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Abstract
Travelling modulating pulse solutions consist of a small amplitude pulse-like
envelope moving with a constant speed and modulating a harmonic carrier
wave. Such solutions can be approximated by solitons of an effective nonlinear
Schrodinger equation arising as the envelope equation. We are interested in a
rigorous existence proof of such solutions for a nonlinear wave equation with
spatially periodic coefficients. Such solutions are quasi-periodic in a reference
frame co-moving with the envelope. We use spatial dynamics, invariant man-
ifolds, and near-identity transformations to construct such solutions on large
domains in time and space. Although the spectrum of the linearised equations
in the spatial dynamics formulation contains infinitely many eigenvalues on
the imaginary axis or in the worst case the complete imaginary axis, a small
denominator problem is avoided when the solutions are localised on a finite
spatial domain with small tails in far fields.
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1. Introduction

We consider the semi-linear wave equation
Ou(x,1) — O%u (x,1) + p (X)u(x,0) = vyr(x)u(x,1)’, x,t€R, (1)

where x,1,u(x,1) € R, v = +1, and p, r are bounded, 27-periodic, strictly positive, and even
functions in the set

Xo={peLl>[R): plx)=plx+2m), p(—=x)=p(x), p(x)=po>0, VxecR}. 2

The purpose of this paper is to prove the existence of travelling modulating pulse solutions.

Remark 1.1. The semi-linear wave equation (1) can be considered as a phenomenological
model for the description of electromagnetic waves in photonic crystal fibres. Such fibres show
a much larger (structural) dispersion than homogeneous glass fibres. As a consequence they
are much better able to support nonlinear localised structures such as pulses than their homo-
geneous counterpart. Most modern technologies for the transport of information through glass
fibres use these pulses, see [ISK+20]. Sending a light pulse corresponds to sending the digital
information ‘one’ over the zero background. Physically such a pulse consists of a localised
envelope which modulates an underlying electromagnetic carrier wave.

The travelling modulating pulse solutions will be constructed as bifurcations from the trivial
solution u = 0. Hence we first consider the linear wave equation

OFu(x,8) — O2u(x,6) + p(x)u(x,) =0, x,t€R.
Since p € &, the linear wave equation can be solved by the family of Bloch modes

u(x,r) =etnighy (1x) neN, leB,
where B := R\Z and where the pair (w,(I),f,(l,-)) satisfies the eigenvalue problem

— @+ f (1x) + p () (%) = wp (D (1x), x€R 3)
subject to the boundary conditions

fulx)=f(Lx+27) and f,(I,x)=f,(I+1,x)e" VIER, VxecR.

The eigenfunctions f, are L*(0,2)-normalised according to
21
If, (I,x)[*dx=1, VneN, VIieB.
0

The curves of eigenvalues [ — w, (/) are ordered such that

O<wi(<wr() < <w () Swppr1 () <+ VIEB,
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Figure 1. The curves of eigenvalues {-w, (/) },en plotted as functions of the Bloch wave
numbers / € B in a typical situation.

where w, () — oo for n — oo, see [DLP+11]. The positivity of w (/) follows from positivity
of p € &p. A prototypical pattern of the curves of eigenvalues is shown on figure 1.

The modulating pulse solutions can be obtained via a weakly nonlinear multiple scaling
ansatz which results in the nonlinear Schrodinger (NLS) equation for the description of slow
temporal and spatial modulations of the envelope. In detail, for fixed ny € N and [, € B solu-
tions of the semi-linear wave equation (1) can be approximated by the ansatz

ttapp (,7) = €A (& (x = cgt) ,%1) f, (lo,x) e 0 pcc., @
with complex amplitude A = A(X,T), group velocity ¢g :=w, (lp), and 0 <& <1 being a
small perturbation parameter. At the leading-order approximation, the envelope amplitude A
satisfies the following NLS equation

2i07A + w,! (o) O3A + Y, (Io) AJA]* = 0, (5)

where

) = s [ o0 .

The NLS equation (5) possesses travelling pulse solutions if w, (lo)7¥y,(lo) > 0 in the form:

i(2EX—22T)

A (Xv T) = sech (’}/2 (X — E-T)) eme—id)T ©)
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where ¢ and @ are arbitrary parameters such that Gw,(lp) < 0 and the positive constants
and 7y, are uniquely given by

2| _ 2«

s =\ Taan
o (o) | jway (lo) |

(N

Without loss of generality, we can set ¢ = 0 and —& = sgn(w, (lo)) = sgn(7vs,(lo)), due to the
scaling properties of the NLS equation (5).

Remark 1.2. Asan example consider the spatially homogeneous case with p(x) = 1 and r(x) =
1, i.e. the semi-linear wave equation with constant coefficients. Then, we can re-order the
eigenvalues and define

fullx) = \/lz?ei"ﬁ ) i=\/1+ (17, nez, 1eB, ®)

producing
+ 1y 1 3y
cg =w, (I =0 . wrl () = s Y (o) =————.  (9)
o 1 e T R T (Y
The travelling pulse solutions exist for v = 1 with & = —1 since w, (ly) > 0.

Remark 1.3. In [BSTUOG] an approximation result was established that guarantees that wave-
packet solutions of the semi-linear wave equation (1) with periodic coefficients can be approx-
imated by solutions of the NLS equation (5) on an O(c~?)-time scale via uyy, given by (4). In
[DR20] this approximation was extended to the d-dimensional case.

Existence of standing and moving modulating pulse solutions in homogenous and periodic
media has been considered beyond the O (e ~2)-time scale. Depending on the problem, we have
to distinguish between pulse solutions which decay to zero for |x| — 0o and generalised pulse
solutions which have some small tails for large values of |x|.

Remark 1.4. In the spatially homogeneous case, i.e. if p = r = 1, the modulating pulse solu-
tions are time-periodic in a frame co-moving with the envelope. Time-periodic solutions with
finite energy are called breather solutions. However, it cannot be expected that such solutions
with finite energy do exist in general, according to the non-persistence of breathers result for
nonlinear wave equations in homogeneous media [Den93, BMW94, Man21]. Nevertheless,
generalised breather solutions, i.e. modulating pulse solutions with small tails, do exist. Such
solutions were constructed in [GSO1] with the help of spatial dynamics, invariant manifold
theory and normal form theory. In general, such solutions can only be constructed on large,
but finite, intervals in R, see [GS05, GS08].

Remark 1.5. In the spatially periodic case standing generalised modulating pulse solutions
of the semi-linear wave equation (1) have been constructed in [LBC+09]. These solutions
are time-periodic, i.e. again breather solutions, but in contrast to the homogeneous case true
spatially localised solutions can be constructed by properly tailoring the periodic coefficients.
In [BCLS11] breather solutions were constructed by spatial dynamics in the phase space of
time-periodic solutions, invariant manifold theory and normal form theory. With the same
approach in [Mai20] such solutions were constructed for a cubic Klein—Gordon equation on
an infinite periodic necklace graph. The existence of large amplitude breather solutions of
the semi-linear wave equation (1) was shown in [HR19, MS21] via a variational approach.

4
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Figure 2. Eigenvalues of the spatial dynamics formulation, see (23) below, are dense on
the imaginary axis. However, due to the convolution structure w.r.t. the z-variable, see
theorem 1.7, for a certain power of € only a part of the linear operator has to be taken
into account. For controlling the order O(e) of the solution only the part A; (w,c) has
to be considered. The central spectrum of A;(w, c) is sketched in the left panel. In the
middle panel the central spectrum of A} (w,¢) and Az (w,c) is sketched. It plays a role
for controlling the order (’)(53 ). The right panel shows a sketch of the central spectrum
of Aj(w,¢), As(w,¢) and As(w,c) which plays a role for controlling the order O(£°). In
all cases there is a spectral gap between zero and the rest of the spectrum.

Breather solutions were recently considered in [KR22] for quasi-linear wave equations with
periodic coefficients.

Remark 1.6. To our knowledge travelling modulating pulse solutions have not been con-
structed before for the semi-linear wave equation (1) with spatially periodic coefficients. For
the Gross—Pitaevski equation with a periodic potential such solutions were constructed in
[PSO8] by using the coupled-mode approximation and in [Pell1, chapter 5.6] by using the
NLS approximation. The Gross—Pitaevski equation has a phase-rotational symmetry which
is not present in the semi-linear wave equation (1). Another new aspect is the fact that in
the present paper the normal form transformations are infinite-dimensional in contrast to the
existing literature.

In the spatially periodic case travelling modulating solutions of the semi-linear wave
equation (1) in general are quasi-periodic in the frame co-moving with the envelope. Hence
their construction requires the use of three spatial variables rather than two spatial variables
used in the previous works [LBC+09, PS08]. However, although the spectrum of the linear-
ised equations in the spatial dynamics formulation contains infinitely many eigenvalues on
the imaginary axis or in the worst case the complete imaginary axis, a small denominator
problem is avoided by considering the problem on a finite spatial domain and by allowing for
small tails, as illustrated in figure 2.

The following result will be proven in this work. Figure 3 illustrates the construction of a
generalised modulating pulse solution as described in the following theorem.

Theorem 1.7. Let p,r € Xy and v # 0. Choose ny € N and ly > 0 such that the following con-
ditions are satisfied:

Wy (ZO) 7& Wny (ZO) ’ Vn 7é Ny, (10)
Wy (lo) #£1, w,! (l) #0, (11)

5



Nonlinearity 37 (2024) 055005 T Dohnal et al

Figure 3. A generalised modulating pulse solution as constructed in theorem 1.7 with

(’)(52’\' ) tails existing for x in an interval of length (’)(e_(ZN 'H)) with an envelope advan-
cing with group velocity ¢g = wy, (lo), modulating a carrier wave advancing with phase
velocity cp = wy,(lo)/lo, and leaves behind the standing periodic Bloch wave. The
wavelength of the carrier wave and the period of the coefficients p, r are of a comparable
order.

and
w2 (mly) # mzw,zl0 (), me{3,5,...,2N+1}, VneN, (12)

for some fixed N € N. If assumption 4.11 below is satisfied, then there are ¢y > 0 and C >0
such that for all € € (0,¢&¢) there exist travelling modulating pulse solutions of the semi-linear
wave equation (1) in the form

u(x,t) =v(€z,x) with &€ =x—cet, 2= Ilpx—wt, (13)

where cg =w, (lo), w=wy,(lo) +we* with © = —sgn(w,!(l)) = —sgn(u,(lp)), and v €
C*([—e= N+ = CNED] X) satisfies

sup v(&,2,x) —h(&z,x)| < C, (14)

ge[—g*(2N+l)7 57<2N+1>]

where X := H>,(T,L*(T)) N H...(T,H...(T)) NL*(T, H2,.(T)) with T := R\ {27 Z}.

per per per per

The function h € C*(R, X) satisfies

lim h(&,2,x)=0 and  sup |h(£,2,x) — hyy (€,2,x)| < CE2, (15)
[€]—oc0 £,2,x€ER

with
happ (€,2,%) = &1 5ech (7€) fr, (lo, x) € + c.c. (16)

The constants 7,7y, are defined in (7), and f,,(ly,-) € H>

per

(T) is a solution of (3).

