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Setting

We consider the focusing NLS with a harmonic potential

i∂tw = −∆w + |x|2w − |w|2pw,

where w(t, x) : R× Rd → C and p > 0, known as the
Gross-Pitaevskii equation.

Two conserved quantities:

M(w) :=

∫
R
|w|2dx (mass)

E(w) :=

∫
Rd

(
|∇w|2 + |x|2|w|2 − 1

p+ 1
|w|2p+2

)
dx (energy)

We study energy-critical: (d− 2)p = 2, and
energy-supercritical: (d− 2)p > 2 cases.
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Ground states

Standing wave solutions w(t, x) = eiλtu(x) are found from
the stationary equation

−∆u+ |x|2u− |u|2pu = λu.

Ground states are defined as radially symmetric,
positive, monotonically decaying solutions of the
stationary equation.

u-BVP for the ground states:
u′′(r) + d−1

r u′(r)− r2u(r) + λu(r) + |u(r)|2pu(r) = 0, r > 0,
u(r) > 0, u′(r) < 0,
lim
r→0

u(r) < ∞, lim
r→∞

u(r) = 0.
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Crandall & Rabinowitz theory =⇒ a family {ub}b≈0 of
ground states parameterized by b := ∥ub∥∞ = ub(0)

bifurcates locally from u0 = e−
r2

2 when λ = d.

Ground states for any b > 0 can be found from the
shooting method (Joseph, Lundgren, 1973) from the IVP{

f ′′(r) + d−1
r f ′(r)− r2f(r) + λf(r) + |f(r)|2pf(r) = 0, r > 0,

f(0) = b, f ′(0) = 0.

Theorem 1 (Bizon, Ficek, Pelinovsky, Sobieszek, 2021).

Let p = 1, d ≥ 4. For every b > 0, there exists
λ = λ(b) ∈ (d− 4, d), such that the solution f to the IVP with
λ = λ(b) is a ground state ub.
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Snaking and monotone behavior

We are interested in the global behaviour of the bifurcation
curve in the (λ, b)-plane.
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Figure 1: Graph of λ as a function of b for the ground state of the
u-boundary-value problem for d = 5 (left) and d = 13 (right).
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Energy-supercritical case

There exists a limiting singular solution u∞ with finite
energy, and λ∞ ∈ (d− 4, d) s.t. ub → u∞ and λ(b) → λ∞ as
b → ∞ (Selem et al., 2013), satisfying

u∞(r) =

√
d− 3

r

[
1 +O(r2)

]
, as r → 0.

Such phenomenon has been previously observed in the NLS
without the harmonic potential in a ball:

∆u+ νu+ |u|2pu = 0, x ∈ B1

u > 0, x ∈ B1

u = 0, x ∈ B1,

where ν > 0, (d− 2)p > 2.
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Theorem 2 (Bizon, Ficek, Pelinovsky, Sobieszek, 2021).

Fix d ≥ 5. Under some nondegeneracy assumptions, λ(b) is
uniquely defined near λ∞ for b ≫ 1, and

λ(b)− λ∞ ∼ A∞b−β sin(α ln b+ δ∞), if 5 ≤ d ≤ 12,

for some A∞ ̸= 0 and δ∞, α, β > 0, and

λ(b)− λ∞ ∼ B∞b−κ, if d ≥ 13,

for some B∞ ̸= 0 and κ > 0.
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Ideas behind proofs

Emden-Fowler transformation r = et, Ψ(t) = etf(et).

Second-order nonautonomous equation

Ψ′′(t)+(d−4)Ψ′(t)−(d−3)Ψ(t)+Ψ(t)3 = −λe2tΨ(t)+e4tΨ(t)

{Ψb}b>0 family of solutions satisfying

Ψb(t) = bet
[
1− λ+ b2

2d
e2t +O(e4t)

]
, as t → −∞.

{Ψc}c∈R family of solutions with

Ψc(t) ∼ ce
λ−d+2

2
te−

1
2
e2t , as t → +∞.
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Ψ-equation truncated for t → −∞:

Θ′′(t) + (d− 4)Θ′(t)− (d− 3)Θ(t) + Θ(t)3 = 0.

We get that Ψb(t) ∼ bΘh(t) as t → −∞, where Θh(t) is the
unique (up to translation) heteroclinic orbit, and

sup
t∈[0,T+a log b]

|Ψb(t− log b)−Θh(t)| ≤ Cb−2(1−a).

Ψc(t) is defined near Ψ∞ := etu∞(et) for λ close to λ∞.
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Figure 2: Plots of the solutions Ψb for d = 5 and b = 4, 102, 1.3× 104

in comparison with Θ after translation of t by log b (left) and with
Ψ∞ without translation of t (right).
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Figure 3: Plots of the solutions Ψb for d = 13 and b = 1, 102, 104 in
comparison with Θ after translation of t by log b (left) and with Ψ∞
without translation of t (right).
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Morse index in the energy-supercritical case

Linearization around the ground state:

Lb := − d2

dr2
− d− 1

r

d

dr
+ r2 − λ(b)− 3ub(r)

2.

Linearization around the limiting singular solution:

L∞ := − d2

dr2
− d− 1

r

d

dr
+ r2 − λ∞ − 3u∞(r)2.

Both operators defined in Er = H1
r ∩ L2,1

r .

Morse index is defined as the number of negative
eigenvalues of the linearized operators.
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Note that Lb∂bub = λ′(b)ub for ∂bub ∈ Er.
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Figure 4: Graph of λ as a function of b for the ground state of the
u-boundary-value problem for d = 5 (left) and d = 13 (right).
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Theorem 3 (Pelinovsky, Sobieszek, 2022).

For every d ≥ 13, there exists b0 > 0 such that the Morse index
of Lb : E 7→ E∗ is finite and is independent of b for every
b ∈ (b0,∞). Moreover, it concides with the Morse index of
L∞ : E 7→ E∗.

Numerical evidence below suggest that the Morse index equals
one.
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Energy-critical case

General case p > 0 =⇒ d = 2 + 2
p , d ≥ 2.

Existence of a family of ground states {ub}b>0, but lack of
the limiting singular solution u∞.

The b-solution is defined in the local neighborhood of r = 0
near the algebraic soliton

Ub(r) =
b

(1 + αpb2pr2)
1
p

,

and the c-solution in the local neighborhood as r → ∞ near
the Tricomi function U(z;α, β)

Vc(r) = ce−
1
2
r2U(r2;α, β).
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Theorem 4 (Pelinovsky, Sobieszek, 2023).

Let d > 4, p = 2
d−2 , and λ = λ(b) be the solution curve for the

ground state u = ub of the stationary GP equation satisfying
ub(0) = b, u′b(r) < 0 for r ∈ (0,∞), and ub(r) → 0 as r → ∞.
There exists Cp, such that

λ(b) ∼ Cp


b−2p, 0 < p < 1

2 ,
b−1 log b, p = 1

2 ,

b−2(1−p), 1
2 < p < 1.

as b → ∞.
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Figure 5: Graph of λ as a function of b for the ground state of the
u-boundary-value problem for d = 7 (left) and d = 5 (right).
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Energy-critical results correspond to recent results (Wei et
al., 2023), where it was shown that

λ(ε) ∼


1 + ε d = 3,
| log ε|−1 d = 4,
ε d = 5,
ε2| log ε| d = 6,
ε2 d ≥ 7,

for ε := b−p, which extends the previous results to d = 3
and d = 4.
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