated
numerically, we found more convenient to reformulate the boundary condition (5.8) as a
Neumann condition for a single function. By introducing new variables

Ui(f,)’) = u(f,)’) :F u(t’ _y)’ y > 0 (61)

we rewrite the boundary-value problem as the following system of two coupled equations:

6.2)

vfr:v;“+v;;+7v,_, y >0,
{vt =v, —&-vy_y—i—wvj—&—Zve_y, y >0,
subject to the boundary conditions
v (1,0) =0,
v, (,0) =0, (6.3)
vi(t,y) —0 asy— oo,
the interface condition
v_j(t, 0) + vyt(t, 0)=0, (6.4)
and the dynamical condition

v,,(,0)

2+ 05 (1,0) (6.5)

(1) =

If v7(0,y) = O initially, then () = 0 and v~ (¢, y) = 0O are preserved in the time evolution of
(6.2), (6.3), and (6.5). In this case, the variable v (¢, y) satisfies the boundary-value problem
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u(x,t)

&
-0.02
-0.04

£-006

-0.08 [

Figure 1. Numerical simulations for the initial conditions (6.6). Top: plot of u(z, x) ver-
sus x for r = 0,0.5, 1 (left) and ¢ = 2, 3,4 (right). Bottom: plot of w(z, x) versus x for
t =0, 1,2 (left) and plot of () versus ¢ (right).

(4.2), which is analyzed in theorem 2.3 for the odd perturbations to the viscous shock. In what
follows, we consider the general case of v~ (0,y) # 0 which is analyzed in theorem 2.6.

We use the central-difference Crank—Nicholson scheme for numerical simulations of sys-
tem (6.2)—(6.5). The numerical scheme is described in appendix. The spatial domain is chosen
at [0, L] with L = 10 and the equally spaced grid has the spacing 4 = 0.05. Simulations were
performed with the time step 7 = 0.001.

Figure 1 reports the results of numerical simulations for the initial condition with the
Gaussian decay:

v (0,y) = 0.1(y — 0.5%)e ",
(6.6)
v7(0,y) = 0.5y% e,

where the coefficients are carefully selected to satisfy the boundary conditions in (6.3) and
the interface condition (6.4) at t = 0. After the solution v*(z,y) to the evolution problem
(6.2) is approximated numerically, the function u(, y) is recovered from (6.1) and then plotted
versus x = £(f) + v, where £(7) is found from numerical integration of &'(f) = (¢) with ()
approximated from (6.5).

Snapshots of u(t, x) versus x for different values of ¢ (top panels of figure 1) show that the
solution quickly decays to zero in the supremum norm. Although the perturbation u is sign-
indefinite, the values of u are smaller compared to the values of W in the viscous shock, hence
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Figure 2. The same as in figure 1 but for the initial condition (6.7).

5 B
= 10° = 102
10
\ 102
~
- 104 -
5 10 15 20

Figure 3. L norm of the solution u(t, -) over time ¢ for the numerical simulations on
figure 1 (left) and figure 2 (right).

w = Wy + u remains positive (negative) to the right (left) of the interface located at x = £().
The snapshots of w are shown on the bottom left panel for = 0, 1,2 with the insert showing
the profile of w near the interface. The bottom right panel shows the position of the interface
& versus t. It quickly relaxes to the equilibrium position at £ ~ —0.11. This behavior agrees
with the asymptotic stability result of theorem 2.6 suggesting existence of £, € R such that
() — €, as t — +oo (remark 2.10). The value of £ depends on the initial conditions. We
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Figure 4. Distance between two numerical approximations of (#;) with double number
of grid points (left) and their ratio showing the quadruple reduction (right).

have checked that if the sign of v~ (0, y) in (6.6) is changed to the opposite, then the sign of £
changes to the opposite.
Figure 2 reports similar results for the initial conditions with the exponential decay:

{v+(0, y) = 0.1(y + 0.5y*)e,

(6.7)
v7(0,y) = 0.5y* ¢,

which again satisfies the boundary conditions in (6.3) and the interface condition (6.4) at r = 0.
Dynamics of the perturbation u in time # for the initial data (6.7) resembles the same dynamics
as for the initial condition (6.6). However, the relaxation time is slower for the exponentially
decaying perturbations, hence the time window is extended from 7 = 4 on figure 1 to 7 = 12
on figure 2. Nevertheless, the interface £(f) moves to the left and relaxes to some equilibrium
position &, ~ —0.49.

Comparison between figures 1 and 2 illustrates the role of weights in the asymptotic stability
of viscous shocks. The greater is the spatial decay of the initial perturbations, the quicker is
the relaxation dynamics of perturbed solutions to the traveling viscous shocks. The proof of
theorem 2.6 is obtained under the exponential decay but similar results are likely to be available
for other (e.g., algebraic) decay conditions. Figure 3 shows the decay of ||u(z, -)||;2 over the
extended time interval for the same initial conditions (6.6) and (6.7). The rate of decay is
slower in the case of exponential weights (right) compared to the case of Gaussian weights
(left).