Remark 1.8. Assumption 4.11 is of technical nature and guarantees the existence of infinite-
dimensional invariant manifolds in the construction of the modulating pulse solutions. It is
satisfied, for instance, if eigenvalues of the linearised operators on and near iR \ {0} are semi-
simple. An extended result can be obtained in the case of double eigenvalues, see remark 4.15
below.
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Remark 1.9. The function % solves a second-order differential equation that is an O(g)-
perturbation of the stationary NLS equation. We select & to be a homoclinic orbit with expo-
nential decay to O at infinity that is (’)(52)-close to the NLS approximation (16), see (15),
computed at the pulse solution (6) for ¢ = 0 and w = —sgn(w, . (lo)) = —sgn(u, (lo))-

Remark 1.10. If the non-resonance condition (12) is satisfied for all odd m > 3, then N can be
chosen arbitrarily large, but has to be fixed. The result of [GS05] was improved in [GSOS8] to
exponentially small tails and exponentially long time intervals w.r.t. €. It is not obvious that the
exponential smallness result can be transferred to the spatially periodic case. We also do not
use the Hamiltonian setup from [GS01] because it is not clear how the Hamiltonian structure
of the semi-linear wave equation (1) can be developed in the spatial dynamics formulation.

The solution v of theorem 1.7 is only defined on a large but finite spatial interval for the
semi-linear wave equation (1). However, due to the finite speed of propagation in the semi-
linear wave equation (1), it is also an approximate solution of the initial-value problem for
a very long time, on a very large, but shrinking, spatial domain. The corresponding result is
given by the following theorem.

Theorem 1.11. Let v be the solution of theorem 1.7 and take an arbitrary function ¢ € C*(R '\
[~ (ONHD o=CN+D] X)) such that

v(&x,z), (&x,2)€ [—6’(21\’“),6’(2”“)] xR xR,

vex (6,2,%) := {cb(ﬁ,x,z), (&x,2) € (R\ [-e=@VFD =(GVFD]) x R xR,

satisfies vex; € C*(R, X). Let
Uuo (x) := Vext (x,lox,x)  and  u;y (x) 1= —cgO¢Vext (X, LoX,X) — WO Vex (X, ox,x) .

The corresponding solution of the semi-linear wave equation (1) with u(-,0) =uy and
Ou(-,0) = u satisfies

u(x,1) = v(x —cgt,lox — wt,x)

Jorall (x,1) € [—e=CNTD e =@NTD] 5 (0, 00) such that [x| +1 < eV,

Remark 1.12. By theorem 1.11, the modulated pulse solutions are approximated by /,,, much
longer than on the O(¢~2)-time scale guaranteed by the approximation theorem given in
[BSTUOG6]. For instance, on the spatial interval [7%5*(21"“), %5*(21\’*1)] the approximation
holds up to time 7 = Je =GN,

We shall describe the strategy of the proof of theorems 1.7 and 1.11. As in [GSO1, GSO05,
GSO08] the construction of the modulating pulse solutions is based on a combination of spa-
tial dynamics, normal form transformations, and invariant manifold theory. Plugging the
ansatz (13) into (1), we obtain an evolutionary system w.r.t. the unbounded space variable
£, the spatial dynamics formulation, i.e. we obtain a system of the form

Detl = M (D.,0y,x) U + N (9., 0y, x, 1) , A7)

with Mu linear and N nonlinear in % which is a vector containing v and derivatives of v. For
all values of the bifurcation parameter 0 < € < 1 there are infinitely many eigenvalues of
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M(9,,0y,x) on the imaginary axis, see figure 2, and hence the centre manifold reduction is
of no use. However, the system is of the form

Deitg = Moo + No (o, ) , (18)
8§ﬁr:Mrﬁr+Nr(ﬁ0aﬁr) +Hr(ﬁ0)7 (19)

where i is a vector in C? corresponding to the eigenvalues of M which are close to zero and
where u, corresponds to the infinite-dimensional remainder, i.e. to all the eigenvalues of M
which are bounded away from zero for small |¢|. For € =0 all eigenvalues of M are zero.
The nonlinearity in the z%,-equation is split into two parts such that N,(ip,0) = 0. By finitely
many normal form transformations in the u,-equation we can achieve that the remainder term
H, in (19) has the property H, (i) = O(|iio|*¥*2) where N is an arbitrary, but fixed number, if
certain non-resonance conditions are satisfied, see remark 3.6. Concerning orders of £, we have
it = O(e) and &, = O(e2¥*?). Hence, the finite-dimensional subspace {u, = 0} is approxim-
ately invariant, and setting the highest order-in-¢ term H, (i) = O(£*¥*2) to 0, we obtain the
reduced system

85%0 = Myug + N() (19,0) .

For the reduced system, a homoclinic solution inside the subspace {u, =0} can be found,
which bifurcates with respect to € from the trivial solution. The persistence of this solution for
the system (18) and (19) cannot be expected, since the finite-dimensional subspace {u, = 0} is
not truly invariant for (18) and (19), and therefore the necessary intersection of the stable and
unstable manifolds is unlikely to happen in an infinite-dimensional phase space. However, the
approximate homoclinic orbit can be used to prove that the centre-stable manifold intersects the
fixed space of reversibility transversally which in the end allows us to construct a modulating
pulse solution with the properties stated in theorem 1.7.

The proof of theorem 1.11 is based on the energy method in the backward light cone asso-
ciated to the point (xg,#y). The point is arbitrarily chosen in the upper half-plane inside applic-
ability of the solution v obtained in theorem 1.7, that is, for £ € [—e~ (N1 =N+,

The paper is organized as follows. In section 2 we introduce the spatial dynamics formu-
lation by using Fourier series and Bloch modes. We develop near-identity transformations in
section 3 for reducing the size of the tails and increasing the size of the spatial domain. A local
centre-stable manifold in the spatial dynamics problem is constructed in section 4. The proof
of theorem 1.7 is completed in section 5 by establishing an intersection of the centre-stable
manifold with the fixed space of reversibility. Theorem 1.11 is proven in section 6.

2. Spatial dynamics formulation

Here we introduce the spatial dynamics formulation by using Fourier series and Bloch modes.
We fix [y € B and define

u(x,t)=v(&z,x) with £ =x—ct, z=lpx — wt, (20)
where w and c are to be determined and v(¢, -, -) satisfies

v(€z+2mx) =v(zx+2m) =v(,z,x), V(& zx) R



Nonlinearity 37 (2024) 055005 T Dohnal et al

Inserting (20) into the semi-linear wave equation (1) and using the chain rule, we obtain a new
equation for v:

[(? = 1) 0F +2 (cw — lg) B0, — 20¢0y + (w* — [§) 2 — 21000 — 07 ] v(€,2,x)
+p()v(€,2,x) =yr(x)v(€,2,x)°, £ E€R, xz€eT. Q1)

In order to consider this equation as an evolutionary system with respect to £ € R, we use
Fourier series in z

1 21 )
€2 = Y€, w6 =50 [ vieame e @)
meZ

Equation (21) is converted through the Fourier expansion (22) into the spatial dynamics system
for every ¢ # +1:

5’5( VVVZ )Am(w C)( vvv':, )7(162)_1< r(x)(fsz)f/*f))m ) 23)

for{ € R,m € Z, x € T, where Wy, := OV, Am(w, ¢) is defined by

0 1
An (w,c) = < (1- 02)71 [— (Dx +imlo)* + p (x) — mzwz} 2(1— 62)71 [imcw — (Ox +imlp)] >
and the double convolution sum is given by

(V*V*V g levmzvm my—my+
my,myEL

The spatial dynamics system (23) can also be written in the scalar form as

[(c2 —-1) 3? + 2imewde — 2 (9, + imly) O — m*w* — (0, + imly)* + p(x)} Vi
=r(x)(Vxv*D),. (24)

Remark 2.1. If p € L{5, (T), then the domain D and the range R of the linear operator A,,(w,c¢) :
D C R — R are given by

D=H* (T)xH. (T), R=H,(T)xL*(T). (25)

per per per

Solutions of the dynamical system (23) are then sought such that at each { € R they lie in the
phase space

D := {(m Wan)mez € (€2(Z,L3(T)) N 3N (Z, Hyee(T)) N (Z, Hyor(T)))

per per

X (£21(2,L(T)) N €*°(Z, Hyy (T)))}, (26)

per

with the range in
R:= {(}‘m,gm)mez € (' (z,.*(T)) N *°(Z,H,, (T))) x £*° (2, L (T))}, 27

9
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where (2*(Z, H*), with k € N, is a weighted ¢2-space equipped with the norm

1/2
- - k
| Vi) ez e (z,m) = (levmﬁs(Hmz) ) :

me7Z

The solution map for the initial-value problem associated to the dynamical system (23) is then
defined as [0,&] 3 € > (Vu, Win)mez € C'([0,&0], D). The phase space D in (26) is equivalent
to the function space X" in theorem 1.7 under the Fourier series (22).

Remark 2.2. Real solutions v = v(&, z,x) after the Fourier expansion (22) enjoy the symmetry:
i'/_m (€7X) = im (gax) ’ Vm € Z? V({,X) € Rz' (28)

The cubic nonlinearity maps the space of Fourier series where only the odd Fourier modes
are non-zero to the same space. Hence, we can look for solutions of the spatial dynamics
system (23) in the subspace

Dodd = { (Vms W) ez, €D Vam=Wom =0, V_py=Vm, Wep=Wn, VmeEZL}.

Hence the components (V,,, w,,) for —m € Nyqq can be obtained from the components (v,,, W, )
for m € Nyqq by using the symmetry (28).

