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Abstract

A flower graph consists of a half line and N symmetric loops connected at a single vertex with N > 2
(it is called the tadpole graph if N = 1). We consider positive single-lobe states on the flower graph in the
framework of the cubic nonlinear Schrédinger equation. The main novelty of our paper is a rigorous appli-
cation of the period function for second-order differential equations towards understanding the symmetries
and bifurcations of standing waves on metric graphs. We show that the positive single-lobe symmetric state
(which is the ground state of energy for small fixed mass) undergoes exactly one bifurcation for larger
mass, at which point (N — 1) branches of other positive single-lobe states appear: each branch has K larger
components and (N — K) smaller components, where 1 < K < N — 1. We show that only the branch with
K = 1 represents a local minimizer of energy for large fixed mass, however, the ground state of energy is not
attained for large fixed mass if N > 2. Analytical results obtained from the period function are illustrated
numerically.
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Fig. 1. A schematic example of the flower graph I'y with N =2 (left) and N = 3 (right).

1. Introduction

A flower graph is a metric graph which consists of a half-line and N symmetric loops con-
nected at a single common vertex. We denote such a graph by I'y. Without loss of generality,
we normalize the length of symmetric loops to 27 and parameterize the loops by [—m, 7]. The
half-line coincides with [0, co0). We count N + 1 edges and 2 vertices (one at infinity), so that the
Betti number of I'y is equal to N. Fig. | gives schematic examples of the flower graph for two
and three loops.

Standing waves in the nonlinear Schrédinger (NLS) equation on metric graphs have attracted
much attention in recent years [14]. The NLS equation with a power nonlinearity is usually posed
in the normalized form

iV, + AW+ (p+ D|W*PW =0, (1.1

where the Laplacian A is defined componentwise on the metric graph subject to proper boundary
conditions (see, e.g., monographs [6,12]).

Let the wave function W = (Y1, ¥2, ..., ¥n, ¥o) on the flower graph I'y be represented by
the functions {wj}jy:l :[—m, 7] C onthe N symmetric loops and by v : [0, 0c0) > C on the

half-line. We define the space of square-integrable functions L(I'y) componentwise as

L*(Ty)=L*(=7,7) x --- x L*(—=7, w) x L*(0, 00)

N times

The NLS equation is locally well-posed in the energy space Hé(l"N) = H'(T'y) N C%(Ty),
where the Sobolev space H L(Ty) is also defined componentwise as

H' Ty)=H' (-7, 7) x - x H (=7, 1) x H' (0, 00),

N times

and C%(I"y) denotes the space of continuous functions on edges of I'y and across the vertex
point in I"y. The local solution to the NLS equation (1.1) conserves the energy

2p+2
|25 (1.2)

EW) =[VV¥|7, P

Ty) |
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Fig. 2. Examples of a positive single-lobe state on a bounded edge. Left: the maximum is achieved at the internal point,
and the minima is achieved at the vertices. Right: the minimum is achieved at the internal point, and the maxima is
achieved at the vertices.

and the mass

OW) =¥l - (1.3)

A stqnding wave of the NLS equation (1.1) is given by the solution of the form W(z, x) =
®(x)e ", where ® € Hé(F ~) is a real-valued solution of the stationary NLS equation

w®=—AD— (p+1)|D|*P D, (1.4)

and w < 0 is a frequency parameter. Among all standing wave solutions, we are particularly
interested in the positive single-lobe states, examples of which are shown on Fig. 2.

Definition 1. The standing wave & € Hé(l“ ~) is said to be a positive single-lobe state if ®(x)
is positive for every x € I'y and on each bounded edge of I'y, either the maximum of @ is
achieved at a single internal point and the minima of ® occur at the vertices or the minimum of
® is achieved at a single internal point and the maxima of & occur at the vertices.

If N =1, the graph Iy is usually called the tadpole graph. Construction of standing waves of
the cubic NLS equation (p = 1) on the tadpole graph I'{ was obtained with the use of elliptic
functions in [8]. Bifurcations and stability of standing waves for small negative @ were analyzed
for any p > 0 in [16] by using Sturm’s theory and asymptotic methods.

For the subcritical powers with p € (0, 2) and for the tadpole graph N = 1, it was shown in
[2] based on the variational method and symmetric energy-decreasing rearrangements that the
ground state of energy E (W) subject to the fixed mass p := Q(W) is attained for every pu > 0
at the positive single-lobe state ®, which is symmetric on the loop [—m, 7] and monotonically
decreasing on [0, ] and [0, o). The ground state ® € Hé (') is the global minimizer of the
variational problem

5# = irllf {E(V): QW) =u}. (1.5)
WeHL(Ty)
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In the case N =1, £, = E(®) is attained on the ground state ¢ e Hé(FN) for p € (0,2).
Generally, £, may not be attained on unbounded metric graphs [1]. For instance, a sufficient
condition on x was found in Theorem 5.1 of [2] which ensures that &, is not attained on a graph
with a compact core and exactly one half-line for p € (0, 2). This result is applicable to the flower
graph I'y in the limit of large N.

For the critical power p = 2, it was shown in Theorem 3.3 in [3] that the ground state on the
metric graph with exactly one half-line is attained if and only if u € (ugr+, uRr], where ur+ is
the mass of the half-soliton on the half-line R™ and up is the mass of the full-soliton on the full
line R, both values are independent of w for p = 2. It is shown in the recent work [15] for the
tadpole graph I'; that the ground state is again given by the positive single-lobe state ®, which
is symmetric on the loop [—m, 7] and monotonically decreasing on [0, 7] and [0, c0).

Another relevant result is Theorem 3.3 in [4], where the existence of local energy minimizers
was proven in the limit of large mass u for p € (0, 2) under the additional condition that the
energy minimizer is localized on one bounded edge of an unbounded graph and attains a maxi-
mum on this edge. This result applies to 'y for every N > 1. Alternative characterization of the
standing waves in the limit of large mass p was obtained in the cubic case (p = 1) by using the
elliptic functions [7] where the state of minimal energy at a fixed large mass pu was identified
among the local minimizers.

The purpose of this work is to study the interplay between the existence of standing waves
of the NLS equation (1.1) and the symmetry of the metric graph in the particular case of the
flower graph I'y. We develop a novel analytical method to treat the existence of positive single-
lobe states from properties of the period function for second-order differential equations. Such
properties are typically used for analysis of existence of periodic solutions to nonlinear evolution
equations [9,11] as well as their spectral stability [10]. The main novelty of our paper is to show
how applications of this method allow us to obtain precise analytical results on the existence of
positive single-lobe states. For clarity, we consider the cubic case (p = 1) only. However, since
we are not using elliptic functions, the results here can be applied for any subcritical power with
p€(0,2).

Let us now present the main results and the organization of this paper. Since we work with
p = 1 and with real-valued ® € Hé ('wv), we rewrite the stationary NLS equation (1.4) in the
explicit form:

od=—Ad -2 (1.6)

The standing wave ® = (¢1, ¢2, ..., dn, ¢Po) is a strong solution to the stationary NLS equation
(1.6) subject to the natural Neumann—Kirchhoff boundary conditions given by

i ¢1(E£m) =go(Em) =+ = dn(£m) = ¢p(0),
(L.7)

S [95 00 - 0j-m ] = 9500,
where the derivatives are defined as the one-sided limits of quotients. We say that ¢ € HI%K(F N)
if ® € H*(I'y) satisfies the Neumann—Kirchhoff boundary conditions (1.7), where the Sobolev

space H 2(Ty) is also defined componentwise as

H*(Ty) = H*(—7,7) % - x H*(—7, ) x H*(0, 00).

N times
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HI%K(FN) is the domain of the Laplacian operator A : HI%K(FN) c L3(Ty) = L*(T'y), where
A is defined componentwise in L2(Ty). By Theorem 1.4.4 in [6], the Laplacian operator is
self-adjoint in L2(I'y). One can verify via integration by parts that for every ® € HI%K(F N) We
have

(=)@, @) 2y = VN7, 20

Hence o (—A) C [0, 00) and w in the stationary NLS equation (1.6) is restricted to be negative.
It is shown in Appendix A that o (—A) = [0, co) includes the continuous spectrum and a set of
positive embedded eigenvalues.

Thanks to the symmetry of the flower graph Iy, we are first interested in the existence of
symmetric state, according to the following definition.

Definition 2. We say that the standing wave is symmetric if ® € HI%K(F ~) satisfies the symmetry
condition

$1(x) =2 (x) =+ = ¢pn(x) forx € [—m, 7]. (1.8)

The first main result states that there exists the unique positive single-lobe symmetric state
with the monotonically decreasing tail in the stationary NLS equation (1.6) for every w < 0. The
proof of this result is given in Section 2.

Theorem 1. For every w < 0, there exists only one positive single-lobe symmetric state ® €
HI%K(F ~N) Which satisfies the stationary NLS equation (1.6), is symmetric on each loop parame-
terized by [—m, ], and is monotonically decreasing on [0, 7] and [0, 00) The map (—o0,0) >
o O(,w) € HI%IK(FN) is C! and the mass w(w) := Q(®(-, w)) is a C' monotonically de-
creasing function satisfying the limits u(w) — 0 as w — 0 and pu(w) — 00 as w — —o0.

Remark 1.1. There exist other positive symmetric states satisfying the stationary NLS equation
(1.6) with more than one maximum on the N loops or with a non-monotonically decreasing tail
on [0, 0o). However, these other positive symmetric states are not local energy minimizers, and
do not exist for small negative w, hence we ignore them here.

In what follows, we will often omit the dependence of ®(-, w) on w obtained in Theorem 1.
Given the positive single-lobe symmetric state ¢ € HﬁK(F ~) to the stationary NLS equation

(1.6), we can define the self-adjoint linear operator L : HI%K(FN) C L*(T'y) = L*(T'y) given
by

L=—A—w—6D% (1.9)

Since ¢p(x) — 0 as x — oo on the half-line, an application of Weyl’s Theorem yields that the
continuous spectrum of L is given by

Oac (L) =0(—A —w) =[|w]|, 00). (1.10)

This implies that there are only finitely many eigenvalues of £ of finite multiplicities located
below |w|. Let n(L) be the Morse index (the number of negative eigenvalues of £ counted with
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Fig. 3. The bifurcation diagram of positive single-lobe states on the parameter plane (w, ) for N =2 (left) and N =3
(right). The blue line shows the positive single-lobe symmetric state ®. The red line is the single-lobe state oM with
one component having larger amplitude than the other components. The green line (for N = 3) is the single-lobe state
©?@ with two components having larger amplitudes than the third one. (For interpretation of the colors in the figures,
the reader is referred to the web version of this article.)

their multiplicities) and z(L) be the nullity index of the kernel of £ (the multiplicity of the zero
eigenvalue of £). Since

(LD, @) 2y = —4||‘D”i4<rm <0, (1.11)

there is always a negative eigenvalue of £ so that n(£) > 1. When the nullity index is nonzero,
we define bifurcations of the symmetric state, according to the following definition.

Definition 3. We say that the positive single-lobe symmetric state ® at the given w < 0 undergoes
a bifurcation if z(£) > 1.

The second main result states that the positive single-lobe symmetric state of Theorem 1
undergoes exactly one bifurcation in the parameter continuation in w. The proof of this result is
given in Section 3.

Theorem 2. Assume N > 2, and consider the positive single-lobe symmetric state € HI%K(F N)
of Theorem 1. There exists wy € (—00, 0) such that z(L) = N — 1 for w = ws and z(L) =0 for
W # wy. Moreover, n(L) = N for w € (—00, wy) and n(L) =1 for w € [wy, 0).

Fig. 3 shows the bifurcation diagram on the parameter plane (w, p) in the case N =2 (left)
and N = 3 (right). The blue line on Fig. 3 shows the symmetric state ®. At the bifurcation point
wy of Theorem 2, (N — 1) branches of positive asymmetric single-lobe states appear. These
asymmetric states are defined as follows.