In order to check the convergence of the numerical method, we have reduced the grid spac-
ing h by the factor of 2 and the time step 7 by the factor of 4. Figure 4 shows the errors
of the numerical simulations (left) computed as a difference between 7(#;) obtained between
two consequent approximations with double number of grid points. As we can see from their
ratio (right), the errors reduce by the factor of 4, which is in agreement with the second-order
accuracy of the central-difference Crank—Nicholson method.

7. Conclusion

We have considered the modular Burgers equation, where the advective nonlinearity produces
singularities related to the modular functions. For the class of viscous shocks with a single
interface at the zero value of the modular function, we have proven their asymptotic stability
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under a general perturbation with the spatial exponential decay at infinity. This work may open
up new directions of research.

First, it is interesting to consider the existence and nonlinear dynamics of the viscous shocks
with multiple interfaces. It is expected that the perturbations at the tails will behave similarly
but the dynamics will be complicated by the internal interactions among the interfaces. The
periodic waves with an infinite number of interfaces located at the equal distance is another
interesting case for further studies, e.g., see [12, 13].

Second, one can wonder if the exponential weight requirement on the initial perturbations
can be relaxed or completely removed. It may be relatively easy to replace the exponential
weights with the algebraic weights as done in [2]. However, we are not able to close the fixed-
point arguments for the perturbations to the viscous shocks in H 2(R) N W>*(R), hence new
ideas for analysis are needed to remove the weights.

Finally, the Burgers equation with more singular nonlinearity, e.g. given by the logarithmic
functions, arises in the applications of granular chains [11]. It is definitely interesting if the
asymptotic stability of viscous shocks can be proven for the logarithmic Burgers equations.
Unfortunately, our methods rely on the reductions provided by the modular nonlinearity and
cannot be extended to the case of logarithmic or other singular nonlinearities.
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Appendix Central-difference Crank—Nicholson method for system (6.2)

The spatial domain of system (6.2) is discretized at the points y, = nh with equal step size
hforn=1,...,N.It follows from the boundary conditions (6.3) that v*(, y,) = 0 at y, = 0.
Although the problem is unbounded in one direction, one can truncate the half-line on the finite
interval [0, L] with sufficiently large L and yy,; = L = (N + 1)h and apply the Dirichlet con-
dition v*(t, yy ;) = 0 at the end point. This approach of truncation is commonly adopted for
the numerical approximation of evanescent waves in engineering [5] as the Dirichlet condition
does not provide large errors due to reflections if the waves have fast spatial decay.

Ateach time level t; = k7 with the time step 7, we approximate the spatial derivatives with
the second-order central differences as follows:

+ +
+ YUntik — Yn—1k
(e, yn) = Al
vy (Tks Yn) o (A.1)
+ + +
V1 — 20, + U,
vy (1, y) = =24 =3 (A2)

where v, is a numerical approximation of v(f, x,). The Neumann condition v, (¢,0) = 0 is
modeled with the virtual grid point y_; = —h so that v_,; = vy,. By using the virtual grid
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point y_; and the interface condition (6.4), we also express

2+4+h
Ufl,k = —mvi’k, (A.3)
after which the approximation of (#;) is obtained from (6.5) as follows:
2 - hw,
Y1) = L (A4)

ol 22—y

We use the Crank—Nicholson method in order to perform steps in time for the evolution

system (6.2). For each equation of the form % = f(v), the Crank—Nicholson method yields:

T T
V1 — Ef('Uk—H) =y + Ef(vk), (A.5)
where f for the first and second equations of system (6.2) take the form:

+ + + + + - -
Unt1k — Un—1k n Vypix — 2V F 0,14 ,yk’vn-&-l,k ~ U1k

+ _
L e = 2h h? 2h

and

[ Tk = Upp1h — Vo1 i Uyt — 20,0 T 0,14
k= 2h 2

+ +
Ynt1k — Un

o 2y e,

For simplicity, we use 7y, at the time level k on both sides of equation (A.5). Thus, in order
to advance the solution of (6.2) to the next time level k + 1, we have to solve the following
algebraic system:

L(=T)Vi1 = L(T) Vi + ¢, (A.6)
where v; and ¢, are the 2N vectors with the elements

Uk =0, 1<n<N, and vy =v,, N+1<n<2N, (A7)
and

k=0, 1<n<N, and ¢ =2pe ™, N+1<n<2N, (AS8)

and L(7) is the (2N x 2N) matrix defined in the block form:

Al B
L= [?‘7] 7 (A.9)

with A and B are (N x N) three-diagonal matrices with the elements:

T T /(1 1 T 1 1
Gt am =g \mte) T Tmte

and
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The solution u(t, y) to the boundary-value problem (5.2) for y € R is recovered from solution
vE(t,y) to system (6.2) for y € R, by using the transformation (6.1). Finally, we use y =
x — &(r) with £(r) .= folv(t’)dt’ in order to display u(z, x) versus x on R.
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