2.1. Linearised problem

Truly localised modulating pulse solutions satisfy

li =0
EJI;IOOV(S,Z,)C) ,

i.e. such solutions are homoclinic to the origin with respect to the evolutionary variable &.
If these solutions exist, they lie in the intersection of the stable and unstable manifold of the
origin. However, the modulating pulse solutions are not truly localised because of the existence
of the infinite-dimensional centre manifold for the spatial dynamics system (23).

The following lemma characterises zero eigenvalues A of the operators A,,(wo, cg), where
wo = Wy, (lo) and ¢g = w, (lo).
Lemma 2.3. Fix N € N. Under the non-degeneracy and the non-resonance assumptions (10),

(11), and (12) the operator A, (wo,c,) withm € {1,3,..., 2N+ 1} has a zero eigenvalue if and

only if m= 1. The zero eigenvalue is algebraically double and geometrically simple.
Proof. Letm € Nogq. The eigenvalue problem A,,(wo, ¢, ) (1) = A () can be reformulated in

the scalar form:
[— (D +imly + ) + p (x)| V(x) = (mwp — icg\)? V(x). (29)

Eigenvalues ) are obtained by setting V(x) = f;,(mlp — i\, x) and using the spectral problem (3)
for I € C, where both f, (1,x) and w,(I) are analytically continued in / € C. The eigenvalues are
the roots of the nonlinear equations

W2 (mly —iX) = (mwo —icg))*,  neN. (30)
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Zero eigenvalues A =0 exist if and only if there exist solutions of the nonlinear equations
w2 (mly) = m*w3. Since wo = wy, (lp), w2(mly) = m>w} is satisfied for m =1 and n = ny. Due
to the non-degeneracy assumption (10), w2(lp) = w% does not hold for any other n. This shows
the geometric simplicity of A = 0 for m = 1. It follows from (10) and (12) that no other solutions
of w2(mly) = m*w} exist form € {1,3,...,2N+1}.

It remains to prove that the zero eigenvalue for m = 1 is algebraically double. To do so, we
again employ the equivalence of the eigenvalue problem (3) and (29) for A=0, [ = ly, n = ny,
and m = 1. For n = ng, and [ = [y, this equation and its two derivatives with respect to / generate
the following relations:

:— (Bx +ilo)* + p (x) —w(%:f,,o (In,x) = 0, 31)

[ (0, +ilo)? + p (x) — B | Difyy (l0,6) = 20cefuy (o x) + 20 (B +ilo) fu (forx),  (32)

[ (0 +ilo) + p(x) — wB| OFo (I, %) = dwioceDifoy (l0,) + 4 (B + ilo) Df (I, %)
+2 (wow,y (o) + ¢ — 1) fu, (Io,x) - (33)

The non-degeneracy condition (11) implies that cé # 1. Computing the Jordan chain for
Aj(wo,c,) at the zero eigenvalue with the help of (31) and (32) yields

Ay (wo,cg) Fo=0, Fo(x):= ( I (f)o’x) ) , (34)
and
A (wo.c) Fi = Fo, i (x) = ( *;‘jﬂ%;o(l)(z)vx) ) (35)

We use f;,, and Oyf;,, to denote fy,, (I, -) and Oify, (1o, ) respectively. It follows from (32) and (33)
that

wocg — lo + (fuo,ify,) =0, (36)
wowyy (o) +cg = 1+ 2 (woce = lo) {fuy: Otfy) + 2oy, 10f7,) = O, (37

where f, denotes O.f, (lo,-) and where we have used the normalisation ||f;,, (lo, )

202m) = 1.

Remark 2.4. Let us define
((f.8)) = (fi,&1) + (f2.82)

where (¢,1) = 0277 ¢ dx is the standard inner product in L?(0,27). With some abuse of nota-
tion in the following we write (f, g) for ({f,g)).

1
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Using complex conjugation, transposition, and integration by parts, the adjoint operator to
Aj(w,c) in L*(0,27) is computed as follows:

A7 i) = ( 0 (1-)" [~ @it + 90 -] ) >
1w, 1 ) (1 _02)_] licw — (Ox +1ilo)] 7

for which we obtain

% B . 1 2 [ic wo — (&C + ll())}f;lo (l(),x)
Aitneyan=o0. Guini= s (PRGN ), &

where the normalisation has been chosen such that (Go, F;) = 1 due to the relation (37). Note
also that (Gy, Fy) = 0 due to the relation (36).
For the generalised eigenvector of A} (wp,cg) we have

AT (WOacg) Gl = GOv (40)

with
l _ C2 . _ 2 —1 .. _ .
Gy = % foo +21(1=¢}) .[1cgwo (Ox+ilo)] Otfuy | 4 VG,
wow,, (lo) 10f,

_1a [ fe2(1=c) fiewo — (9 + i) (9, — ivfi)
wowy! (Io) § Oty — 0f) ’

where v is chosen so that (G, F;) = 0. A direct calculation produces

.
v= m ((1=cz) Re {(fuy, Oifiny) — (cowo — 10) 10uf, |* — T (D, Dify, Oify)) -

As Aj(wp,co) has a compact resolvent, a standard argument using Fredholm’s alternative
guarantees that there exists a 2m-periodic solution of the inhomogeneous equation

)-r

if and only if F is orthogonal to Ker(A?), i.e. to Gy. However, since (Go, F;) = 1, the Jordan
chain for the zero eigenvalue terminates at the first generalised eigenvector (35), i.e. A=0 is
algebraically double. O

=

Ay (wo,cq) (

Remark 2.5. By using the same argument, we verify that also the adjoint operator A} (wy,¢,)
has a double zero eigenvalue. This follows from the existence of solutions in (39) and (40) and
non-orthogonality of the generalised eigenvector G; of A} (wo,c,) to ker(A;), i.e. to Fy since
(G1,Fo) = (G1,A1F1) = (A]G\,F) = (Go, F1) = 1.

In the low-contrast case, i.e. when the periodic coefficient p is near p =1, the non-
degeneracy conditions (10), (11) and the non-resonance condition (12) are easy to verify. If
p(x) = 1, the eigenvalues w, () are known explicitly, see (8). The following lemma specifies
the sufficient conditions under which the non-resonance assumption (12) is satisfied.

12
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Lemma2.6. Letp(x) = 1+ dpy(x) with pi(x) = p1(x + 27) and 0 being a constant parameter.
There exists 0p > 0 such that for every § € (—0o,90) the non-degeneracy assumptions (10)
and (11) are satisfied. The non-resonance assumption (12) is satisfied if

m* — 1 — k?
no+lo # T where  (m,k) € {3,5,...,2N+ 1} x Z. 1)

Proof. The non-degeneracy assumptions (10) and (11) are satisfied because equation (9) for
d =0 implies ¢g € (—1,1) and w,(lo) # 0. As wy, (lo) and w, (Iy) depend continuously on 4,
we get that (10) and (11) hold for |J| small enough.

For the non-resonance assumption (12) we set n = mng + k with m € {3,5,... 2N+ 1},
k € 7Z and note that at § =0 we have

w? (mly) = 14 (mng + K +mlp)*,

mzwrzlo (lp) = m? (1 + (no+ 10)2> ,
see (8). Condition (12) at 4 =0 is thus equivalent to (41). As eigenvalues depend continuously
on 4, condition (12) is satisfied for |§| small enough if it is satisfied for § =0. O

Remark 2.7. The non-resonance condition (41) is satisfied for all m € Nif [ e R\ Q.

2.2. Formal reduction

Let us now consider a formal restriction of system (24) to the subspace
S ={(m:Wm)mez € Dodd:  Vm=Wm =0, m€ Zoaa\{—1,1}}

leading to the NLS approximation (16). As S is not an invariant subspace of system (24), this
reduction is only formal and a justification analysis has to be performed, which we do in the
remainder of this paper.

The nonlinear (double-convolution) term on S is given by

(V%95 7), = 3|9 [*9.
The scalar equation (24) on S reduces to
[(c2 — 1) 82 + 2icwde — 20 (0y + ilp) — w? — (0 +1lp)* + p (x)} 1 (€,x)
=3yr (%) |91 (&,2) [*91 (§,)

for m =1 and to the complex conjugate equation for m = —1. Using the Jordan block for the
double zero eigenvalue in lemma 2.3, we write the two-mode decomposition:
{ V1 (&%) = 11 (&) fay (Lo, %) = i1 (€) Difny (I0,) @2)
w1 (&,%) = 1 (E)fug (lo;x)

where 1 (§) = eA(X) with X = &£ and real A(X). It follows from 0¢v;(&,x) = w; (&, x) that
¢1(€) = e®A’(X), where the O(£?) terms are neglected. Using w = wy + we* and ¢ = ¢, with
wo = wp, (lo) and ¢y = w, (ly), we obtain the following equation at order O(e?):

(cz = 1) A" fry 4 2cqw0A " Offy, + 2A" O, — 200w0Afy = 377A [fog [P (43)

13
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where equations (31) and (32) have been used and f,,, again denotes f;, (/, -). Projecting (43)
onto span{f;, } and using (37) yields the stationary NLS equation

—wow,! (lp) A" — 2wo@A = wyys, (Io) A, (44)

which recovers the stationary version of the NLS equation (5) for A(X,T) replaced by
A(X)e“T with real A(X). The modulated pulse solution corresponds to the soliton solution of
the stationary NLS equation (44),

A(X) = ysech (12X), 45)

where v and v, are given by (7). Note that among the positive and decaying at infinity solu-
tions of the stationary NLS equation (44) the pulse solution (45) is unique up to a constant
shift in X.

Remark 2.8. Unfolding the transformations (20), (22), and (42) with ¢ (§) = eA(e€) gives an
approximation for f,p,(€,2,x) on S, see (16).

2.3. Reversibility

Because p and r are even functions in A, given by (2), the semi-linear wave equation (1),
being second order in space, is invariant under the parity transformation: u(x,#) — u(—x,1).
Similarly, since it is also second-order in time, it is invariant under the reversibility transform-
ation: u(x,1) — u(x, —1).