Definition 4. Fix 1 < K < N — 1. We say that the positive single-lobe state ® € Hé(F ) is asym-

metric and K -split if, up to permutation between the components in the N loops, components of
® satisfy the condition:

p1(x) = =9k (x), Pxt1(x)=---=¢n(x), forxe[-m ] (1.12)
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For convenience, we denote the positive single-lobe state satisfying (1.12) by ®X) and assume
that the K components have larger amplitudes (L°° norms on the corresponding edges), whereas
the (N — K') components have smaller amplitudes.

Recall again that the blue line on Fig. 3 depicts the symmetric state &, which undergoes a
bifurcation at w = w,. The asymmetric K -split state ®X) appears at the bifurcation point. It
follows from the insert of Fig. 3 (right) for N = 3 that the branch of ®® given by the green line
is only located for @ < w,, whereas the branch of ®(1) given by the red line exists for @ > wy
near the bifurcation point at w, and has a fold point at w; € (wy, 0). The branch turns at the fold
point and extends for every @ < w1. Hence, two points on the same branch are located for a fixed
value of w in (wy, wy). Details of the numerical approximation which produce the bifurcation
diagram on Fig. 3 are described in Section 5.

Although the behavior of (N — 1) branches can be complicated near the bifurcation point w,
it becomes simple for large negative values of w. Our third main result states a rather simple
characterization of the positive single-lobe asymmetric states for large negative w. The proof of
this result is given in Section 4.

Theorem 3. There exists wx € (—00, wy) such that for every w € (—00, wso) there are exactly N
(up to permutations between the components in the N loops) positive single-lobe states ®K) e
HI%K(F ~) with 1 < K < N, which satisfy the stationary NLS equation (1.6), are symmetric on
each loop parameterized by [—m, ], and are monotonically decreasing on the half-line [0, 00).
Moreover, the first K components in (1.12) are monotonically decreasing on [0, 7] and the other
N — K components in (1.12) are monotonically increasing on [0, ). For every K, the map
(=00, wx0) 3w KV (- w) € HE (Ty) is C! and the mass & () := Q@K (-, w)) isa C!
monotonically decreasing function satisfying the limits ;1) (w) — 0o as w — —o00. Moreover;

D) < 1P @) < <M V) < M), we(—o0, wx), (1.13)
where @) = & with M(N) (w) = u(w) are given by the symmetric state in Theorem 1.

It follows from the characterization of local minimizers of energy in the limit of large mass in
[4] that the Morse index of ®X=1 is 1, whereas Theorem 3 defines a monotonically decreasing
map o — 8=V (w) for large negative w. By Theorems | and 2, the Morse index of ® = &)
is 1 for small negative  and the map w — =) (w) is monotonically decreasing for every w.
By the standard theory of orbital stability of standing waves, the following corollary is deduced
from these results.

Corollary 1. Assume N > 2. There exist (Ly and [Loo satisfying 0 < 4 < [hoo < 00 such that the
positive single-lobe symmetric state ®K=N) = ® of Theorem 1 is a local minimizer of energy
E (W) subject to the fixed mass Q(V) = u for i € (0, wy), whereas the positive single-lobe state
& E=D of Theorem 3 is a local minimizer of energy E (W) subject to the fixed mass Q(V) = u
for it € (oo, 00). Moreover, Ly = (wy) = Q(P(-, wy)), where wy is defined in Theorem 2.

Remark 1.2. One can show by the methods used in [7] and [16] that the symmetric state @
of Theorem 1 is the ground state of the constrained minimization problem (1.5) for small u,

whereas the asymmetric state ®X=1) of Theorem 3 is not the ground state for large p if N > 2,
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Fig. 4. The branch of the positive single-lobe state ® in the case N = 1 on the plane (w, i) (left) and on the mass—energy
plane (right).

because the infimum of the constrained minimization problem (1.5) is not attained. These results
are given in Appendices B and C for completeness.

Remark 1.3. For the tadpole graph (N = 1), no w, or u, exist and the symmetric state of
Theorem 1 is a local constrained minimizer of energy for every w € (—oo, 0). Moreover, by
Corollary 3.4 and the construction on Figure 4 in [2], it is the ground state of energy for every
mass i € (0, 00).

It follows from Proposition 3.3 in [1] that positive states are the only candidates for minimizers
of the energy E (W) subject to the fixed mass Q(¥) = . By Theorem 2.2 in [1], £, satisfies the
bounds

—%Ms@s—%ui (1.14)
where the lower bound is the energy of a half-soliton on a half-line with the same mass p and
the upper bound is the energy of a full soliton on a full line with the same mass . By Theorem
3.3 and Corollary 3.4 in [2], the infimum is attained if there exists W, € HI%K(FN) such that
E(W,) < —5u’.

Fig. 4 shows the branch of the positive single-lobe state ® in the case N =1 on the (w, u)
plane (left) and on the (u, ) plane (right), where n := E(®). The shaded area on Fig. 4 (right) is
defined between the lower and upper bounds in (1.14). The branches are computed numerically
by using the numerical methods based on the period function, see Section 5.

In agreement with Remark 1.3, the positive single-lobe state for N = 1 is the ground state of
the constrained minimization problem (1.5) in the sense that the solution branch on the (u, 1)
plane is located in the shaded area for every p > 0. It approaches the lower bound as u — 0
when @ is close to the half-soliton on the half-line and it approaches the upper bound as u — oo
when @ is close to the full soliton on the full line (see Appendices B and C).

Fig. 5 shows numerically computed branches of the positive single-lobe states on the (i, 1)
plane for N = 2 (left) and N = 3 (right). Compared to the case N = 1 on Fig. 4 (right) and in
agreement with Remark 1.2, the branch for the positive single-lobe symmetric state ® is located
inside the shaded region only for small mass u and it goes beyond the shaded region, where the
bifurcation of Theorem 2 occurs. All new branches of positive single-lobe asymmetric states in
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Fig. 5. Bifurcation diagram of positive single-lobe states on the mass—energy plane for N = 2 (left) and N = 3 (right).

Theorem 3 bifurcating from the branch for & stay away from the shaded region, hence these
states are not the ground state of the constrained minimization problem (1.5) for any u > 0.
Nevertheless, we note that the branch for ®X=N) = & is close to the lower bound as u — 0 and
the branch for &= approaches the upper bound as & — oo from the unshaded region.

2. Existence of the positive single-lobe symmetric state
Here we reformulate the stationary NLS equation (1.6) equipped with the Neumann—
Kirchhoff conditions (1.7) in the form for which we can use the dynamical system theory for

orbits on the plane, e.g. the period function. Then, we obtain estimates on the period function
and on the mass of the symmetric state, from which we prove Theorem 1.

2.1. Reformulation of the existence problem

We use the following scaling transformation for w := —e? < 0 with € > 0:

do(x) =€ug(ex), ¢j(x)=euj(ex), je{l,2,...,N}. 2.1

In new variables, the stationary NLS equation (1.6) transforms to the following system of differ-
ential equations:

{ —u(2) +uj(z) —2uj(2)* =0, ze(-meme), je(l,2,....N}, 22

—ug(2) +uo(z) —2up(z)* =0, z>0,

where z = ex. The only dependence of system (2.2) on € is due to the length of the interval
[—me, me]. The boundary conditions (1.7) transform to the equivalent boundary conditions:

{ul(:l:ne) =uy(tme)=---=uy(£me) = up(0), 23)

Y (re) —uy(—me) = uf(0).

The only positive decaying solution to equation —u(z) + uo(z) — 2u0(z)> = 0 on the half-line
is expressed by the shifted NLS soliton:
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Fig. 6. Phase portrait on the (u, v)-plane given by the level curves of the function E (u, v).

up(z) =sech(z +a), z>0, 24

where a € R is an arbitrary translation parameter. If a > 0, uq is monotonically decreasing on
[0, 00) and if @ < 0, ug is non-monotone on [0, 0o0). In order to prove Theorem 1, we only
consider the positive states with the monotonically decreasing u(, hence we select a > 0.

Each second-order differential equation in the system (2.2) is integrable with the first-order
Invariant:

2 du 2 2
E(w,v)=v"—A(u), v:= e Alw) =u (1 —u"), (2.5)

where the value of E(u, v) = E is independent of z. Fig. 6 shows the phase portrait given by the
level curves of the function E (u, v) on the (u, v)-plane.

Since A(u) = u%(1 — u?), there exists only one positive root of A’(u) denoted as p, such
that A’(p,) =0, in fact, p, = % Two homoclinic orbits exist for E = 0, one corresponds to
positive u and the other one corresponds to negative u. Periodic orbits exist inside each of the
two homoclinic loops and correspond to E € (E,,0), where E, = —A(py) = —%, and they
correspond to either strictly positive u# or strictly negative u. Periodic orbits outside the two
homoclinic loops exist for E € (0, o0) and they correspond to sign-indefinite u. Note that

E+A(py) >0,  E e (Es, o). (2.6)

The homoclinic orbit with the decaying solution (2.4) corresponds to E = 0 and either v =
VAW) if z+a <0orv=—/A) if z+ a > 0. Since up is monotonically decreasing on
[0, 00) and a > 0, we have v = —/A(u) for all z > 0.

Let us define pg := sech(a), that is, the value of uy(z) at z =0. Then, —y/A(po) is the value
of uf)(z) at z = 0. Note that pg € (0, 1) is a free parameter obtained from a € (0, oo) such that
po(a) - 1 when a — 0 and pg(a) - 0 when a — oo.

Under the scaling transformation (2.1), the symmetry condition (1.8) yields

u(z) =uz(z)=---=upy(2), 7€ [—me, we], 2.7
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Fig. 7. Geometric construction of the positive single-lobe symmetric state on the plane for N =2 with a = 0.7 (left) and
a =1 (right).

hence the positive symmetric state of Definition 2 is found from the following boundary-value
problem:

—uf (@) +ui(z) —2u1(z)} =0, ze(—me, me),
uy(we) =ui(—me) = po, (2.8)
uj(—me) = —u} (7€) = 35 /A(po),

where pg € (0, 1) is a free parameter of the problem. The positive single-lobe states of Defini-
tion 1 correspond to a part of the level curve E(u, v) = E which intersects py only twice at the
ends of the interval [—me, me].

Fig. 7 shows a geometric construction of solutions to the boundary-value problem (2.8) on
the plane (u, v). The dashed line represents the homoclinic orbit at £ = 0 with the solid part
depicting the shifted NLS soliton (2.4) for a = 0.7 (left) and a = 1 (right). The dashed-dotted
vertical line depicts the value of py = uo(0) = sech(a). The red solid line plots gg = ﬁ«/A( o)
versus po € (0, 1). The level curve E (u, v) = E(po, qo) at po = sech(a) and go = ﬁ«/A(po) is
shown by the dashed line, whereas the solid part depicts a suitable solution to the boundary-value
problem (2.8).

We shall make this geometric picture rigorous by using analytical tools of the period function
(see, e.g., [9]). We define two period functions for a given (po, qo):

p Po
T+ (po. 4o) f du T_(po. o) / du 2.9)
0,40) ‘= T — 0,40) ‘= T .
g VE T A(u) po-4 VE+A)
Po p-
where the fixed value E and the turning points p4 and p_ are defined from (pog, go) by
E =g} — A(po) = —A(py) = —A(p-). (2.10)

For each level curve of E(u,v) = E inside the homoclinic loop on Fig. 7, we can order the
turning points as follows:

O<p_<pe<py<l. (2.11)
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It is obvious that u is a positive single-lobe solution of the boundary-value problem (2.8) if and
only if pg is a root of the nonlinear equation:

1
T(po) =me, where T(po) =Ty (po, ﬁw/A(pO)) . (2.12)

Since T (po) is uniquely defined by po € (0, 1), the nonlinear equation (2.12) defines a unique
mapping (0, 1) 3 pg — €(po) := 7%7'(p0) € (0, 0c0). Monotonicity of this mapping is shown
next.

2.2. Monotonicity of the period function

It follows that u = p, is a double root of A(u) — A(ps) since A’(py) =0 and A”(p,) # 0,
where we can use the explicit computations of A’(u) = 2u(1 —2u?) and A” (u) = 2(1 — 6u?).