The two symmetries are inherited by the scalar equations (21) and (24): if v(£,z,x) is a
solution of (21), sois v(—¢&, —z, —x) andif (¥,,(£,x) ), is a solution of (24), $01s (V(—&, —x) ) -
Since the symmetry is nonlocal in x, one can use the Fourier series in x given by

T (€)= 3 g (O, Gi(6) = / T (€x) e, 46)

= 27 ) .
and similarly for w,, to rewrite the symmetry in the form:

If {Vk (&), Wik (5)}(m K)eNuaxz 18 asolution of (23) with (46),

. (= = 47
SO 18 {vak(_f)’_Wm»k(_é:)}(m,k)ENodde’ “7)

The implication of the symmetry (28) and (47) is that if a solution { v, k (&), Wik (§) } (k) eNoga x 2
constructed for £ > 0 satisfies the reversibility constraint:
Im ¥, 4 (0) =0, Rewy,;(0)=0, V(mk)€E Ny XZ, (48)

then the solution {V,, x(&), Wik (&) } (k) eNuw x 2 Can be uniquely continued for £ < 0 using the
extension

Vg (€) = Vmk (=€) Wk (§) = —Wmu (=€), VEER_. (49)

This yields a symmetric solution of the spatial dynamics system (23) for every £ € R after
being reformulated with the Fourier expansion (46).
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Remark 2.9. The pulse solution (45) gives a leading order approximation (42) on S C Dogq
which satisfies the reversibility constraint (48). Indeed, since A’(0) = 0, we have w; (0,x) =0
which implies W, x(0) = 0. On the other hand, we have ¥, (0,x) = €A(0)f,, (lo,x) with real A(0)
and generally complex f;,, (lo,x). However, the Bloch mode f;,, (I, x) satisfies the symmetry

fno (l()7 _-x) :ﬁl[) (l()a-x) )
thanks to the non-degeneracy assumption (10): if £, (lo,x) is a solution of (3) so is f,, (lo, —x)
and the eigenvalue w(% = w,zlo(lo), is simple in the spectral problem (3). Consequently, all
Fourier coefficients of f;,, (o, x) are real which implies Im v; 4(0) = 0.

2.4. SO(2)-symmetry

The starting equation (21) for v =v(&,z,x) is translational invariant with respect to z +— z +
20, with zo € R arbitrary. This corresponds to an invariance under the mapping (V,,, W) —
(Vs Wi )€ for all m € Zogq in the Fourier representation (22). This symmetry allows us to
restrict A for 11 (£) = eA(X) and ¢ (€) = £2A’(X) in (42) to real-valued functions.

3. Near-identity transformations

By lemma 2.3, the Fredholm operator A;(wy,cy) has the double zero eigenvalue, whereas
Ap(wo, cg) for 3 < m < 2N+ 1 admit no zero eigenvalues. In what follows, we decompose the
solution in X into a two-dimensional part corresponding to the double zero eigenvalue and the
infinite-dimensional remainder term.

3.1. Separation of a two-dimensional problem

Like in the proof of lemma 2.3, we denote the eigenvector and the generalised eigenvector of
A (wo, ¢g) for the double zero eigenvalue by Fjy and F, see (34) and (35), and the eigenvector
and the generalised eigenvector of A} (wp,cy) for the double zero eigenvalue by Gy and G,
see (39) and (40).

We define I1 as the orthogonal projection onto the orthogonal complement of the generalised
eigenspace span(Gy, G ), i.e.

IT : L2 (0,27) x L?(0,27) — span (G, G) ",
IV =¥ — <G0,\IJ>F1 - <G1,\I’>F0.

The orthogonality follows from our normalisation, which was chosen in the proof of lemma
2.3 so that (Go,Fo) = (G1,F1) =0 and (Go,F;) = (G1,Fo) = 1. Also note that ker II =
span(Fy, F1). Moreover, we have

A1 (WO7Cg)H\IJ :Al (WQ7Cg)\1/ — <G(),\I/>A1 (WO,Cg)Fl — <G1,\I/>A1 (WO7Cg)F0
:Al (WO,Cg)\I/ - <G0,\I/>F0
:Al (WQ,Cg)\I/ — <G0,A1 (UJQ,Cg) \IJ>F1 — <G1,A1 (wo,cg) \I/>F()

=1IA (wo,cy) V.
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Compared to the two-mode decomposition (42), we write

(D) =@l +en ©F ) 251 (6.0,

where ¢g,q; : R — C are unknown coefficients and where S;(¢,-) € D for £ € R satisfies
HS] = S] N ie.

(Go, 81 (€,))) = (G1,81(&,-)) =0, V€ ER.

Similarly, we write

Vim (f,x) _
( o (£.2) ) =¥y (§,x), me N\ {1}

and define Y := qoFo + q1 F1 + S;. Furthermore, we represent Y,, = (V,,,, W,,)T,i.e.v,, = eV,
Wi = €W,,, and use the notation V := (V) menyg, and V3 := (Vi) menyo\ {1} -
For w = wy + 2@ and ¢ = ¢y, we write

~ —1 0 0
Ap(w,c) =Ay (wo,cg)+52w(l—c§) By, Bn= ( —m? (w+wy)  2ime, >

Because of
(G Gobn Y (00,

the spatial dynamics system (23) with w = wy 4+ we? and ¢ =cg is now rewritten in the
separated form:

856]1 2
=¢"Hy(q0,91,51,V>3), 30
9 S1 =T1A; (wo,c,) 1 +£%5 (1 —02)71H31Y1 +*11H (q0,91,51,V>3) , (500)
and for m € Nogq\ {1},
55Ym:Am(w0,Cg)Ym+€2@(1fCé)_]BmYm+€2Hm(lZo741,Sl,V>3), (50¢)

where the correction terms Hy and (H,,)men,,, are given by

He— w ( — (w+wp)go +1((w+wp) <fﬂ078lf”0>+2cg)ql )
O wownd (10) \ (Oufing — 10 fio) (i (w + wo) go + 2¢q1) + (w + wo) (Otfay — frg, Otfns )1

L1 ( (i3 (B1S1)y =77 (V4 V 5 V),) )
ot (o) \ =i{0fiy = i0fin, 3 (BiS1 )y =Ar (V4 V£ V),) )

and

B oy —1 0
Hy=—(1—cp) (r(V*V*V)m )’ m € Noaa:

16



Nonlinearity 37 (2024) 055005 T Dohnal et al

Remark 3.1. System (50) does not have an invariant reduction at §1 =0 and V3 = 0 because

(V*V * V)1 ‘SI:O,V>3:0 = 3|qﬁlfno - iqlalfm)'z (q(]fno - iQIalfno)v
(VxVxV)s[5=0vsy=0 = (qafu, — iq10if,)°

which contributes to II H; and H3 (as well as to Hy).

3.2. Resolvent operators for the linear system

In order to derive bounds (14) and (15), we need to perform near-identity transformations,
which transform systems (50b) and (50c¢) to equivalent versions but with residual terms of the
order O(e2™+1)). To be able to do so, we will ensure that the operators ITA;(wo,cg)IT and
Ap(wo,cg), 3 <m < 2N+ 1 are invertible with a bounded inverse.

By lemma 2.3, these operators do not have zero eigenvalues but this is generally not suf-
ficient since eigenvalues of these infinite-dimensional operators may accumulate near zero.
However, the operators A,,(wo, ¢g) have the special structure

0 1 > L,= (1 — cé)_l [— (Or + imlo)2 +p(x)— mzw(ﬂ , 51)

Am (w07cg> = < t

L, M, M, =2 (1 - Cé) ! [imcgwo - (Bx + 1ml0)} s
which we explore to prove invertibility of these operators under the non-degeneracy and non-
resonance conditions. The following lemma gives the result.
Lemma 3.2. Ifthe conditions (10)—(12) are satisfied, then there exists a Cy > 0 such that

2N+1
-1 -1
IATA; (wo, )T ™ lzsp+ D lAm (o)™ s < Co, (52)

m=3
where D and R are defined in (25).

Proof. Under the non-degeneracy condition (11) which yields ¢, # £1, the entries of
An(w,c,) are all non-singular. To ensure the invertibility of A,,(wo,c,) With m € Noga\{1},
we consider the resolvent equation

iwa(3)-(4)

for a given (f,g) € R. The solution (v,w) € D is given by w = f and v obtained from the scalar
Schrodinger equation

L,v=g—M,f.

Under the non-resonance conditions (12), 0 is in the spectral gap of L,, making the lin-
ear operator L, :Hﬁer + L? is invertible with a bounded inverse from L? to ngr. Hence

v=L,'(g—M,f) and A, (wo, c,) is invertible with a bounded inverse from R to D.

17
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Figure 4. Purely imaginary eigenvalues A = i(/ — mly),l € R, as roots of the nonlinear
equation (30) can be obtained graphically as intersections of the curves / — w,(/) and

I mwo + cg(I—mly) forn € Nand I € B. For p = 1 we have w,(I) = /14 (n+1)?
(not ordered by magnitude) and recall that w, is 1-periodic. Due to the symmetry about
the [-axis we plot only the upper part. We choose Iy = 0.35 and wy = wi (lp) =~ 1.06.

The operator A;(wp, c,) is not invertible due to the double zero eigenvalue in lemma 2.3.
However, it is a Fredholm operator of index zero and hence by the closed range theorem there
exists a solution of the inhomogeneous equation

wias()n(1)

for every (f,g) € R. The solution is not uniquely determined since span(Fj, ) can be added
to the solution (v,w) € D, however, the restriction to the subset defined by the condition

m(2)=(%)

removes projections to span(Fo, Fi ). Consequently, the operator (ITA; (wo, cg)IT) is invertible
with a bounded inverse from R to D. O

In the limit 6 — 0 of lemma 2.6 we can calculate the eigenvalues A of A,, (wo, c¢) graphically,
see figure 4, and explicitly. The following lemma summarises the key properties of eigenvalues
which are needed for assumption 4.11 in theorem 1.7.

Lemma 3.3. Let p = 1. For every fixed m € Noqgq, the operator A, (wo, c,) has purely imagin-
ary eigenvalues, Jordan blocks of which have length at most two, and complex semi-simple
eigenvalues with nonzero real parts bounded away from zero. Moreover, if [y € R\Q, then all
nonzero, purely imaginary eigenvalues are semi-simple.

Proof. Eigenvalues of A,,(wo,cg) are found as solutions of the nonlinear equation (30). For
p = 1 we use Fourier series (46) and write w?(l) = 1 + (n+1)? with n = k € Z. After simple
manipulations, eigenvalues A are found from

(w(;l/\+in (k—mno))2 =141+ 2lgmk —m* (w§ — I§) — w§ (k—mny)*, ke,

18
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where m € Nogq, no € N, and ly € B are fixed and where wy = /1 + (ng + lp)?. Setting x :=
k —mng, we get

(wal)\—i—iwon)z =1—(m—rng+1)).