Recall that if W (u, v) is a C! function in an open region of R2, then the differential of W is
defined by

oW aw
dW(I/t, U) = a_udu + Edv

and the line integral of d W (i, v) along any C I contour y connecting (uq, vg) and (u1, v1) does
not depend on y and is evaluated as

/dW(u, v) = W(ur, vi) — W(uo, vo).
Y

At the level curve of E(u, v) = v> — A(u) = E, we can write

2(A@w) = Apy)
Al (u)

)

d [2(14(%) - A(p*))v} _ [2 _ 2(A@) — A(p) A" ()

A'(w) (A7) } vdu +

where the quotients are not singular for every u > 0. Since 2vdv = A’(u)du on the level curve
E(u,v) = E, the previous representation allows us to express

e e e e ] MY
v [A/(u)]Z A/(M)

The following lemma justifies monotonicity of the mapping (0, 1) > po — T (po) € (0, 00).

Lemma 2.1. The function py — T (po) is C' and monotonically decreasing for every pg €
O, 1).

Proof. Since gg = ﬁ«/A( po) in (2.12) for a given pg € (0, 1), the value of T (pg) is obtained
from the level curve E(u, v) = Eo(po), where

1
Eo(po) := g5 — A(po) = — (1 - W) A(po). (2.14)
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For every po € (0, 1), we use the formula (2.13) to get

P+

[Eo(po) + A(p)] T (po) = / [v

Po

A - A(p*)j|du
v

p
_ f+[3 _2(Am) — A(P*))A”(u)} vdu + 2(A(po) — A(P*))qo’

[A’(u)]? A’(po)
Po

where we have used that v =0 at u = p and v = g at u = py. Because the integrands are free of
singularities and Eo(pg) + A(px) > 0 due to (2.6), the mapping (0, 1) > pg — T (po) € (0, 00)
is C!. We only need to prove that 77 (pg) < 0 for every pg € (0, 1).

Differentiating the previous expression with respect to pg yields

[Eo(po) + A(p:)1 T (po)

)

A Ao <1 1 ) 7[1 24w — A(p*»A”(u)] du
T aNZg, 2 [A"w)]? v

where we have used

Ep(po) =—| 1 1 A'(po)s  qo(po) = : A’(po) v lE/( )
0[70 - 4N2 po), q() Po _8N2q0 po), 3p0_2v 0P0-

The formula for 77 (pg) can be simplified using A (u) = u?(1 — u?) to the form:

Pt
/ A Ao (- 1\ [l
[E0(po) + A T () = =20 = 2 (1 - W) [Sia @)
Po

Since A’(pg) < 0 for any pg € (ps, 1) and 1 — 2u? < 0 for u € [po, p4+1 C (ps, 1), we get that
T'(po) < 0 for any pg € (px, 1). Similarly, since A’(p,) = 0, we also have T’ (p,) < 0.
If po € (0, px) we use A’(u) = 2u(1 — 2u?) and proceed with integration by parts to get

o2 A ()
— ZU u
/7du=/ du (2.16)
u?v 2u®/Eo(po) + A(u)
Po o
JVE A " VE A
__ o(Po)j- (P0)+3f 0(170)4+ OFS
Py u
Po
P+
z—q—2+3/%du.
Py u
o
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Substituting this into (2.15) yields

[Eo(po) + A(p:)1T (po)
P+

A(py)  A'(po) 1 1—2u?
_ A Ao () [ 1T,

4N2%qq 8 4N2 uv

Po
) ) P+

A(px) | A'(po) I Y g0 3A(po) 1 v
—_ + . (R 1= — ) | 2.

4N2%qg 8 4N2 ) pd 8 4N2 u#

Po

The last term is negative since A’(pg) > 0 for every pg € (0, p,). To evaluate the first two terms
we use that A(py) = %, A'(po) =2po(1 — Zp%), and 4N2q§ = p(z) — pg so that we get

P2~ 16N 4ap2 32N2p3

A(ps) A/(po)< 1 )qo 1 (1—=2pdgo  A'(po)qo

— 1— —
4N2q, 8 4N2

__G=209)p5 _ A'(po)do
16N2go 32N2pd’

which is negative for every pg € (0, p). As a result of the above calculations, for every pg €
(0, ps) we have T'(po) <0. O

2.3. Monotonicity of the mass of the symmetric state

By construction of the symmetric state ®, we compute the mass u(w) := Q(P(-, w)) in the
form

T oo
M:N/¢%dx+/¢§dx.
- 0

Due to the scaling transformation (2.1), the explicit solution on the half-line (2.4), and the first-
order invariant (2.5), the mass integral can be rewritten as follows:

P+
udu )
M:ZNG/i—E_i_A(M)+6<1—,/1—p0>, 2.17)
Po

where pg € (0, 1) is the same parameter as in (2.12), E (u, v) = Eo(po) is fixed at the energy level

(2.14), A(u) = u? — u*, and we have used tanh(a) =,/1 — pg that follows from sech(a) = po
with a > 0.
Using 7 (po) = e in (2.12), we rewrite (2.17) as

P+
. _ u*du / 5
po
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Recall that = —e? and that the function py > 7 (po) is C' and monotonically decreasing
for every pg € (0, 1) by Lemma 2.1. The following lemma gives monotonicity of the mapping
(0, 1) 3 po = M(po) € (0, 00).

Lemma 2.2. The function py— M(po) is C' and monotonically decreasing for every pg €
O, 1).

Proof. We denote B(pg) := Ii )+ % and prove that the mapping (0, 1) 3 po — B(pg) €

(0, 00) is C'. At the level curve E (u, v) = Eo(po), we can write

2 2
J [Z(A(u) — A(ps))u v} —> [1 2(1 4+ 2u”)(A(u) — A(P*))} Lodu
Al(u) [A"(w)]?
2(A(u) — A(p*))uzdv,
A (u)

where the relations A’ () = 2u(1 — 2u?) and A” (u) = 2(1 — 6u?) have been used. Since 2vdv =
A’(u)du along the level curve E (u, v) = E¢(pg), we obtain

AW = AP >, [2(A(u> - A(p*))uzv]
v Al(u)

2
N [1 2(1 4 2u?)(A(u) — A(p*))} Wodu,
[A’(u)]?

(2.19)

where the quotients are not singular for every u > 0. For every pg € (0, 1) we use the formula
(2.19) to write

P+
[Eo(po) + A(p:)]1 B(po) =/ [vu

Po

P+
2 _

/ [3 LA+ (Aw) A(P*))] Lodu
[A'(w)]?

_ 2
) (A@) :(p*))u } "

po

2(A(po) — A(p:)) P340
A’(po)
where we have used that v =0 at u = py and v = g at u = po. Because the integrands are
free of singularities and Eo(pg) + A(px) > 0 due to (2.6), the mapping (0, 1) 2 po — B(pg) €
(0, 00) is C'!. Hence, the mapping (0, 1) 3 pg — M (po) € (0, 0o) is C'. It remains to prove that
M’ (pg) < 0 for every pg € (0, 1). We differentiate (2.18) with respect to po:

M (po) =T (po) [2N6<po> + (1 —J1- pé)]

Po

1/l—pg

+2NT (po)B'(po) + T (po) (2.20)
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It follows from the proof of Lemma 2.1 that 77 (pg) < 0, where

P+
A(py) A 1 1 —2u?
[Eo(po) + A(pI T (po) = 4]\(]‘;’ )2 (“W) / 20 @an

Po

Similarly, differentiating the expression for B(po) yields the following expression:

P+
A(papg A 1 1 —2u?
[Eo(po) + A(p:)1 B (po) = — ;;;q’;o + (8”0) (1 _W>/ : . (222

Po

The first term in the right-hand side of (2.20) is always negative, whereas the third term is always
positive. The second term can be of either sign depending on the value of pg € (0, 1). In order to
prove that M’(pg) < 0 for every pg € (0, 1), we shall balance the positive terms in the right-hand
side of (2.20) with the negative terms.

We combine the second and third terms in the right-hand side of (2.20) after multiplication by
(Eo(po) + A(p+)) and obtain:

1= (Eo(po) + A(p) | 2NT (00)B'(po) + T (po) \/’7—072
I —pg

P+
ApIpy | A(po) 1 124’
2N - 1—
T | =752 T8 4N2 / ——

pPo

+7T (po) ————=(E0(po) + A(p+))

‘/l—po

P+
_ poA(po)  NA'(po) [ 2u*—1

2 4
Vl_pO Po

where we have used the relations Eg(pg) = — (l — #) A(po) and gg = ﬁ\/ﬁpo) The first
term in / is already negative, however, the second term in / is sign-indefinite.
For pg € (p«, 1), the second term in I is positive because A’(pg) < 0 and 2u? — 1> 0 for
€ [po, p+]. Using the integration by parts, we write

P+ P+ P+
/2u2—1d / Alwydu g0 / v
u = —_—— —au.
v WwJEF AW  po u?
Po Po Po

Substituting this expression into the expression for / yields
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1 PoL+2P)\1 =05 NA'(po) [ v
I=—(1-—)T(po - /—zdu
4N2 4 4 u
Po

which is negative since A’(pg) < 0 for pg € [p«, 1). Hence, M’ (pg) < 0 for pg € [p«, 1).

For po € (0, px), we have A’(pg) > 0 but 2u? — 1 is sign-indefinite for u € [po, p4]. We
combine the second term in / and the second term in the right-hand side of (2.21), which appears
in the first term of the right-hand side of (2.20) after multiplication by (Eg(po) + A(px)). All
other terms in the right-hand side of (2.20) are negative. Hence, we consider

NA'(po) =y o2 1 o2
1=——"PY <1 - —) T(po)/ du +B(P0)/ du
Po Po

4 4N? v u?v
/e P+ P+ 2
_ NA(po) | 1 fuzdu fdu du
- 4 4N? v uv v ’
L 0 0 0

where A’(pg) > 0 if pg € (0, pp). Thanks to the Cauchy—Schwarz inequality

Pt P P, 12/ py 172
fdu / u du - /u du du

v ) JouJu v u?v ’
Po Po 0 0

the expression in 71 is negative. Hence, M’(pg) < 0 for pg € (0, p,). O
2.4. Proof of Theorem 1

By monotonicity of the period function 7 (po) in pg given by Lemma 2.1 and by the nonlinear
equation (2.12), we have a diffeomorphism (0, 1) 3 pg — €(po) = %T(po) € (0, 00). Let us
show that €(pg) — 0 as pp — 1 and €(pg) — 0o as pg — 0. Then, since the function 7 (pg) is
monotonically decreasing, the range of the mapping pg — €(po) is indeed (0, 00).

Recall (2.10) with E(u, v) = E¢(po) given by (2.14). Also recall the ordering given by (2.11).
For a given pg € (0, 1), the equation Eo(pg) = —A(p+) determines p from the nonlinear equa-
tion

) P&l = pd). (2.23)

1
2 2N
P+(1—P+)—<1—m

Since py € (po, 1), it follows from (2.23) that p, — 1 as pg — 1 so that |p; — po| — 0 as
po — 1. Since the weakly singular integrand below is integrable, we have

D+ D+
du du
T = = 0 1, 2.24
(po) / ) / ORI —0 as pp— (2.24)
Po Po

hence €(pg) = %T(po) — 0as po— 1. Forevery 0 < pgp < p+ < 1 we obtain
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Py 4 Py 4
u u
T (po) =/ > / . (2.25)

VAW) — A(py) uv'1—u?

Po Po
Since py+ € (px, 1), it follows from (2.23) that p4 — 1 as pg — 0. Since
1
f du
— =00,
o uv1—u?

we have T (pg) — o0 as pg — 0, hence €(pg) = %T(po) — 00 as pg — 0.

Thus, for each py = sech(a) € (0, 1) or equivalently, for each a € (0, 00), there exists exactly
one root € € (0, 00) of the nonlinear equation (2.12). By using w = —e?, the scaling transforma-
tion (2.1), the soliton (2.4), and the symmetry (2.7), we obtain a unique solution ® € HI%K(F N)
satisfying the stationary NLS equation (1.6), which is symmetric on each loop parameterized by
[, 7] and is monotonically decreasing on [0, 7] and [0, c0). Moreover, by Lemma 2.1 and by
the construction, the map (—00,0) > w > O(-,w) € HI%K(FN) iscCl.

Let us now define the mass p(w) := Q(P(-, w)) on the unique solution ® € HI%K(FN) for
each w € (—o0,0). By Lemma 2.2, the mapping (0, 1) 3 po — M(pg) € (0,00) is C' and
monotonically decreasing, where M (pg) = 7 u(w). Since the mapping (0, 00) 2 € > po(€) is
C! and monotonically decreasing, whereas w = —e?, we obtain that the mapping (—o0, 0) >
o> u(w) € (0,00)is C and monotonically decreasing, which follows from the chain rule

du  dudpod
ar _ Al apo g€ (2.26)
dow dpy de dw

It remains to prove that yu(w) — 0 as w — 0 and p(w) — o0 as w — —o0.
Since € — 0 as pg — 1, it follows from (2.17) that © — 0 as pp — 1. Moreover, the first term
in (2.17) is smaller than the second term in (2.17) due to

—0 as pg— 1. 2.27)

p p
/+ u?du . /+ udu
VE+AW ) JAWw) - A(py)
Po Po
Hence, it follows from (2.17) that
lim 2 =1. (2.28)

On the other hand, since € — 0o as py — 0, we obtain u — oo as pg — 0. Moreover, the second

term in (2.17) is smaller than the first term in (2.17) since 1 —,/1 — p(2) — 0 as pg — 0 whereas

P+ 1

/ u?du / udu | 0 (2.29)
— > | — = as po — 0. .
VE+ A(u) , V1 —u?

Po

Hence, it follows from (2.17) that
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.M
lim — =2N. (2.30)

Thus, the mass u(w) in (2.17) satisfies u(w) — 0 as w — 0 and pu(w) — 00 as w — —o0. The
proof of Theorem [ is complete.

Remark 2.1. For every € > 0, the solution u; to the boundary-value problem (2.8) which corre-
sponds to Theorem 1 is given by a positive, even function on [—m ¢, we] such that u'(z) < 0 for
every z € (0, we].

Remark 2.2. In the proof of Theorem 1, we show that 7 (pg) = T+ (po, ﬁ A(pg)) — 00 as
po — 0 using the estimate (2.25) in the limit py — 1 as pp — 0. In a similar manner, we can
prove that Ty (po, CA/A(po)) — 00 as pg — 0 for any positive constant C.

3. Bifurcations from the positive single-lobe symmetric state

By Theorem 1, for every w < 0, there exists a unique positive single-lobe symmetric state
(ONS HI%K(FN). For every such @, we define the self-adjoint operator L : HI%K(FN) c LTy —
L?(T'y) as in (1.9). Thanks to the exponential decay of ¢p(x) — 0 as x — oo, by Weyl’s
theorem, the spectrum of £ in L>(T'y) consists of finitely many isolated eigenvalues of finite
multiplicities below |w|, which is the infimum of the continuous spectrum of £ in (1.10).

Here we prove Theorem 2. We shall first group the negative and zero eigenvalues of £ into
three sets. By using the Sturm comparison theorem and the analytical properties of the period
function T (po, go), we control the first eigenvalues in each set. In the end, we prove that there
exists only one value of w € (—00, 0), labeled as w,, for which z(£) = N — 1, whereas z(£) =0
for w # w,. We also show that n(L) =1 for w € (w4, 0) and n(L) = N for w € (—00, wy).

Note that we avoid the surgery techniques for the count of nodal domains [5], which do not
provide precise information on the Morse index for graphs with positive Betti number. Instead,
we establish further analytical properties of the period function. In particular, we show that the
bifurcation at w, is related to the existence of a critical point of the period function T, (po, o)
with respect to the parameter g at the corresponding level curve on the (u, v)-plane.

3.1. Eigenvalues of L

Let us consider the spectral problem £Y = €ZAY, where Y € HI%K(FN) is an eigenfunc-
tion of £ corresponding to the eigenvalue €2} and the parameter € is used to express w = —e”
and the positive single-lobe symmetric state ® by using the scaling transformation (2.1) with
(u1,uz,...,un,up). By using a similar transformation with (vy, vo, ..., vy, vg) for the eigen-
function Y, we rewrite the spectral problem £Y = AT as the following boundary-value prob-
lem:

—v}/(z) +v;(2) — 6uj(z)2vj(z) =M;(z), ze(—me,me), je{l,2,...,N},
—g(2) + vo(2) — 6uo(2)*vo(z) = Avg(z), 2> 0,
vi(E£me) =vy(xme) = - = vy (Eme) = vy (0),

Z?’zl v} (me) — v} (—me) =v(0).

3.1)

In what follows, € > 0 is a fixed parameter and the statements hold for every € > 0.
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Due to the symmetry (2.7) on the positive single-lobe symmetric state ®, we have the follow-
ing trichotomy.

Lemma 3.1. The set of non-positive eigenvalues ) of the boundary-value problem (3.1) is a union
of sets S1, Sz, and 53, where

e S| consists of simple eigenvalues with vy # 0 and even vi = --- = vy on [—mwe, wel;

o S, consists of eigenvalues of multiplicity (N — 1) with vo =0 and even v on [—me, we] for
every j;

o S3 consists of eigenvalues of multiplicity N with vo =0 and odd v; on [—me, mwe] for every
J-

Moreover, S| NSy =W and S, NSz =1.

Proof. If vg s 0, there exists only one solution of the second-order equation for vg which decays
to 0 as z — oo, asis shown, e.g., in [ 13, Lemma 5.1]. Hence, if vy £ 0, the multiplicity of A in the
set S1 is one. In fact, the solution vg (up to normalization) is available in the following analytic
form:

00(2) = Vo(z: 1) 1= VT2 =2 + 3T = Atanh(z + a) — 3sech?(z + a)
0 0(z; A) e — |

Since a > 0 for the symmetric state in Theorem 1, it follows from (3.2) for every A < O that
vo(z) > 0 for every z > 0.

Thanks to the symmetry condition (2.7) and the even parity of u; in the symmetric state of
Theorem 1, if v; satisfies the boundary conditions v;(—me) = v;(mwe) = vo(0) # 0, then v; is
even and vy = vy =--- =vy. Hence, v; is a solution of the following boundary-value problem:

(3.2)

—v"(2) + v(2) — 6u1(2)*v(z) = Av(z), z€(—Te, me),
SP; : v(—me) =v(mwe) = Vp(0; 1), 3.3)
2NV (me) = Vy(0; 1),

where the prime denotes the derivative in z.
If vo = 0, then v; is a solution of the following Sturm-Liouville boundary-value problem

. —0"(2) +v(2) — 6u1 (2)*v(z) = hv(2), 2 € (~T€, e),
SPy: { v(—me) =v(me) =0. (3-4)
If v; is a solution to SP», then so are vy, ..., vy. By the linear superposition principle and the

even parity of uy, the solution v to SP is generally a linear combination of the even and odd
functions.
If vy is even, then the derivative boundary condition in (3.1) yields a nontrivial constraint:

N
Zv}(ne) =0 (3.5)
j=1
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and since v'(7w€) # 0 for a nonzero solution of the spectral problem (3.4), then there are only
N — 1 combinations of vy, v, ..., vy satisfying the constraint (3.5). Hence the eigenvalue A in
the set Sp has multiplicity (N — 1).

If v; is odd, then the derivative boundary condition in (3.1) is trivially satisfied, hence there
are N linearly independent functions vy, v, ..., vy and the eigenvalue A in the set S3 has mul-
tiplicity N.

The boundary-value problem SP; is the Sturm-Liouville problem with the Dirichlet boundary
conditions, hence its eigenvalues are all simple. This implies S, N Sz = @.

Each v(z) satisfying SPy is even on (—me,we). Since Vo(0; A) > O for every A < 0, this
implies that v(£me) > 0 so that v(z) does not satisfy SP, and vice versa. This implies that
SiN&S=0. O

Let us order the eigenvalues in the spectral problem (3.1) counting their multiplicities as
follows:

M<A<ii<... (3.6)

By Lemma 3.1, each eigenvalue of the spectral problem (3.1) corresponds to either vg £ 0 or
vo = 0, and so, the set of eigenvalues (counting multiplicities) in the spectral problem (3.1) is in
one-to-one correspondence with the union of sets of eigenvalues of the boundary-value problems
SP; and SP,. Next, we control the sign of the first eigenvalues of the boundary-value problems
SP; and SP;.

3.2. Eigenvalues of the boundary-value problems SPy and SP»

We start with the first eigenvalue A1 of the spectral problem (3.1). By the Rayleigh-Ritz prin-
ciple (see [17, Lemma 5.12]), this eigenvalue can be characterized variationally as follows:

A= inf {(ﬁr, ) oe o 1T 2m = 1}, 3.7)
Ten.(Fy) L*(Tn) L=(Tn)
where L is the e-scaled version of the linearized operator £ and Y = (vy, v, ..., vy, Vo) is the

scaled eigenfunction on the e-scaled graph I'y. The following lemma states that A; < 0 and
Al < Az in (3.6).

Lemma 3.2. Let A =y be the first eigenvalue ojf SP;. ~Then, A1 = Y1, moreover, A| is negative
and simple with a strictly positive eigenfunction Y1 on I'y.

Proof. It follows from (1.11) that A; is negative. By the variational analysis on graphs, as in
[1, Proposition 3.3], the infimum (3.7) is uniquely attained at some strictly positive Y| which
belongs to H1211< (f‘N). This positive Y = (v1,v2, ..., UN, V) is the corresponding eigenfunction
in the spectral problem (3.1). Hence, vg # 0 and so, A1 coincides with the first eigenvalue y; in
the set S| by Lemma 3.1. Since S| NS, = @, whereas the first eigenvalue of the Sturm—Liouville
problem (3.4) corresponds to an even eigenfunction, it follows that A; is not an eigenvalue in
SP;, hence A is simple. O
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Before proceeding with other eigenvalues, we review the Sturm-Liouville theory for the
boundary-value problem (3.4). The following three propositions are well-known, see, e.g., [17,
Section 5.5].

Proposition 3.1. Let 8, be the n-th eigenvalue of the Sturm—Liouville problem (3.4) for n € N.
Then, B, is simple and its corresponding eigenfunction is even (odd) if n is odd (even). Moreover,
the eigenfunction vanishes on (—me, we) at exactly n — 1 nodal points.

Proposition 3.2. Let 81 be the first eigenvalue of the Sturm—Liouville problem (3.4). Then, for
B < Bi1, the initial value problem

{ _U//(Z) + U(Z) - 6”1(Z)2U(Z) = ﬂv(z)v Z€ (_”61 7[6), (38)

v(0)=1, v (0)=0,

has the unique solution v, which is even and strictly positive on [—me, wel. For B > B1, the
unique solution v is sign-indefinite.

Proposition 3.3. Let 57 be the second eigenvalue of the Sturm—Liouville problem (3.4). Then, for
B < B, the initial value problem

{ —v"(2) + v(z) — 6u1(2)*v(z) = Pu(z), <z € (—Te, me), (3.9)

v(0)=0, V(0)=1,

has the unique solution v, which is odd on [—m €, me] and strictly positive on (0, we). For § > B2,
the unique solution v is sign-indefinite on (0, we].

The following three lemmas state the ordering between the second eigenvalue of the
boundary-value problem SPp and the first two eigenvalues of the boundary-value problem SP;.
These eigenvalues contribute to the order of eigenvalues A and A3 in (3.6).

Lemma 3.3. Let A = B be the first eigenvalue of the boundary-value problem SPy in (3.4) and
A = y2 be the second eigenvalue of the boundary-value problem SPy in (3.3). If Ay in (3.6) is
negative or zero, then Ay = 81 < ya2. Moreover, the eigenvalue \> has an algebraic multiplicity
(N — 1) and is associated with (N — 1) even eigenfunctions Y on I'y.

Proof. Let A, be the second eigenvalue of the spectral problem (3.1) with an eigenfunction
Tz = (v1,v2,..., 0N, V). If Ay € (—00, 0], then either vg = 0 or vy(z) > O for all z > 0 thanks
to the analytic form (3.2).

If vg =0, then A, coincides with the first eigenvalue in SP5, which is 81. Then, by Propo-
sition 3.1, each v; is even and A, belongs to the set S; in Lemma 3.1. Since S NS> = in
Lemma 3.1, then A> # y», and since y» is also an eigenvalue of the spectral problem (3.1), it
follows that 1, < y».