Eigenvalues ) are found explicitly as

A = —ikw? :I:iwo\/(m— % (o 'HO))Z - L

For each k € Z, the value of « € Z is fixed. Eigenvalues are double if
(m—r(no+10)) —1=0

for some m € Nogq and & € Z, in which case the Jordan blocks have length two. If [y € R\Q
and k # 0, then (m — r(ng + 1y))? — 1 # 0 and the eigenvalues are semi-simple, in which case
there are no Jordan blocks.

If k=0, then A\ = Fiwyv/m? — 1 which includes a double zero eigenvalue for m =1 and
pairs of semi-simple purely imaginary eigenvalues. If x #0, then complex eigenvalues off
the imaginary axis arise for each (m, k) € Nogg X Z with |m — x(no + ly)| < 1; the two com-
plex eigenvalues appear in pairs symmetrically about iR. Therefore, complex eigenvalues with
nonzero real parts are semi-simple. Moreover, Im(\) = —kw3 and hence [Im(\)| > w for each
complex eigenvalue. O

Remark 3.4. Conditions (41) ensure that

\/(m—li(no+lo))2—17é/€w0, 1<m<2N+1, keN.

As a result, the purely imaginary non-zero eigenvalues of lemma 3.3 are bounded away from
zero by

Dy = |w0\grelg|\/(m—m(n0+lo))2— I —rwol >0, 1<m<2N+1.

The inequality D,, > O follows from the fact that

’\/(’”— K (no +10))* — 1 — kwo

NK( 1+(n0+lo>2—n0—lo)

as k — 0o, where wy = +/1+ (no+1p)?> has been used. We do not need invertibility of
A (wo, cg) as m — oo since we only use the near-identity transformations for 1 <m < 2N+ 1.
Therefore, we do not need to investigate whether D,, — 0 as m — oo.

In the next two subsections we proceed with near identity transformations by using the
bounds (52) and prove the following theorem.

Theorem 3.5. There exists g > 0 such that for every € € (—ey,€p), there exists a sequence of
near-identity transformations which transforms system (50) to the following form:

N
Ot q1 ,Z 2 <0)( ) (N)) N42(0) ( ) (N))
( 85 g0 — q1 - = € Zj CIanlasl 7V23 +¢ ZN+1 qO;qlasl 7V>3 ) (53&)
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N

af SEN) - HAI (CU(),Cg) SEN) + Zgzjzjl) (‘10#]1 7S§N)7V(>N3)) + €2N+ZZ[(\II.|)_1 (CIOaQI 7S$N)7V(>1\2) )
j=1

(53b)

and for m € Noga\{1},

N
aﬁ YEnN) :Am ((,U(),Cg) Yl(nN) + ZEZ]ZI(’”) (CIqulaSiN); V(;g)) + 52N+221(\/”21 (QOMhSEN)a Vg\;,)) )
j=1

(53¢)

where Z](m) (90,41,0,0) = 0 for every 1 <j < N and m € Nogq. The variables SgN),V;Ng, and

Y,(nN) are obtained from S,,V>3, and Y,, via N near-identity transformations depending on qo
and q;, e.g.

SN =5, +220@ (go,q1) +* @@ (go,q1) + -+ (go,q1),

where ®) depends polynomially on qy,qo,q1, and q,, and analogously for V(>N3) and anN).
Moreover, the transformations preserve the reversibility of the system, see section 2.3.

Remark 3.6. Itis well known that in the equation for u; with eigenvalue i \; a term of the form
u;llf b uf’ can be eliminated by a near identity transformation if the non-resonance condition
Aj— Z,::] njk)\,,jk = 0 is satisfied, see section 3.3 in [GH83]. Since the eigenvalues for the
(g0, q1)-part vanish and since the eigenvalues for the SEN) -part and the Y,(,LN)—part do not vanish,
all polynomial terms in (go,q;) can be eliminated in the equations for the S §N) and anN). This
elimination is done by theorem 3.5 up to order O(e?V). Some detailed calculations can be

found in the subsequent sections 3.3 and 3.4.

Remark 3.7. The condition ngm) (40,91,0,0) =0 for every 1 <j <N and m € Nyyq corres-
ponds to N,(7ip,0) = 0 in system (19). Ignoring the higher order terms

52N+221(V”jr)1 (q()v qi, SEN) ) V(2N3))

for m € Nygq in (53b) and (53¢) gives an invariant subspace {(SEN),V(;Q) =(0,0)} in which
an approximate homoclinic solution for the full system can be found. It bifurcates for ¢ # 0
from the trivial solution for € =0.

3.3. Removing polynomial terms in qo and q; from (50c)

In order to show how the near-identity transformations reduce (50c¢) to (53c¢), we consider a
general inhomogeneous term £% qg‘ (}]52 qlf q’ﬁ in the right-hand side of (50c¢) with some 1 <j <
N and positive integers ki, ky, k3, k4. The transformations are produced sequentially, from terms
of order O(£?) to terms of order O(?") and for each polynomial order in (go,q1).

At the lowest order j = 1, there exists only one inhomogeneous term in (50c) for m = 3, see
remark 3.1, which is given by

@ _ (1l 0
H' =—1(1-¢) (r(qoﬁm—im@zfm)3 )

20
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Hence, Hy = H) + H™, where H = 0 if (S}, Vs3) = (0,0). Substituting Y3 = ¥3 + £29);

with
3 2 2 3
._ 90 9091 qoq7 91
—h h th th
Vs 0(3ng1> 1<2qu%> 2( q; ) 3<0>

into (50c¢) yields
O yg =A3 (wo,Cg) ?3 + %W (1 — Cé)_l B3~Y3 +52[~13.

The choice of the second components in each term of )3 is dictated by the fact that ¢ go — ¢
and O¢ g are of the order of O(?) due to equation (50a). We are looking for scalar functions
hj € Hﬁer from the sequence of linear inhomogeneous equations obtained with the help of (51):

—1
@i Lsho=~(1—c3)  1fn,
. —1
q(z)ql : L3h1 = —31’)’ (l - Cé) rj&n()@lfno - 3M3h0,
—1
qoqt  Lahy = =37 (1= c2) ™ rfy, (9ify)” — 2M3hy + Gho,

. -1 3
qi :Lshs =iy (1=c3)  r(Of,)” — Mshy +2h;.
Since L3 is invertible with a bounded inverse by lemma 3.2, there exist unique functions &; €
H;er which are obtained recursively from hg to h3. After the inhomogeneous terms are removed

by the choice of £, the transformed right-hand side Hj3 becomes

- 3q% (G0 — q1) 29041 (G0 — 1) + g5
Hy=HS -} ‘0 . —h . 0%
T 0( 640q1 (4o — q1) + 3q5 2(g0— q1) 41 +4q001 41

. 2 ) . 3 2. _ —1
_h2< (0 qlégl%; dod1dn )_h3< NN 425 (1-3) 7 Bys,

where H5* is also modified due to the transformation. Substituting for go — g1 and ¢,
from (50a) shows that H3(qo,q1,0,0) = O(£?), hence the first step of the procedure trans-

forms (50c) into (53¢) with N=1. One can then define H3 = H\Y + H with A7 = 0 if
(81,V>3) = (0,0) and proceed with next steps of the procedure.

A general step of this procedure is performed similarly. Without loss of generality, since the
principal part of system (50a) is independent of gy and g, we consider a general polynomial
of degree M at fixed m € {3,5,..., 2N+ 1}:

M
i i { a
H' :Zqo /6/1( bj~ )7
j=0 !
where (a;,b;)" depend on x only. Substituting

M
. A h
Ym - Ym+522)ma @m :qul J% < gj )

j=0

21
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into (50c¢) yields (53¢) with N being incremented by one if 4, g, € ngr are found from two
chains of recurrence equations forj € {0,1,...,M}:
g =—a+(M+1—j)hj_,
Lyhj = —bj — Mygj+ (M +1—j) g1,
which are truncated at Ay =g_; =0. Since L, for 3 <m < 2N+ 1 are invertible with a
bounded inverse by lemma 3.2, the recurrence equations are uniquely solvable from g to

hy, then to g; and & and so on to gy, and /. The aforementioned first step is obtained from
here with M =3 and ag = a; = a» = a3 = 0.

3.4. Removing polynomial terms in qo and q; from (50b)

Similarly, we perform near-identity transformations which reduce (50b) to (53b). The only
complication is the presence of the projection operator II in system (50b).

At lowest order j =1, there exist two inhomogeneous terms in (50b) due to IIB;Y; and
IIH;, which can be written without the projection operator II as follows:

w vy 0
—— (goB1Fo+q1B1F) — —— . - A
1- Cé (qo o 1) 1— Cé < 3r(q0fno _lqlalfno)2 (qofno +1qlalf;’lo) >
=:qoH” + ¢ HY + g0 qoH® + ¢§g1H®) + |g0?g H®Y + go|q1 [PH®)

+q0giH® + |q1 P HD.
Substituting §; = S} 4+ £2&; with
&1 =qoS"” + 18" + |90* 908 + 73a1S®) + g0 2418 + qol 1 [’
+504°8® + g1 2187,
where IISY) = SU)_ into (50b) yields

853'1 =114, (wo,cg)gl +e%% (1 7C§)_1 HB]S] +€2HI:11,

where H| is of the next O(?) order if S 8™ are chosen from the system of inhomogeneous
equations

qo : 1IA; (wo,cg)S(O) = —ITHO,
qi: HA] (WOacg)S(l) = _HH(I) +S(0)a

and S(z), . ,Sm are chosen from the system of inhomogeneous equations

g0/ g0 : TTA; ( )
a5 : LA} (wo, )
lq0[2q1 : TLA, (wo,cg) S = —TTH® 428
gola1|* - TLA; ( )
doq; : TTA, ( )
q112q1 : TTA; ( )

22



Nonlinearity 37 (2024) 055005 T Dohnal et al

Since ITA; (wo,cg)II is invertible with a bounded inverse by lemma 3.2, the two chains of

equations are uniquely solvable: from S© to S and from S to 7.
It is now straightforward that a general step of the recursive procedure can be performed to
reduce (500) to (53b).

4. Construction of the local centre-stable manifold

By theorem 3.5, the spatial dynamical system can be transformed to the form (53), where
the coupling of (qo,q1) € C* with SEN) eDand Y3 €D for m e Nodaa\{0} occurs at order
O(e?N+2), We are now looking for solutions of system (53) for & on [0,&] for some e-
dependent value &, > 0. In order to produce the bound (14), we will need to extend the result
to §o = e~ (N1,

The local centre-stable manifold on [0, &y] will be constructed close to the homoclinic orbit
of the system

N
Ot q1 > 2j(0)
= E evZ; ,q1,0,0 54
(8£Q() qi = ‘j (q0,q1 ) (54

which is a truncation of (53a). The leading-order term ZEO) (40,41,0,0) is computed explicitly

as

2w - +i 0> Olfng) + €
2 (40.41,0,0) w woqo +1 (w0 {fuo, Oifng) + C2) 1 )

- Wown/o/ (10) < <alfno — Ufn, >ﬁ10> (iwo% + ngl) +w0<alfn0 - inﬂovalfno>ql

3y ( (fouos Fgafno — 14104 |* (Gofno — iq100fg)) )
wow’:ol (ZO) <i (8lfﬂ0 _inﬂo)»r‘quﬂo _iqlalfﬂo|2 (Qano _i(Ilalfno» .

The stationary NLS equation (44) for A rewritten as a first order system for go(£) = A(X) with
X=cefand q;(§) =eA'(X)is

Ot q 20 1 —1( =2&q0 — Y, (o) |90*q0
— I 0 55
(85%_% ) & (wy! (Iv)) ( o : (55)

or equivalently
-1 ~
A" = (wi (1)) (—20A — 7y, (Io) |APA) (56)
where w,(lo) # 0 due to the non-degeneracy condition (11). Equation (55) is the leading order
(in €) part of (54) if go = O(1) and g1 = O(e).

The following lemma gives persistence of the sech solution (45) of the reduced system (55)
with (go,q1) = (A(e-),eA’(e+)) as a solution of the truncated system (54).

Lemma 4.1. Assume (11) and let A be given by (45). For each N € N and a sufficiently small
€ >0, there exists a unique homoclinic orbit of system (54) satisfying the properties

Im g (0) =0, Regq;(0)=0. (57
such that

llgo—A(e) |l < Ce, |lg1 —eA’ (&)1 < CE2, (58)
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and
90 (€)| < Ce™=1El gy ()| <eCe =l V¢ eR, (59)

for some o >0 and C > 0.

!' !' an() to, 1 IE no \t0

and since the Fourier coefficients of f,, (ly,x) and 9fy, (lo,x) are real by remark 2.9, the con-
dition (57) expresses the reversibility condition (48) for m =1 in the linear combination (60).
The reduced system (55) has two symmetries: if (go(£),41(€)) is a solution, so is

(q0 (£ +&0) €™, q1 (€ +&)e™) (61)

for real &y and 6. In the scaling go(§) = go(X) with X = €€ and ¢;(§) = ¢, (X) system (54)
is of the form

j=N
Oxd N 220
( e (8xqo — q1) ) _JZ:;E Z (90,£41,0,0)

- ( (cwn (1)) ™" (=230~ ) ) ) Lo0, -

For £ =0 there is a homoclinic orbit g, for system (55) which is given by (Go,g1) =
(A,A") with A in (45). The existence of a homoclinic orbit for small € >0 can be estab-
lished with the following reversibility argument. For ¢ = 0 in the point (g5,g}) = (71,0) with

1 = 1/2|@|/[Vny (Io)]» the family of homoclinic orbits e gnom (- + £) intersects the fixed space
of reversibility

Im g (0) =0, Req;(0)=0

transversally. This can be seen as follows, see figure 5.

In the coordinates (Re go,Im o, Re ¢1,Im g;) the fixed space of reversibility lies in the span
of (1,0,0,0) and (0,0,0, 1). The tangent space at the family of homoclinic orbits e ghom (- +
€) in (g§,q7) is spanned by the {-tangent vector which is proportional to (0,0, 1,0) and the
f-tangent vector which is proportional to (0,1,0,0). Since the vector field of (62) depends
smoothly on the small parameter 0 < £ < 1 this intersection persists under adding higher order
terms, i.e. for small € > 0. Thus, the reversibility operator gives a homoclinic orbit for (62) for
small € > 0, too. Undoing the scaling gives the homoclinic orbit for the truncated system (54)
with the exponential decay (59).

It remains to prove the approximation bound (58). The symmetry (61) generates the two-
dimensional kernel of the linearised operator associated with the leading-order part of the
truncated system (54):

(0)=(f) mo (2)=(4%) @

24



Nonlinearity 37 (2024) 055005 T Dohnal et al

homoclinic orbit
Re a1 P

fixed space of reversibility Re g

Figure 5. Transversal intersection of the homoclinic orbit of system (54) with the fixed
space of the reversibility operator.

The symmetry modes (63) do not satisfy the reversibility constraints (57) because A(0) # 0
and A"’ (0) # 0, whereas the truncated system (54) inherits the reversibility symmetry (57) of
the original dynamical system (23). Therefore, if we substitute the decomposition

( g0 (§) ) _ < A(g€) ) n ( qo (£) )

q1(8) A’ (€€) eq (§)

into (54), then the correction term (¢, ;) satisfies the nonlinear system where the residual
terms of the order of O(¢), see (62), are automatically orthogonal to the kernel of the linearised

operator. By the implicit theorem in Sobolev space H' (R), one can uniquely solve the nonlinear
system for the correction term (¢, q; ) under the reversibility constraints (57) such that

laollzn + llai [l < Ce,

for some e-independent C > 0. This yields the approximation bound (58) in the original vari-
ables due to the Sobolev embedding of H' (R) into L= (R). O

Remark 4.2. The approximation bound (58) yields the estimate (15) in theorem 1.7, where

h (§7Zax) =é&qo (g)fno (lQ,)C) eiz - iqu (f) 8lfno (l(),.x) eiz +c.c.

with g and ¢g; from lemma 4.1.

Remark 4.3. Referring to system (18), we have now constructed the homoclinic solution for
the approximate reduced system

65%0 = Myug + N() (19,0) .

It remains to prove the persistence of the homoclinic solutions as generalised breather solutions

under considering the higher order terms EZN“Z](V"EI (40,91, SgN),V(;;)) in (53b) and (53c¢) for

m € Noga which lead to (S, V%7) # (0,0). We do so by constructing a centre-stable manifold
nearby the approximate homoclinic solution, see the rest of section 4, and by proving that the
centre-stable manifold intersects the fixed space of reversibility transversally, see section 5.
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Let us denote the e-dependent reversible homoclinic orbit of lemma 4.1 by (Qo,£Q1)
and introduce the decomposition (qo,q1) = (Qo,€01) + (qo,£¢q1). We abbreviate ¢ hom :=

(Qo,01,00,01) and ¢o » := (qo, 91,0, d1). Furthermore, we collect the components S EN), Y,(,,N)
for m € Noga\ {1} in ¢,. With these notations system (53) can now be rewritten in the abstract
form:

e ¢o,r = Mo (€) €, +2G (€o,r,¢,) + VT G (€0 hom + €0,r5€/) (64a)

85 ¢ = Ar (5) ¢+ 52F (CO,hom + Co,r; cr) + 52N+2FR (CO,hom + Co,rs cr) ) (64b)

where the vector ¢ ,(£) € C* is controlled in the norm || - ||c:, whereas the vector ¢,(£) is
controlled in the phase space D defined by (26) with the norm | - ||p. The operator A is
the linearisation around the homoclinic orbit ¢ ,om and hence G depends nonlinearly on ¢ .

Note that including the complex conjugated variables in ¢y , is needed in order for the linearised
system O¢ €p, = eAo(€)co - to be linear with respect to the complex vector field.

Remark 4.4. At leading order in ¢ the matrix A is derived from (62) in the form
_ K O ’7 —1 M1 (A) MQ(A)
Ao = (O K) = (lo) (w"“ (lo)) (Mz (A) M (A) +0(e),

where

£ (ot o) = (e o) =2 o)

using the fact that A is real.

Remark 4.5. Although not indicated by our notation, the operators Ay, A, and the functions
G, Gg, F, and F depend on £ and ¢ continuously.

Remark 4.6. We lose one power of ¢ in front of G and Gy by working with Q; instead of €Q;.

4.1. Residual terms of system (64)
Residual terms are controlled as follows.

Lemma4.7. There exists g > O such that for every ¢ € (0,e¢) the residual terms of system (64)
satisfy the bounds for every £ € R:

G (co,r¢7) (&) llcs < C (lleor (€) 12 + ller (€) Ip)
[F (co,nom +€o,r,€r) (§) [[R < C([lconom (§) +€o,r (§) llcs + e (€) || D) [lex]p,
Gk (€0,nom +€0,r-€7) (€) [+ < C([l€o,nom (§) + €0, (€) [lcs + e (€) (D),
1F& (€0,hom +€0,r,¢/) (§) [[R < C([lcohom (§) +co,- () It + lle- (§) 1) s

as long as |co(€)|lcs + |ler(€)|lp < C, where C>0 is a generic e-independent constant,
which may change from line to line.

Proof. The residual terms are defined in theorem 3.5. Functions G, Gg, F, and Fg map D into
D since D forms a Banach algebra with respect to pointwise multiplication. Using (go,q1) =
€0.nom + €0, and the fact that ||co pom (§)||c+ is bounded independently of £, the bounds on G,
Gg, F, and F, follow. O
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4.2. Linearised operator of system (64a)

The linear part of system (64a) is the linearisation around the approximate homoclinic orbit
go,hom from lemma 4.1. Due to the translational and the SO(2)-symmetry of the family of
homoclinic orbits generated by these symmetries applied to the reversible homoclinic orbit,
the solution space of the linearised equation includes a two-dimensional subspace spanned by
exponentially decaying functions.

Lemma 4.8. Consider the linear inhomogeneous equation
Occo r = €Moco r + €Fy, (65)

with a given F), € C(b)(IR, C*). The homogeneous equation has a two-dimensional stable sub-
space spanned by the two fundamental solutions

$1 (5) = c(;mom (‘25) y 82 (f) = iJCO,hOm (Ef) ) (66)
where J = diag(1,1,—1,—1). If F, = (Fo, F1,Fo, F) satisfies the constraints

Fy (f) = FO (_5)7 F (g) = _Fl (_5) ) f S Ra (67)
then there exists a two-parameter family of solutions ¢ , € C(b)(R) in the form

co,r = 181 + azs2 +Co r,

where (a1,0,) € C? and ¢o, € CY(R) is a particular solution satisfying the constraints (67)
and the bound

1€0.rllL () < Cl|F Lo~ (r) (68)
for an e-independent constant C.