If vo(z) > O for all z > 0, we have that Ap = y» belongs to set Sj. Since S| NSy =@ in
Lemma 3.1, we have A» # 1, and since B is also an eigenvalue of the spectral problem (3.1), it
follows that A < B;. Therefore, each even v; is constant proportional to the unique solution of
the initial-value problem (3.8) with 8 = A» < 1. By Proposition 3.2, each v is strictly positive
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on [—e, we]. As a result, the eigenfunction Y3 is strictly positive on I'y. Since the eigenfunc-
tion Y; in Lemma 3.2 is also strictly positive on r N, the L2(I‘ ~)-inner product of Y and T is
not zero, which contradicts to the orthogonality of eigenfunctions for distinct eigenvalues to the
spectral problem (3.1). Hence vg # 0 is impossible so that A = 81 < 2. O

Lemma 3.4. Let . = y, be the second eigenvalue of the boundary-value problem SPy in (3.3).
Then, y2 # 0.

Proof. To show that y» # 0, we consider the boundary-value problem

—u"(2)+u(@) —2u(z)> =0, ze(=T¢(po,q0) T+(po, q0)),
u(—=T+(po, q0)) = u(T+(po, q0)) = po, (3.10)
u'(=T4(po, 90)) = —u' (T (po, q0)) = qo,

where T, (po, qo) is defined in (2.9) with two independent parameters po € (0, 1) and ¢gg €
(0, 00). The unique solution of the boundary-value problem (2.8) is obtained at gy = ﬁ«/ A(po),
for which T (po, qo) = T (po) = e in (2.12). We use the notation u(z) = u(z; po, go) and recall
that u(z; po, qo) is a C! function with respect to po and qo.

Define s(z; po, qo) := 94ou(2; po, qo). Then, s(z; po, go) is an even solution of the following
differential equation:

—5"(2) +5(z) — 6u(z)’s(z) =0, z € (=T4(po.q0). T+(po. q0)). (3.11)

Moreover, since u(0; po, go) = p+, where p is defined by (2.10), we have s(0; po, go) = 94, P+
where 94 p4 # 0. Indeed, after differentiating E (u, v) = qg — A(po) = —A(p4) with respect to
qo, we have

2g0 =2p+(2p3 — Dy, p+-

Since py > p, = % and go > 0, we have s(0; po, go) = 94, p+ > 0.

Similarly, we define #(z; po, o) := 9p,u(z; Po, qo), and notice that 7 (z; po, o) is also an even
solution of the differential equation (3.11). Differentiating E (4, v) = qg — A(po) = —A(py)
with respect to pg yields

2po2p§ — 1) =2p+2p3 — Dy p+-

If po = p« = 1/+/2, then £(0; po, o) = 9po P+ = 0 so that 7(z; po, go) = 0 is zero solution to
(3.11). Otherwise, t(0; po, go) = 0p, P+ # 0 and £ (2; po, qo) is a nonzero even solution to (3.11).

For gg = ﬁ«/A(po), we have T4 (po,qo) = T (po) = me, and since s(0; po, go) # 0, the
solution s(z; po, go) of the differential equation (3.11) with this gq is constant proportional to
the unique solution to the initial-value problem (3.8) with 8 = 0. Moreover, if py # p«, the
above statement also applies to 7(z; po, go), so that there exists a nonzero constant C such that
1(z; po, q0) = Cs(z; po, qo)-

If A =y, =0 in SPy, we know from (3.2) that Vy(z; 0) = %sech(z + a) tanh(z + a), where a
is related to py by po = sech(a). Moreover, by Lemma 2.1, a and p are C' functions of e, that
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is a = a(e) and po = po(e). We also define ¢(z) := sech(z), and rewrite the boundary values in
the spectral problem SP; as follows:

1 1
Vo (0; 0):—590’(61), and  V{(0; 0)=—§g0”(a). (3.12)

Solution to the differential equation in SP; for A = 0 is given by v(z) = Cos(z; po, qo), where

qo = ﬁ poy/ 1 — p(z) and Cj is a real constant. By using the boundary conditions in SP; and the
representation (3.12), we obtain the following system of equations:

—2Cos(me; po, q0) = ¢'(a) (3.13)
—4NCos'(me; po, qo) = ¢"(a), '

where Ty (po,qo) = T (po) = we by (2.12). Since a(e) > 0 for every positive €, we know
¢'(a) # 0 and from (3.13) we obtain

2Ns'(me; po, q0) ¢ (a)

=—. (3.14)
s(e; po, 40) ¢'(a)
On the other hand, using that pg = ¢(a) and g9 = — ﬁ(p’ (a) we rewrite the boundary values
in (3.10) at Ty (po, qo) = T (po) = 7e to be
u(me; po, qo) = ¢(a)
3.15
{ZNM/(ﬂézpo,CIo) — /(@) G-19

For po # p«, we use that a, po, and go are C! functions of €, hence we differentiate (3.15)
with respect to € and since #(z; po, o) = Cs(z; po, go) we obtain

{ s(we; po. qo) [Cpy(e) +qy(e)] = ¢/ (@) [a'(€) — ] (3.16)
2Ns'(mr€; po. qo) [Cpy(e) + qi(e€)] = ¢ (a) [d'(€) — 27 N] '

Note that Cp( (€) + g (€) # 0 since ¢’ (a) # 0 # ¢” (a) for pg # p.«. Hence, it follows from (3.16)
that

2Ns'(e; po, qo) _ ¢"(a)[d'(€) — 2 N]
s(me; po, q0) o'@aE© -]’

which contradicts to (3.14) since ¢ (a) # 0 for pg # px.
For po = p«, we have s'(;€; po, go) = 0 by (3.13). Then, we differentiate the invariant re-

. 2 .
lation g3 — pg + pg = ['(z: po. 90)]” — u?(z; po. q0) + u*(z; po. qo) with respect to go and
obtain

290 =20'(z3 po, @0)s' (23 po. qo) +2u(z: po. qo) [ 247z po.g0) = 1]z po.qo). (B.17)

For z = T+ (po, q0) = T (po) = me, we substitute s'(7we; po, go) = 0 and u(we; po, go) = ps«
in (3.17) to get 2go = 0, which is a contradiction. In both cases, A = y» = 0 is impossible in
SP;. O
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Lemma 3.5. Let & = B, be the second eigenvalue of the boundary-value problem SPy in (3.4).
Then, B > 0.

Proof. Define r(z; po, qo) := u'(z; po, qo), where the prime stands for the derivative with respect
to z. We have that r(z; po, qo) is odd and that r'(0; po, go) = u”(0; po, qo) = (1 — 2p2)p4 <
0. For gy = 75+/A(po), we have Ty (po.qo) = T(po) = me, and since r'(0; po, go) # O,
r(z; po, qo) with this g is constant proportional to the unique solution to the initial-value prob-
lem (3.9) with 8 = 0. By the construction of u(z; po, go) in (3.10) and negativity of ' (0; po, qo),
the function —r(z; po, go) with this gq is strictly positive on (0, €], and by Proposition 3.3,
0=B8<p. O

3.3. Existence of a zero eigenvalue in SP,

It follows from Lemmas 3.2, 3.3, 3.4, and 3.5 that, when the parameter € is increased, the only
eigenvalue of the spectral problem (3.1) which may cross zero and become the second negative
eigenvalue X, in addition to the eigenvalue A; = y; is the first eigenvalue A = 1 of the Sturm—
Liouville problem SP; in (3.4).

Here we study the conditions for B to become negative from the analytical properties of the
period function T (po, go), which appears in the boundary-value problem (3.10). The following
two lemmas state properties of 7 (po, go) with respect to go separately for po € (0, p«] and

Lemma 3.6. For every pg € (0, p«]l, T+(po, qo) is a monotonically decreasing function of qo in
(0, 00).

Proof. By using the same approach as in the proof of Lemma 2.1, we write

D+
[Eo(po, q0) + A(ps)] T+(po,qo)=/ [3
Po
2(A(po) — A(ps))qo
A’(po)

_2(Am) - A(P*))A”(u)] odi
[A" )]

where Ey(po, qo) = qg — A(po) and the integrands are free of singularities. Compared to
Lemma 2.1, pg € (0, 1) and gg € (0, 00) are independent parameters. All terms in the repre-
sentation are C! functions in go. Differentiating in g yields the expression

P+
9
[Eo(po, q0) + A(ps)] 8—T+(po,qo) =qo/ [1 -
q0
Po
2(A(po) — A(p+))
A’(po)

2(A(u) — A(p*))A”(u)} du

[A’(u)]? v

s

or equivalently
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Eo(po, q0) + A(ps) 0

M -~ 1-2p8
2q0 dq0

~—T+(po. q0) = /SWZ ety
Po

(3.18)

Recall from (2.6) that Eo(po, qo) + A(p«) > 0 for every po € (0, 1) and qo € (0, 00).If pg = py,
the first term in (3.18) is negative and the second term is zero, hence 3 T+ (p«,qo) <O.

For any pg € (0, p.), we intoduce the value pg € (p4, 1) by setting Po =1- po. It follows
from (2.5) that A(pg) = A(po) with 0 < pg < p« < po < p+ < 1. Next, we rewrite the equation
(3.18) as

Px Po
Eo(po. qo) + A(ps) 0 / 1 —2u? / 1 —2u?

—T = d d 3.19

20 a0 +(po, q0) = s 2u son22u (3.19)

Po P
p
/+1 2 1-2p}
du — .
Svu? 8 pogo
Po
The substitution z = +/1 — u? in the second integral implies that
Po Px
/1—2u2 (1-272%)z J
———du=— | ———55dz.
Svu? 8u(l —z2)3/2 ¢
Px Po
Substituting this equation into (3.19) and calling z as u again, we get
Eo(po.q0) + A(ps) 0 [1-22 (1
0{Po; 90 14 —Zu u
= T4 (po.90) = / — = 5 |du (3.20)
240 dq0 v \u? (1—u2)¥
Po
P
+/+1—2u2 1—2p2
8vu? 8 poqo
Po

The second term in the right-hand side of (3.20) is negative since pg € (px, p+), whereas the
first and last terms satisfy

Px
/ 1—2u2 /1 u 1-2p¢
- _ du —
8v u2 (1 —u2)32 8poqo

Po

1—2p2 71 u 1—2p2
< OL/‘ St Ngu- 0
840 u? (1 —u?)3? 80q0

Do
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_(1=2pp) 1 2

840 1 _p% P '

which is negative since px < po =,/1— pg. As a result, the entire right-hand side of (3.20) is
negative, hence B%TJF(IJO, q0) <0 for po € (0, py). O

Lemma 3.7. For every po € (p«, 1), T+ (po, qo) is a non-monotone function of qo in (0, 00) such
that T+ (po, qo) — 0 as go — 0 and go — <.

Proof. First we claim that Ty (pg, go) — 0 as go — 0. Indeed, if g9 = 0, the only admissible
root for p4 > po in the nonlinear equation (2.10) is p+ = po. Hence, as go — 0, the length of
integration in T (po, qo) given by (2.9) shrinks to zero whereas the integrand remains absolutely
integrable so that Ty (pg, go) — 0 as go — 0.

Next, we claim that T (pg, go) — 0 as go — oco. By (2.9) and (2.10), we bound T (po, g0)
as in

du

Ty (po,qo) = / /
VE + u? \/ —u

p++p+

By change of variables u = p;x, we rewrite the estimate as

1
T4 (po. o) < — / & (321
+ va q0 = . .
P+ V1=x2 14x2-L
0 Py
We define A(x) := 1 , and using the integration by parts, we rewrite the integral
JaEn a2 -1/p3)
in (3.21) as
1 AG)
[-2vT=%4w)] ‘ +2/«/1—xA (x)dx,
b/

which is finite for p; > 1 since A(x) is continuously differentiable on [0, 1] for p4 > 1. Since
for fixed pg, we have p; — o0 as go — 00, the representation (3.21) implies that

1
1 x)dx
Ty (po,q0) < — -0
P+ 0

asqo—> 00. O
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The following lemma defines the necessary and sufficient condition for the first eigenvalue
B1 of the Sturm—Liouville problem SP; to cross zero when the parameter € is increased. This
condition is given by the intersection of two curves Cj and C; given by

ATy
C1:={(po,qo): 8—%(170,610):0, poé(p*,l)} (3.22)

and

1
VA(po), poe (0, 1)} : (3.23)

C:Z s M = —
2 {(POQO) by

The uniqueness of C; is obvious (see red curve on Fig. 7). In the subsequent lemmas, we will
also prove that C is also uniquely defined.