Proof. As already said, the existence of the two-dimensional stable subspace spanned by (66)
follows from the translational symmetries due to spatial translations and phase rotations of
the truncated system (54). Since the truncated system is posed in C*, the solution space is
four dimensional and the other two fundamental solutions of the homogeneous equation are
exponentially growing as £ — co. This can be seen from the limit of Ag(£) as { — oo. Indeed,
we have

. K 0
dim a0 = (5 ).

the eigenvalues of which are 4, /—2@(w,/(Ip)) ~!, each being double, where &(w,! (l))) ' <0

by assumption of theorem 1.7.
As a result, system (65) possesses an exponential dichotomy, see proposition 1 in chapter
4 and the discussion starting on page 13 of [Cop78]. The existence of a particular bounded

solution ¢g , = c(()’j r) satisfying the bound (68) now follows from theorem 7.6.3 in [Hen81]. Let

us then define ¢g , := c((f]r) + a8t + azs = (qo, 41 ,ﬁio,a) and pick the unique values of & and
( to satisfy the constraints

Im(go) (0) =0 and Re(q)(0) =0. (69)
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This is always possible since

Qé(o) %QO(O)
o (8] o[B8,
Ql/ (0) —iQ1 (0)

where Re(Qy(0)) =A(0) + O(¢), Im(Q;(0)) = O(e), Im(Q}(0)) = O(e), and Re(Q7(0)) =
A"’ (0) 4+ O(e) by lemma 4.1 with A(0) £ 0 and A"’ (0) # 0. Hence, for every c((fr) € L*(R),
the linear system (69) for &; and &, admits a unique solution such that

|G|+ |G2] < Cllel) 1 (r).-

The solution €y, = c((f' r) + (181 + (8, 1s bounded and satisfies the bound (68).

The matrix Ay commutes with the symmetry operator defined by (67), i.e. if f € C)(R,C*)
satisfies (67), then so does Aof. In addition, the right-hand side F;, = (Fy, F| ,FO,F]) satis-
fies (67). Hence the vector field is closed in the subspace satisfying (67). If a bounded solution
Co.- = (do,41,d0,q1) on (0,00) satisfies the constraints (69), then its extension on (—o0,00)
belongs to the subspace satisfying (67). Thus, the existence of the bounded solution ¢ ,
of (65) satisfying (67) and (68) is proven. A general bounded solution of (65) has the form

Co,r = S| + a8y + €, Where (v, 2) € C? are arbitrary. O

Remark 4.9. If || + || # 0, then the solution ¢g , = 1S + sz + €9 - does not satisfy the
reversibility constraint (67) because s; and s, violate the reversibility constraints.

4.3. Estimates for the local centre-stable manifold

We are now ready to construct a local centre-stable manifold for system (64). Let us split
the components in ¢, in three sets denoted by ¢, ¢,, and ¢., where ¢y, ¢,, and ¢, correspond to
components of A, with eigenvalues A with Re(A) < 0, Re(A) > 0, and Re(\) = 0 respectively.

Remark 4.10. These coordinates correspond to the stable, unstable, and reduced centre mani-
fold of the linearised system in lemma 2.3, where the reduced centre manifold is obtained after
the double zero eigenvalue is removed since the eigenspace of the double zero eigenvalue is
represented by the coordinate ¢ ,.

We study the coordinates ¢y, ¢,, and ¢, in subsets of the phase space D denoted by Dy, D,,,
and D, respectively. Similarly, the restrictions of A, to the three subsets of D are denoted by
A, Ay, and A, respectively. Moreover, let P; for j = s,u, ¢ be the projection operator from D
to D; satisfying ||Ps||p—p + ||Pullp—D + ||Pc|[p—p < C for some C > 0.

We make the following assumption on the semi-groups generated by the linearised system,
see [LBC+09].

Assumption 4.11. There exist K >0 and ¢ > 0 such that for all € € (0,e() we have

HeAX€ |D~>D < K, g > 07
||eA’45 D—D < K7 g g 07
e’ lpop <K, £ eR.
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The following theorem gives the construction of the local centre-stable manifold near the
reversible homoclinic orbit of lemma 4.1. It also provides a classification of all parameters of
the local manifold which will be needed in section 5 to satisfy the reversibility conditions. The
centre-stable manifold is constructed for ¢ € [0,~ ¥+ 1] and not for all £ > 0. The bound of
(’)(52’\’ ) on the coordinates ¢ , and ¢, is consistent with the bound (14) in theorem 1.7.

Theorem 4.12. Under assumption 4.11, there exist g > 0, C > 0 such that for all ¢ € (0,&)
the following holds. For every a € D, b € Dy, and (ay, ) € C? satisfying

p. <Ce™N,|bllp, < Ce™,  |ou| + |an| < CE, (70

g
there exists a family of local solutions of system (64) satisfying the bound

p,) < Ce, (71)

sup — (lleor (&) lles + llec () [lp. + lles (€) llp, + [lew () |

gef0,e-@¥ D]

as well as the identities ¢ (0) = a, e=%M¢ (&) = bat& = e~V andeg , = a5 + sy +
Co,, with uniquely defined &, : [0, ~N+1D] — C*.

Proof. In order to construct solutions of system (64) on [0, ] with some e-dependent &, > 0,
we multiply the nonlinear vector field of system (64b) by a smooth cut-off function x[g ¢, €
C>([0,00)) such that

de ¢, = Ave, + 22X (0,60 F (€0,00m + €0,r,€) + £ 2 X (0,60 FR (€0hom + €01, €1) (72)

where X[o,¢,(§) = 1 for £ € [0,&o] and x[o,¢,(§) = 0 for £ € (&, 00). Similarly, we multiply
the nonlinear vector field of system (64a) by the same cut-off function and add a symmetrically
reflected vector field on [—&p, 0] to obtain

4 52N+1

O¢ ¢o,r = €MoCo,r +€X[0,¢,] G (€0,r,€/) X[0,60] G (€0,hom + €0, €/)

+eX[-,0G” (€0, €) + T x (g, 0GR (€Cohom + €0, €r).

=:eMgeo, +eG (o c,) + MG, (73)
where
Gy (=€) =G0 ()G (—&) := =G (€) G (=€) := Gro (£),Gp; (=€) := —Gr 1 (§),

for all £ € [0, &), resulting in G and Gg satisfying the reversibility condition (67). This modi-
fication allows us to apply lemma 4.8 on R.

We are looking for a global solution of system (72) and (73) for £ € [0,00) which may be
unbounded as & — oco. This global solution coincides with a local solution of system (64) on
the interval [0, ] C R.

We write ¢ , = 18] + a8, + €9, and rewrite (73) as an equation for ¢y . By the construc-
tion of the vector field in system (73), the vector field satisfies the reversibility constraints (67).
By the bounds of lemma 4.7 and the invertibility of the linear operator in lemma 4.8, the
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implicit function theorem implies that there exists a unique map from ¢, € C9([0,&], D) to
co,r € CY([0,&], C*) satisfying

sup |leo, (6) o < lon| +Jaz| +C sup e, (&) [p+e*C sup (1+]le,(€)]p), (74)
£€[0,4] £€[0,5] £€[0,5]

as long as |a |+ || + sup |e.(&)]lp < Ce* for some C >0 and p > 0.
£ €[0,&]
Using the variation of constant formula the solution of system (72) projected to D, & D; ®

D, can be rewritten in the integral form

£ ’
Cc (5) = egACa + 52/ e(E—{ )A(.PCF (CO,hom (55/) +Co,r (5/) »Cr (5/» dgl

0

5 ’
+ 52N+2/ 3(575 )A"PCFR (C()7h0m (Eél) + Co,r (5/) ,Cr (5/)) df/, (75
0

&o
e, (€)= eShb — &2 / (€A, (cg pom (2€7) + 0, (€7) ¢, (€)) de”
13

o
_52N+2/ e(g_gl)AJPXFR (CO,hom (Ef/) +Co,r (6/)7Cr (gl))d§/> (76)
13

and
&o ,
Cy (5) = _52/€ 6(575 )AuPuF (CO,hom (Efl) + cO,r (f/) ,Cr (gl)) dfl
o ,
— N2 / e(6€ )P, Fg (copom (67) + €0, (€7) ¢, (€7)) dE, (7
3

where ¢.(0) = a, ¢,(&) =e*b, and ¢,(&) =0. It is assumed in (75)—(77) that ¢, €
([0,&)],C*) is expressed in terms of ¢, € CY([0,&],D) by using the map satisfying (74).
The existence of a unique local (small) solution ¢. € C9[0,&],D,), ¢s € C([0,&],Ds), and
c, € Cg([O,ﬁo],Du) in the system of integral equations (75), (76), and (77) follows from the
implicit function theorem for small € >0 and finite & > 0. To estimate this solution and to
continue it for larger values of &;, we use the bounds of lemma 4.7 and assumption 4.11. It
follows from (75) that

sup e (&) [lp, <K

o
al|p, +€2C/ [[€0,nom (£€) llc2 [l € () [|pdE
£€[0,%] 0

&o
+2C& sup e, (&) || + e / [[€0,hom (€€) [|c+d€
vEE[0,&0] 0

+eM2cg sup e (&) [lp
£€[0,&]

as long as |aq|+|az]+ sup e (§)|lp < Ce#, > 0. Similar estimates are obtained for

£ €[0,&)
sup [les(§)]lx, and  sup [[€u(§)]lx,-
£€[0,&] £€[0,&]
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We denote

§(&) = sup |lec(§) o+ sup |les(§)[lp, + sup |[eu(§)lp,-
€ €[0,60] € €[0,0] € €[0,]

Since

oo
[ oo () end < €
0
due to the bound (59), it follows from the previous estimates that there exists C > 0 such that
S(60) < € (lallo, + [bllo, + ™! +-25(80) + 60 (&) +™ 2608 (€0))

Using a bootstrapping argument, we show that S(e~V+1) < Ce?V if ¢ > 0 is small enough.
To do so, let us choose a, b and («y, a») to satisfy the bound (70) and let § € (0, 1). Then

S(6) < (" + (e 4+ H06) S(%)) 78

as long as S(&) < 2N -149,

For £, =0 we have S(&) < Ce?N because ||c.(0)||p, = ||a]/p,, |les(0)||p, = ||b||p,, and
lle.(0)||p, = 0. Let us assume that there is &, € (0,6~ ¥ 1] such that S(¢,) = 2V~ and
S(&) < eN=1H9 for all & € (0,&,). Then (78) implies S(&p) < C(e2V +228(&)) for all & €
(0,&,) and hence

S(g*) g C€2N< €2N—1+5

for € >0 small enough. This is a contradiction and we get that (&) < V=% for all & €
[0,e=(N+D]. Applying again (78), we get

s (5—<2N+‘)) <ce, (79)

In view of the bound (74), it follows that the local solution satisfies the bound (71). O
Remark 4.13. The proximity bound (71) yields the estimate (14) in theorem 1.7.