Lemma 3.8. Let s(z; po, qo) be the even solution to the differential equation (3.11). Then,

. T
s(£T4(po, q0); Po,qo) = 0 if and only if 8—612(190, qo) =0.

]é/lToreoven the first eigenvalue A = B of the Sturm—Liouville problem SP; is zero if and only if
a0 (Po, 40) = 0 at go = 77 V/A(po).

Proof. Since u(z; po, qo) satisfying (3.10) and s(z; po, qo) satisfying (3.11) are even, it is suffi-

cient to consider the left boundary condition at z = —T (po, go) rewritten again as
u(=T+(po, 90); po, 40) = po,
3.24
{u’(—T+(po,qo);po,qo)=qo- (3:24)

We differentiate the first equation in (3.24) with respect to go and obtain

9
dgou(—=T+(Po, 90); Po, q0) — u' (—T+(po. q0); po, q‘))a_q()T+(p°’ q0) =0. (3.25)

By using the definition of s(z; pg, o) and the second equation in (3.24), we rewrite (3.25) in the
form:

9
s(=T+(po, q0); po,qo0) = qoa—qOTJr(po, q0). (3.26)

Since ggp € (0, 00), it follows from (3.26) that s(—T4+(po, qo); po,qo) = 0 if and only if

% (po. go0) = 0.

If go = ﬁ«/ﬁpo) , then we have T, (pg, qo) = T (po) = me so that the differential equa-
tion (3.11) coincides with that in the Sturm-Liouville problem SP, with A = 0 in (3.4).
If %(po,qo) = 0 for this g, then it follows from (3.26) that s(£me; po, go) = 0, hence
s(z; po, qo) with this gq is the eigenfunction of SP, with 81 = 0. On the other hand, if §; =0,
then the corresponding eigenfunction is even and hence it coincides up to a scalar multiplication
with s(z; po, go) for this go by uniqueness of solutions of the second-order differential equations.

Then, it follows from (3.26) that %TJr (po,qo) =0 for this go. O
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The following lemma ensures that there is only one critical (maximum) point of 7 (po, go)
with respect to gq at each energy level Eo(po, qo) = qg — A(po).

Lemma 3.9. Let E(p, q) = g> — A(p) be the first-order invariant for the boundary-value prob-
lem (3.10). There are no distinct points (pl ql) and (pz qz) in (0, 1) x (0, 0c0) with E(p1,q1) =
E(p2, 42) such that 525 (p1,q1) =

Proof. Assume that such points (p1,q1) and (p3, qz) in (0, 1) x (0, oo) do exist, and pick
p1 < p2 without loss of generality. Then, we have q* (p1,91) =0 and q* (p2,q2) = 0. For
J €{1,2}, consider the boundary-value problem (3.10) with the boundary values (p;, g;). By
Lemma 3.8, we know that 5(z; pj, g;) is a solution to the differential equation (3.11) such that
s(£T+(pj.q)); pj.q;) =0, hence 5(z; pj, g;) is the eigenfunction of the corresponding Sturm—
Liouville problem.

Since E(p1, q1) = E(p2, q2) and p; < pp by assumption, we have u(z; p1, q1) = u(z; p2, q2)
forall z € [-T4(p2,q2), T+ (p2, g2)]. Then, the function s(z; p1, q1) is proportional to a solution
to the initial-value problem (3.8) for 8 =0 on [-T4(p1,91), T+(p1, q1)], where it vanishes at
least at two internal points £75(p2, g2). By Proposition 3.1, s(z; p1,q1) is the eigenfunction
of the Sturm-Liouville problem corresponding to (at least) the third eigenvalue of SP,, which
implies that the second eigenvalue §; is negative. However, this contradicts to Lemma 3.5 which
ensures that 8> > 0. Hence, no two distinct points exist as in the assertion of the lemma. O

By Lemma 3.7, there exists at least one local maximum of 74 (po, go) in gg for pg € (p«, 1).
Let us denote the corresponding value of go by gmax(po). Since Ty (po, qo) is a C! function of
(po, go) in (0, 1) x (0, 00), gmax 1s a continuous function of py. The following lemma shows
that gmax(po) is the unique critical point of T (pg, go) in go inside (0, /A(po)). This given
uniqueness of the curve Cp defined by (3.22).

Lemma 3.10. There exists pyx € (px, 1) such that for every po € (p«, Px«), there is exactly one
critical point of T+ (po, qo) in qo inside (0, \/A(po)). For po € [ps«, 1), T+(po, qo) has no criti-
cal points in qq inside (0, V A(po)).

Proof. Let gmax(po) be the point of maximum of 7T (pg, go) in go for pg € (p«, 1). We first

show that gmax (po) — 0 as pg — p* and gmax (Po) > +/ A(po) for po near 1.
It follows from (3.18) that if T+(po gmax(po)) = 0, then on the energy level E =

Eo(po, qmax(po)) we have

2ur—1 2p5 — 1
Gmax(Po) ) du = . 3.27)
vu Po
Po
Integration by parts with the help of

v 2u?—1 3v
d (—) = du— 2 du (3.28)

u3 vu? u*

yields
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P+
v
dimax (P0)” — (2P — 1) p2 = 3 pigmax (0) / 0. (329)
Po

This gives the lower bound for gmax(po) as

gmax (po) > Poy/ 2p(% -1

Recall that \/A(po) = po,/1 — pé. Hence, gmax(po) > VA(po) if po > /2/3. By continuity of
gmax and Lemma 3.9, there exists unique p.« € (Px, /2/3) such that gmax (P«x) = vV A(Px).

To prove that gmax(po) — 0 as po — p«, we assume the contrary. That is, let gmax(po) > €
for some € > 0 whenever 0 < pg — px < §p with sufficiently small §o > 0. Then, there is some
positive §; such that py > po + &1. Then,

o — 1 T2 2(pets?—1 [ d

/ Y du> / L B ] / @ (3.30)
vu? vu? pi v

Po Ppo+é1 Ppo+é1

Since pg € (p«, px + 80) and gmax (po) is continuous, p4 is bounded from above, so that there
exists some 5, > 0 such that

2(po+81)*—1
_— >

8.
Py

Since gmax(po) > € and the integration in (3.30) goes along the energy level containing
(pos gmax (Po)), there exists some §3 > 0 such that

P+

du
/ = =T (o + 81 Gmax(p0)) > 63,
Po+51

Combining the computations above, we get that (3.27) becomes

2 LA
2p5—1 2u” —1
= gmax (P0) 3 du > €883,
Po vu
Po
2
which is the contradiction since 220 _s 0 as Po — P« Hence gmax (po) — 0 as pg — px«.

Thus, the graph of the function pg — gmax(po) starts from zero at pg = p, and traverses
beyond the homoclinic orbit for py > p... By continuity of gmax in po, gmax intersects at least
once each energy level (2.14) inside the homoclinic orbit. By Lemma 3.9, the intersection of
gmax With each energy level is unique. This proves the assertion of this lemma. 0O
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By Lemma 3.10, the curve C; in (3.22) intersects at least once with every energy level
E(u,v) = Eo(po, qo) inside the homoclinic orbit. On the other hand, the curve C; in (3.23)
lies entirely within the homoclinic orbit, hence there exists an intersection between the curves
C1 and C,. The following lemma shows that this intersection is in fact unique.

Lemma 3.11. There exists exactly one value of pg € (p«, Psx) for which qmax(po) = ﬁ A(po).

Proof. Consider the function F : (py, p«x) — R given by

P+2 ) 1
o
Fpo) = 2252 — D) — a0 1 f L, (3.31)

pPo

where go = ﬁx/ﬁpo) and the integration is performed along the level curve with E (u, v) =
Eo(po, q0)- By (3.27), F(po) = 0 if and only if gmax (po) = ﬁ\/rpo) Since by Lemma 3.10,
F(po) =0 has at least one root in (px, p««), it suffices to show that there are no other roots.

By using (3.28), we obtain

P+
v
F(po) = @0} = 07~ a3 + 30078, [ Ly (3:32)
po

We claim that F'(pyif) at the root ppir of F(po) = 0, so that the root ppir is unique. Indeed,
taking the derivative in (3.32) with respect to pg, and using that go = ﬁ ' A(po) and F(po) =0
we obtain

Py
05090 1 du
F(po) = 221—”‘;[2 203 — 1 2] 2021 1——/—,
(po) = po(2py+ 1) p 90 + 2pg — Dpo |+ poCpy— 1) Nz o

Po
which is strictly positive since 9,,q0 = 411;\:/(7/];(()—;0) < 0 for pg € (p«, 1). This completes the

proof. O

Fig. 8§ illustrates the results of Lemmas 3.10 and 3.11. The black dashed curve displays the
homoclinic orbit at the energy level E(u, v) = 0. The red dashed curve gives the curve C, for
N = 3. The blue solid curve shows the curve C;. There exists only one intersection of curves
C1 and C; and it occurs at ppif & 0.711 (for N = 3) The existence of the unique value of py;r is
stated in Lemma 3.11. Moreover, C; crosses the homoclinic orbit at p., ~ 0.782 in agreement
with Lemma 3.10.

3.4. Proof of Theorem 2

By Lemma 2.1 for 7 (pg) = mwe defined in (2.12), the mapping from py € (0,1) to € =
%’T( po) € (0, 00) is a monotonic bijection.

For sufficiently small values of € > 0, the value of pg is near 1. Then, by Lemmas 3.7 and

3.10, T+ (po, go) has no critical points with respect to g in (0, /A(po)) and is monotonically

749



A. Kairzhan, R. Marangell, D.E. Pelinovsky et al. Journal of Differential Equations 271 (2021) 719-763

0.6

0.4

-

0.2

7
e

\

-0.2

~
~
~——-

-0.4

-0.6

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 8. Numerical illustration of Lemmas 3.10 and 3.11 on the (u, v)-plane.

increasing in gg. In this case, the solution s(z; po, go) to the differential equation (3.11) with
qo = ﬁ«/A(po) satisfies s(z; po, qo) > 0 for z € [—me, me]. By Proposition 3.2, we conclude
that the first eigenvalue A = f; in SP; is positive. Therefore, Lemmas 3.2 and 3.3 imply that
the spectral problem (3.1) has exactly one negative eigenvalue and no zero eigenvalues, so that
n(L) =1 and z(£) = 0 for sufficiently small € > 0.

Let B; be the first eigenvalue in SP; and y» be the second eigenvalue in SPy. Since 8; > 0
and y» > 0 for sufficiently small € > 0, it suffices to show that 1 = 0 at some unique point
€4 € (0, 00) so that 81 < 0 for all € > ¢€,, whereas y» > 0 for all € > 0. By Lemma 3.4 it follows
that y» # 0 for every € > 0, hence y, > 0 for all € > 0.

Next, we show that 81 = 0 for some €, € (0, 00). Indeed, by Lemmas 3.10 and 3.11, the
curves C1 and C, defined by (3.22) and (3.23) intersect exactly once at some pyir € (px«, 1). By
Lemma 3.8, 1 = 0 at this ppir and by Lemma 2.1, there exists a unique value €, for this pp;s.
By Lemma 3.1, 81 has multiplicity N — 1 in the spectral problem (3.1) so that z(£) = N — 1 for
this €,. No other intersections exist so that z(£) = 0 for € # €.

Finally, for € > €4, gmax(po) < ﬁ./A(po) for po € (p«, prir) or does not exist if pg € (0, px]
by Lemma 3.6. In both cases, the solution s(z; po, go) to the differential equation (3.11) with
qo = ﬁ«/ A(po) vanishes at some internal points in [—me, me]. By Proposition 3.2, it follows
that 81 < O for € > €, so that n(£) = N for € > ¢,.