Remark 4.14. Assumption 4.11 can be satisfied for smooth small-contrast potentials, see
lemmas 2.6 and 3.3. For p with a small non-zero contrast spectral gaps occur in figure 4.
Smoothness of p allows to control the size of the spectral gaps for large A, see [Eas73].
Assumption 4.11 can be weakened and Jordan-blocks can be allowed, see remark 4.15.

Remark 4.15. In the generic case of eigenvalues, the Jordan blocks of which have length two,
the bounds of assumption 4.11 must be replaced by

e pop <K, €=
le®lpop <KIE|, € <0,
e <K[¢, £eR

)

|D—>D
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The equivalent bound for the estimate of sup (o ¢, [I¢c(¢) |, is given by

sup |l (&) [lp, <K

&o
&ollallp, +2C / (60— ) oo (6) s llex (€) [1pde
£€[0,&0) 0

o
+£°C& sup ||W(§)H%+€2N+2C/ (&0 — &) lleonom (€€) [|c+dy
£€[0,&) 0

+ Mg sup (e (€) |lp
£€[0,&]

and similarly for sup |le;(€)||x, and sup |le, ()
56[0750] 56[0750]
Gronwall’s inequality and the bound

x,- This yields with the help of

o Yo
tim 2 [ (60 €)lennam (2€) et = fim_ [ (503 lcnpam () sty < €
0 > Jo

E()‘)OO

that
$(60) < C (&llall, + Eollbllp, + > + <2635 (60)” + 23S (&) )

This bound still implies S(&y) < C=2¥ but for & = e~V~! and ||a||p, + ||b||p, < N Thus,
the justification result of theorem 1.7 can be extended on the scale of £ € O(e™¥~1) to the
generic case of eigenvalues with Jordan blocks of length two when assumption 4.11 cannot be
used, see lemma 3.3.

5. End of the proof of theorem 1.7

In theorem 4.12 we constructed a family of local bounded solutions of system (64) on
[0,e~(N+1)]. These solutions are close to the reversible homoclinic orbit of lemma 4.1 in the
sense of the bound (14) for appropriately defined v and & but only on [0, e=(@N +1)]. It remains
to extract those solutions of this family which satisfy (14) not only on [0, g=@N +1)], but also on
[—e~(@N+1) e=(N+D] We do so by extending the local solutions on [0,e~¥+1)] to the inter-
val [—6*(21\’ +H) =N +1)] with the help of the reversibility constraints. Obviously this is only
possible for the solutions which intersect the fixed space of reversibilty. Hence, for the proof
of theorem 1.7 it remains to prove that the local invariant centre-stable manifold of system (64)
intersects the subspace given by the reversibility constraints (48).

e Since the initial data c¢.(0) = a € D, in the local centre-stable manifold of theorem 4.12 are
arbitrary, the components of a can be chosen to satisfy the reversibility constraints (48).
For example, using a,, x = (&,(nv),w&fnw,Z) for Fourier representation (46), we can specify the
reversibility constraints as

ma} =0, Real")=0, (mk)e€NogxZ.

m,k

e We have ¢y, = o8] + ansy + €, Where €, satisfies the reversibility constraints (48) by
lemma 4.8. Since s; and s, violate (48), setting a; = «; = 0 satisfies the reversibility con-
straints for ¢y » = €o . The choice of a; = a, = 0 is unique by the implicit function theorem
in the proof of theorem 4.12.
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e The initial data ¢(0) and ¢,(0) are not arbitrary since the stable and unstable manifold
theorems are used for construction of ¢ and ¢, in the proof of theorem 4.12. Combining
¢ u := (¢, ¢,) together for the complex eigenvalues outside iR, we can write ¢;,(0) = b +
C;/u(0), where ¢;,,(0) are uniquely defined of the order of O(e*) and depend on b € Dy
in higher orders. By the implicit function theorem, there exists a unique solution b € Dj
of b = ¢,,,(0) — €/, (0) satisfying the reversibility constraints (48) and this unique b € D
satisfies the bound (70).

Remark 5.1. There still exist infinitely many parameters after a € D, have been chosen to sat-

isfy the constraint (48), namely, Re &,(nv )k and Im &,(nw,z for (m,k) € Nogq X Z. These parameters

of the solution of theorem 1.7 must sat}sfy the bound (70) in theorem 4.12.

Remark 5.2. Since the local centre-stable manifold intersects the plane given by the
reversibility constraints (48), we have thus constructed a family of reversible solutions on
[—e~(N+D ¢=(N+D] while preserving the bound (15). Tracing the coordinate transforma-
tions back to the original variables completes the proof of theorem 1.7.

6. Proof of theorem 1.11

For any given point (xg,%y) € R x (0,00), we define a triangular region in the backward light
cone of the wave equation:

Clro) = 1(x,1) eRx[0,00] - |x—xo| <to—1}.

To prove theorem 1.11, we show that solutions of the semi-linear wave equation (1) have a
finite propagation speed (bounded in absolute value by 1). We start with the following lemma.

Lemma 6.1. Letw € C2(R x R) be a solution of the linear wave equation
0w (x,8) — 2w (x,0) + p(X)w(x,1) = F (x,1), (80)
for a given F € C°(R x R). For any given point (xo,ty) € R x (0,00), the energy quantity
W=y [ @ @) plwie ] a

satisfies

(5]
E(n) <E(t) +/ / F(x,1) 0w (x,1) dxdt, (81)
5] ‘X—X()lglg—t

forevery 0 <t; < 1 < Io.
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Proof. Since the solution w € C?>(R x R) is classical and the integration region is finite, we
differentiate E(¢) in ¢ and obtain

E'(t)= / . [8,w8,2w + O w0, 0w + pw@,w} dx
xX—xo|Sto—t

1 1
B 5 |:(8,W)2 + (8xw>2 + pw2:| |X:Xo+lo_t o 5 |:(8tw)2 + (6XW)2 + pW2:| ‘X:Xo—fo-l-t

_ / [Dwdw + Owd,Dw + Fow] d
[x—2x0|<to—1

1 1
— E [(&W)z + (8xW>2 + pW2j| |x:x0+tgft - 5 I:(a[W)z + (8XW>2 + pW2j| ‘X:JCO*T(rH)

where we have used (80). Integration by parts yields

1 1
E'(1)= / - Foywdx — 5 (0w — AW [y it — 5 O+ OW)? [xmxy ot
X—Xo|Klo—1

1 2 1 2
- E/’W lemrotto—t — EPW [P

< / Fo,wdx,
‘X*Xolgl()*[

since p € Ajp is positive in (2). Integration in time on [;,#,] yields (81). O

Lemma 6.1 enables us to use the energy method in the proof of uniqueness of solutions of
the semi-linear wave equation (1) inside the backward light cone C(y, ;) for any fixed (xo0,%0) €
R x (0,00). The uniqueness is equivalent to the property of the finite propagation speed in (1).

Lemma 6.2. Let u,v € C2(R x R) be two solutions of the semi-linear wave equation (1) with
u(x,0) =v(x,0), O (x,0) = O (x,0), Vx € [xg — fo, X0 + fo] -
Then, u(x,t) = v(x,1) for every (x,t) € C(y, 1)-
Proof. Letw :=u—v. Then w € C*(R x R) satisfies
Bw (x,1) — 2w (x,8) + p (x) w (x,1) = 77 (x) [u (02 4 u (1) v (6, 8) +v (x, t)z] w(x,1)
=:F(x,1),

which coincides with (80). By lemma 6.1 with #{ =0 and #, = ¢, we obtain
t
E(t) <E(0)+ / / F(x,t) Ow (x,1) dxdt
0 ‘X*Xolét{)*t

t
< Ml / / W+ v - ] dadr
0 J|x—xo|<to—t

3 1
<Shltrtis (o B Y[ wowiaar
2 L= (C(*0‘10)> L= (C(Xovlo)) 0 J|x—xo| <to—t '

since E(0) =0 and Cy,, ) is compact. For p € &; given by (2), the energy quantity E(7) is
coercive and we have
<2E(1),

ow(-,0)? aw(-,0)|? w(-, 1)
| (I)HLZ(B( ))+|| 0 )+Po|| (f)HLz<

Lz (B(*ovfo-f)
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where By, 1. = {¥ €R: [x—xo| <t —1t}. Hence, by Cauchy—Schwarz inequality, we
obtain

t
2 2
E(t> s€ <||u||l‘oo (C(mwfo)) - HVHLOC (C(*‘oﬂo)>> /O E(Z) @,

for some C > 0 that depends on p,r € Xp. By Gronwall’s inequality, this yields E(r) = 0 for
every 1 € [0,19] so that w(-,7) =0 in H'(B(y, ) and dw(-,0) =0 in L*(B(y, ) for every
1 € [0,1]. By Sobolev’s embedding of H' (R) into C)(IR), this implies that w(x,z) = 0 for every
X € By, and 1 € [0, 0], that is, for every (x,1) € Cyy 1)- O

Remark 6.3. Well-posedness of the initial-value problem for the semi-linear wave equation (1)
with p, r € X, and bootstrapping can be used to state that the first partial derivatives of u(x,r)
and v(x, ) in (x, 7) are also equal for every (x,1) € C(y.1)-

Remark 6.4. Theorem 1.11 is a restatement of lemma 6.2, where
V(X,1) = Vexi (X — ¢t lox — wt, x)

is constructed based on theorem 1.7 and an arbitrary function ¢. The function vey(&,z,x)
belongs to C2(R, X') which is weaker than C?(R x R) for the function v(x, ) in variables (x, ?).
However, lemmas 6.1 and 6.2 can be extended by a simple density argument to functions for
which the energy E(¢) is bounded in C(y, ;) and for which the linear wave equation (30) is
satisfied almost everywhere C, ;). Functions u(x,) and v(x,t) constructed from vey(,z,1)
as in theorem 1.11 belong to the required function space.
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