Theorem 2 is proven. Fig. 9 illustrates the result of Theorem 2. The second eigenvalue A, of
the spectral problem (3.1) is computed by using numerical approximation of the first eigenvalue
A = 1 in the Sturm—Liouville problem SP, and is shown versus w. It follows from Fig. 9 that
there exists a value w, € (—o00, 0) for which X, = B; crosses zero. This is the bifurcation point
for the positive single-lobe symmetric state ® in Theorem 2.

4. Existence of other positive single-lobe states

Recall that by Theorem 2, there exists a unique w, € (—o0, 0), and unique corresponding
Poit € (p«, 1), at which the single-lobe symmetric state ® defined in Theorem 1 admits a bifur-
cation in the sense of Definition 3.
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Fig. 9. The second eigenvalue Ay = f1 of the spectral problems (3.1) and (3.4) as a function of w for the positive single-
lobe symmetric state ¢ on the flower graph I"'y with N = 3. The eigenvalue crosses zero at @ = wy.

Here we are interested in the existence of asymmetric, K-split, single-lobe states of Defini-
tion 4 for pg € (0, p«). This range of values of pg does not cover the entire admissible interval
since pyif € (p«, 1) but it is sufficient for the proof of Theorem 3.

After the scaling transformation (2.1), the asymmetric positive state (u1, uz, ..., Uy, ug) sat-
isfies the system of differential equations given by (2.2)—(2.3). Taking into account the solution
(2.4) for ug with pg = sech(a) = uo(0), each component u; for j =1, ..., N satisfies the fol-
lowing boundary-value problem
{ —uj(2) +uj(z) — 2uj(2)} =0, ze(—me, me), @1

uj(—me)=u;(mwe) = po. '

Assuming that u; is even, the derivative condition in (2.3) is satisfied if the derivative of the
components satisfy the scalar equation

N
2> u(—me) =/A(po). 4.2)
j=1

Using the first-order invariant in (2.5), any single-lobe solution to the boundary-value problem
(4.1) satisfies either

E(uj,u’)=E(po.q;),
u;j(=T4(po,q;)) = po,

4.3
W (=T (po.4,) = 4 = 0. *3)
Ty (po,qj) =Te,

or
E(uj,u’)=E(po.q)),
uj(=T-(po,q,)) = po, @.4)

u;(=T-(po, q)) = —q; <0,
T_(po, q;) = 7e,
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where the period functions 7'y and 7- are given in (2.9) with fixed value of E(u;, u/j) =E.
Therefore, any asymmetric single-lobe state is a combination of the solutions of type (4.3) or
4.4).

In order to prove Theorem 3, we first study monotonicity of the period function 7_(pg, go)
in go for po € (0, px). Then, we prove existence and uniqueness of the asymmetric positive
single-lobe states with K -split profile described by Definition 4. Finally, we study the mapping
from po € (0, px) to € € (0, 00), which extends to the limit € — oo that corresponds to the limit
® — —00.

4.1. Monotonicity of the period function T_

The following lemma shows that the period function 7_(po, qo) defined by (2.9) is monoton-
ically increasing for pg € (0, py).

Lemma 4.1. For every po € (0, px), T—(po, qo) is a monotonically increasing function of qq in
(0, V/A(po)). Moreover, T_(po, q0) — 0 as qo — 0, and T_(po, qo) — 00 as go — ~/A(po).

Proof. We write

pPo
A(u) — A(ps
[Eo(po. q0) + A(p+)] T_(po,qo)zf[v_u]du

v
pP—
Po
_ / [3 2(A(u) — A(p*))A”(u)]
= — vdu
[A"(w)]?
pP—
_ 2[A(po) — A(p+)]q0
A’(po)

where Ey(po, qo) = qg — A(po) and the integrands are non-singular for every u € (0, 1). Since
dEoy =2qodqo at fixed pg € (0, 1) and dE = 2vdv at fixed u € (0, 1), we differentiate the previ-
ous expression in g and obtain

Eo(po. qo) + A(ps) _ T 2(A(u) — A(p))A" () du  A(po) — A(p+)
T_(po,qo)= | |1— Ao
2v qoA’(po)

290 340 (A (u)]?

Recall that Eo(po, go) + A(p«) > 0 for every pg € (0, 1) and go € (0, o0) due to (2.6). Substi-
tuting A () transforms the previous expression to the form:

Eo(po,q0) + A(ps) 0
290 g0

T (po.qo) = / @.5)

p—

Since both terms in the right-hand side of (4.5) are strictly positive if pg € (0, p,) with go €
(0, o0), we conclude that f%T_ (po, qo) > 01if pg € (0, py).
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It follows that 7_(po, go) — 0 as go — O similarly as in Lemma 3.7. On the other hand,
p— — 0as go— +/A(po), hence T_(po, qo) — 00 as qo — ~/A(po). O

The following lemma follows from monotonicity of the period functions 7+ and 7_ in go for
every po € (0, p), thanks to Lemmas 3.6 and 4.1.

Lemma 4.2. For every po € (0, py), there are no distinct solutions uj(z) and u;(z) to the
boundary-value problem (4.1) such that u j(z) and u;(z) are either both of type (4.3) or both

of type (4.4).

Proof. If u(z) and u;(z) are distinct and both have the type (4.3), then g; # ¢;. By Lemma 3.6,
we have T, (po,q;) # T+(po,q;) which contradicts to the condition T, (pg,q;) = me =
T+ (po, q) in (4.3).

Similarly, if u;(z) and u;(z) are distinct and both have the type (4.4), then g; # g;. By
Lemma 4.1, we have T_(po, q;) # T—(po, g;) which contradicts to the condition T (po, q;) =
me=T_(po,qi) in (4.4). O

4.2. Construction of asymmetric single-lobe states

By Lemma 4.2, every asymmetric single-lobe state must have the particular structure of Def-
inition 4 if pg € (0, p,) with K components being of type (4.3) and (N — K) components being
of type (4.4). Up to permutation between the components in the N loops, we order the K-split
state as follows:

gi=q=--=qg >0 and gxi1=gxy2=---=gn =>0. (4.6)

The existence of asymmetric, K -split, single-lobe states for a given pg € (0, px) is equivalent
to the existence of (g1, ¢, ..., qn) satisfying (4.6) and solving the system of two nonlinear
equations on g1 and gy:

{ T4(po. q1) = T-(po, gn) 4.7)
2Kq1 —2(N — K)qn = ~/A(po), '

where the second equation comes from the boundary condition (4.2). The following lemma pro-
vides the unique solution to the system (4.7) for each K.

Lemma 4.3. Let po € (0, py). Forevery K =1,2,..., N — 1, there exists the unique solution to
the system (4.7) and the unique asymmetric, K -split, single-lobe state in the sense of Definition 4.

Proof. By Lemma 4.2, for every asymmetric single-lobe state, there are no distinct components
uj(z) and u;(z) of the same type. If u;(z) and u;(z) are distinct, then one of them is uniquely
given by (4.3), while the other one is uniquely given by (4.4). Hence, the assertion of the lemma
holds if we can prove the existence of the unique solution to the system (4.7).

Consider the function F(g;) defined by

F(q1) :=Ty(po,q1) — T-(po, qn(q1)), (4.8)
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Fig. 10. Numerical illustration to the statement of Lemma 4.3 for pg = 0.7003 € (0, psx), N =3, and K = 1. Left:
the blue and red lines show respectively the dependence of T4 (pg, go) and T—(pg, q¢) in gg. Right: The graph of the
function F defined in (4.8) with the only root.

where gy (q1) is obtained from the second equation of system (4.7) in the form:

1
vV A(po)- (4.9)

K
Nk T 2Nk

qan(q1) =

Since gy > 0, we have g1 > % ~/A(po). In addition, it follows from positivity of the single-lobe

solution that gy < +/A(po), so that g1 < %«/A( po). Hence, we are only interested in the
behavior of F on the interval

1 2(N - K 1
T(po; K) = [—\/A(Po), Q\/A(Po)] .

2K 2K

Since g is monotonically increasing function of g1, Lemmas 3.6 and 4.1 imply that the function
F is monotonically decreasing in g;. We show that F'(g;) = 0 has an unique root in Z(po; K). As
q1 — % A(po), we have gy(q1) — 0, and by Lemma 4.1, F(gq1) = T4 (po, %«/A(po)) >
0. On the other hand, as q; — %\/Tpo), we have gy(q1) — ~/A(po), and by
Lemma 4.1, F(q1) — —oo. Therefore, by monotonicity of F, there exists the unique root of
FinZ(pyp; K). O

The conclusion of Lemma 4.3 is illustrated on Fig. 10. The left panel shows plots of
T+ (po, qo0) and T_(po, qo) in go for a fixed value of py € (p«, 1). The dependencies are mono-
tonic in agreement with Lemmas 3.6 and 4.1. The right panel shows the function F in g; defined
by (4.8) for K =1 and N = 3. The function is monotonic and has a unique root in the interval
Z(po; K). A similar picture holds for K =2 and N = 3.

Fig. 11 show how the asymmetric, K-split, single-lobe states are constructed for the same
value of pg and N = 3. The left panel shows the state with K = 1 and the right panel shows the
state with K = 2 by using orbits on the (u, v)-plane.

4.3. The mapping (0, py) > po+> € € (0, 00)

Fix K=1,2,...,N — 1. By Lemma 4.3, for every po € (0, p,), there is a unique vector
(g1, 92, - .., qn) satisfying (4.6) and (4.7), and this defines uniquely the following mappings:

754



A. Kairzhan, R. Marangell, D.E. Pelinovsky et al. Journal of Differential Equations 271 (2021) 719-763

0.5 T T —

-0.5 L L —1

u u

Fig. 11. Construction of the positive, asymmetric, K -split, single-lobe states on the («, v)-plane for a = 0.895 and N =3
in the case of K =1 (left) and K = 2 (right).

(0, px) 3 po = q1(po; K) € (0,00) and (0, p«) 3 po > gn(po; K) € (0,+/A(po)), (4.10)

where q1(po; K) € Z(po; K) is uniquely defined as the root of F given by (4.8) and gn (po; K) €
(0, VA(po)) is uniquely defined by (4.9). By using the first equation in (4.7) we also define a
unique mapping

(0, px) 3 po = T4 (po, q1(po; K)) € (0, 00). (4.11)

The following lemmas describe the dependence of Ty (pg, ¢1(po; K)) on pg which gives mono-
tonicity of the mapping (0, py) 2 po > € = HLT+(p0, q1(po; K)) € (0, 00).

Lemma 4.4. For every K = 1,2, ..., N — 1, the mappings (4.10) and (4.11) are C" for every
po € (0, ps).

Proof. Recall that the period functions T, (po, o) and T_(po, go) are C' in both py and go
thanks to the representation (2.13), see the proofs of Lemmas 2.1, 3.6, and 4.1.
Consider the function G(po, g1, gn) : (0, px) x (0, 00) x (0, /A(po)) — R2 given by

_ T (po.q1) — T—(po, qn)
G(po.q1.9n) = (2qu 2N = Ky — «/Tm))‘ (4.12)

Note that the system (4.7) is equivalent to G(po, q1, gn) = 0. The c! dependence of g1 (po; K)
and gy (po; K) with respect to po is a direct consequence of the Implicit Function Theorem
applied to the function G. Indeed, G is a C' function in all its variables, and the Jacobian matrix
Dyy,4x)G(Po, g1, gn) is invertible since the determinant of

9

bl

30 1+(Po,q1)  —5.~T-(po,gqn)
D G(po,q1,qn) = | 0"+ IqN
@.a) G (Po. 41, 4N) < 2K —2(N — K)

is strictly positive due to monotonicity results in Lemmas 3.6 and 4.1.
The differentiability of the function T (po, g1(po; K)) in po comes from differentiability of
T+ (po, qo0) and g1 (po; K) in its variables. O
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Lemma 4.5. There exists px € (0, pi) such that the mapping po — T+(po, q1(po; K)) defined
in (4.11) is monotonically decreasing for every pg € (0, pxo) and every K =1,2,..., N — 1.

Proof. We shall prove that for every K = 1,2, ..., N — 1, it follows that T (pg, g1(po; K)) —
oo as po — 0. Since this function is C' for every p € (0, ps) by Lemma 4.4, the mapping
po = T4+ (po, q1(po; K)) is monotonically decreasing for small positive py and the assertion of
the lemma follows.

SetCy .k := % for simplicity. Since g1 (po; K) € Z(po; K), itis true that g; (po; K) <
Cn.x~/A(po). Using the monotonicity of the period function in Lemma 3.6, we obtain

15 (po, q1(po; K)) = T (po, Cn,k v/ A(Po)),

where the lower bound diverges by Remark 2.2:

T (po,Cn kv A(po)) — 00 as po— 0.

Hence, T'.(po, 1(po: K)) = 00 as po —> 0. O
4.4. Proof of Theorem 3

By Lemma 4.3, for every pg € (0, p,), there are exactly N positive single-lobe states &)
with 1 < K < N satisfying the system of differential equations (2.2)—(2.3) with uo(0) = po
completed with the symmetry and monotonicity conditions of Theorem 3.

For every K =1,2,..., N — 1, by using the fact that 7 (po, q1(po; K)) = we, we obtain
the mapping (0, px) > po > €(po; K) = %T+(po, q1(po; K)) € (0, 00). By smoothness result
in Lemma 4.4 monotonicity result in Lemma 4.5, we get the bijection

(0, poo) 3 po = €(po; K) € (€x0(K), 00),

where poo € (0, py) is defined in Lemma 4.5 independently of K. Defining €5 :=
maxi<g<nN—1€co(K), we get all asymmetric, positive, single-lobe, K-split states exist for

w € (—00, wso), Where weo = —ego. For K = N, the existence of symmetric, positive, single-
lobe state & = &M follows by Theorem 1.
Moreover, forevery K = 1,2, ..., N, the mapping (—00, wso) 3 @ CD(K)(~, w) € HI%K(FN)

is C! by Lemma 4.4. By construction, the mass ;L(K)(a)) = Q@K (-, w)) is equal to

w5 (w) :K/¢fdx+(1v — K)/¢,2de+/¢§dx,
—7 -7 0

which yields
P+ Po
18 (@) = 2Ke(po; K) f N — Ke(poi K f _ wdw
J VA At NCTEIS

+e(po; K) [1 — tanh(a)],
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Fig. 12. The blue and red lines show respectively the dependence of T4 (pg, gg) and T—(pg, qo) in gg for pg =0.7078.

where the first integral is defined along the level curve with E(u, v) = E(po, q1(po)) and the
second integral is defined along the level curve with E(u, v) = E(po, gn(po))-

As po — 0, we have a — oo and €(pg; K) — o0, and so M(K)(a)) — 00 as w — oo with the
following precise limit:

This asymptotic result justifies the ordering of &) (w) given by (1.13) by redefining weo if
needed.

5. Numerical approximation of positive single-lobe states

The analytical results on asymmetric, K -split, single-lobe states in Section 4 were restricted
to the region pg € (0, p.), for which monotonicity results of Lemmas 3.6 and 4.1 were sufficient
to guarantee that the K-split states satisfy (4.6) and are found from the system (4.7). In other
words, the K components are of the type (4.3) and (N — K) components are of the type (4.4).

Here we explore numerically the asymmetric, K -split, single-lobe states for the case pg €
(p«, 1) in particular, near the bifurcation point pyir € (p«, 1) found in Section 3. Fig. 12 suggests
that the graphs of T4 (po, o) and T_(po, qo) in go do not intersect for py € (px, 1). Therefore,
the K-split single-lobe states may only be combinations of K components of the type (4.3) and
different (N — K) components of the same type (4.3). Note that if all components are of the same
type (4.4), the boundary condition (4.2) is not satisfied since the left-hand side is negative and
the right-hand side is positive.

Hence, we are looking for the asymmetric, K -split, single-lobe states from the roots of the
following system:

{ T4 (po, q1) = T+(po, gn), .1
2Kq1 +2(N — K)qy = /A(po) '
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Fig. 13. The graph of the function F(gqp) (left) and the construction of the positive, asymmetric, K -split, single-lobe
state on the (u, v)-plane (right) for a = 0.875 (pg = 0.7103 € (p«, ppir)), N =3, and K = 1. The red dashed horizontal
line on the left panel corresponds to the value of %1 /A(pg)-

where q1 # gy and g1, gy > 0. Using Lemma 3.10, for every pg € (p«, px«), the period function
T4 (po, qo) has the unique critical point gg = gmax(po), Which corresponds to its maximum.
Therefore, assuming g1 > gy, the first equation in system (5.1) yields the one-to-one function

(0, gmax(P0)) 2 gn = q1(gn) € (Gmax(Po), 00), (5.2)

for any po € (p«, Pxx). It remains to compute numerically the value of gx € (0, gmax(po)) for
which the second equation in system (5.1) with g1 (gy) given by the mapping (5.2) is satisfied.
Therefore, for pg € (p«, px«), We construct the function F : (0, gmax(po)) — R defined as

F(gn) == Kqi(gn) + (N — K)gn (5.3)

for every gn € (0, gmax(Po))- The second equation in system (5.1) is equivalent to the equation
F(gn) = 5/A(po).

Figs. 13 and 14 show the graph of the function F defined by (5.3) in g5 (left) and the asym-
metric, K-split, single-lobe state constructed from the level curves on the (u, v)-plane (right)
for po € (p«, pvir), N =3 with K =1 and K = 2 respectively. There exist exactly one value of
gn € (0, gmax(po)) such that F(gy) = %«/A(po) for both cases, which give only one state oM
and ®® for this py.

Fig. 15 shows the graph of the function F in gy for pg € (puif, Pxx), N =3, with K =1
(left) and K = 2 (right). For K = 1, there exist two values of gy € (0, gmax(p0)) such that
F(gn) = % A(po), which give two states ®1 for this pg. The two states constructed from the
level curves on the (i, v)-plane are shown on Fig. 16. The coexistence of two states ®1) for
Po =, poit explains the fold bifurcation seen for the red line on the insert of Fig. 3 (right). On the
other hand, there are no values of gy € (0, gmax(po)) such that F(gy) = %./A(po) for K =2.
As a result, the state ®®@ only exists for pg < puif, as on the green line shown on the insert of
Fig. 3 (right).
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Fig. 15. The graph of the function F(gy) for a = 0.8726 (pg = 0.7115 € (pyif, pxx)), N =3, with K =1 (left) and
K =2 (right). The red dashed horizontal line on the left panel corresponds to the value of %,/A (po)-
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Fig. 16. Construction of the positive, asymmetric, K -split, single-lobe state @M on the (u, v)-plane for each of the two
roots on Fig. 15 (left) for a = 0.8726, N =3, and K = 1.

Appendix A. Spectrum of —A in L2(T'y)
Here we show that the spectrum of —A in L2(T'y) consists of continuous spectrum on [0, c0)
and a set of embedded eigenvalues {n?},cn of multiplicity N' and {(n — %)Z}neN of multiplicity

N —-1.
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We first look for the discrete spectrum of eigenvalues A, for which there exists ® e HI%K(F N)
such that —A® = A®. The discrete spectrum consists of two sets, depending whether ¢p =0 or
@0 # 0. If ¢po(x) = 0 for every x € [0, 00), then the general solutions

¢j(x) =cjcos(vVAx) +d;sin(vVax), xe[-m 7], jell,...,N}

satisfy ¢ ; () = 0 from the continuity boundary conditions in (1.7). This yields

{cjcos(ﬂ«/x)zo’ e{l,...,N}.

djsin(m/2) =0,

From the derivative boundary condition in (1.7), we have ley:l [d); () — ¢;- (—n)] = 0 which
yields

N
\/XZ Cj sin(n«/X) =0.

j=1

If ¢; = O forevery j, then the eigenvalues correspond to the roots of sin( /1), which are located
at {n},en. Each eigenvalue has multiplicity N since coefficients (i, ..., dy) are independent
of each other.

If d; = 0 for every j, then the eigenvalues correspond to the roots of cos(m /1), which are lo-

2 .. . . .
cated at {(n — %) }neN- In addition, coefficients (cq, ..., cy) satisfy the constraint Z;-V:] c;j=0
which follows from the derivative boundary condition. Therefore, each eigenvalue has multiplic-
ity N — 1.

The second part of the discrete spectrum, if it is non-empty, correspond to ¢ 7 0. Since the
half-line tail is semi-infinite, we have ¢g € H 2(0, 00) if and only if A < 0, for which we obtain

do(x) = coe VIM¥ x €0, 00),

with some ¢y and

¢j(x) = cjcosh(y/|x|x) + d; sinh(v/|Alx), xe€[-m, ], je(l,...,N).

From the continuity boundary conditions in (1.7), we have ¢;(£m) = co which yield

cjcosh(rw/|A]) = co, '
{djsinh(n\/W)zo, Jef{l,....,N}.

Hence, d; = 0 for every j and c; are uniquely expressed for every j by c¢o and A < 0. From
the derivative boundary condition in (1.7), we have Z]/y:l [q’); () — ¢} (—7'[)] = —cp+/|A| which
yields

Vico (2Ntanh(n/m + 1) —0.
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This equation yields ¢g = 0 since tanh(sr /[A]) > 0. Hence, the second part of the discrete spec-
trum is empty.

Finally, the continuous part of the spectrum of —A in L?(I"y) is due to the non-compact tail
and it is equivalent to the spectrum of —A : H?2(0, 00) C L%(0, 00) — L2(0, 0o) which is located
at [0, o0). Hence, all eigenvalues of the discrete spectrum of —A in L%(I'y) are embedded into
the continuous spectrum.

Appendix B. The symmetric state ® for small mass

Here we show that there exists wg < 0 such that for every o € (wy, 0), the positive single-lobe
symmetric state @ of Theorem 1 is the ground state of the constrained minimization problem
(1.5) for small .

Let us parameterize the negative values of w by w = —e? with € > 0 and use the scaling
transformation (2.1). By using the shifted NLS soliton (2.4) for u¢ and the symmetry condition
(2.7) for u; = --- = uy, we obtain the boundary-value problem:

—u(2) +ui(z) - 2u1(z)3 =0, ze(—me, me),
ui(—me) =ui(we) = po, (B.1)
uy(—me) = —u' (we) = qo,

where po = sech(a) and g9 = ﬁsech(a) tanh(a) are defined by a > 0.
Since the support of [—me, me] shrinks to zero as € — 0, the power series solution provides
an asymptotic expansion in powers of €:

1
@ =0 +5m0) [1-2mOF |2 +06H.  zel-re el
The continuity and derivative boundary conditions imply that

po=u1(0) + O(?),
poy/1 = pg =2Nmeur (0) [1 = 2Ju1 (0)*] + O(ed),

which admits a unique asymptotic solution with u1(0) = pg + O(€?) and po=1—2N 272¢2 4
O(e*) or equivalently, a = 2Nme + O(e?) as € — 0.
We compute asymptotically the mass u(w) = Q(P(-, w)) as follows:

uw(w) =2Ne / u%(z)dz + €[l —tanh(a)] =€ + (9(62) as €— 0.
0

Similarly, we compute asymptotically the energy n(w) := E(®(-, )) as follows:

TE

n(w) = 2Ne3/ [[u’l(z)]2 —uj (z)4] dz+¢€ [% tanh(a)sech®(a) — % + %tanh(a)i|
0

1
= —563 + 0@ as e—0.
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Therefore, £, = —%;ﬁ + O(u*), which implies that &, belongs to the interval (1.14). By The-
orem 2.2 of [1], this implies that ® is a ground state of the constrained minimization problem
(1.5) for small .

Appendix C. The asymmetric state ®X=D for large mass

Here we show that there exists wx < 0 such that for every w € (—00, wso), the positive
single-lobe asymmetric state ®K=1 of Theorem 3 is not the ground state of the constrained
minimization problem (1.5) for large u with N > 2.

In the limit @ — —o0 (or € — 00 after rescaling), the solution ®X=D of Theorem 3 consists
of the truncated NLS soliton in one component, say in #{, and exponentially small solution in
the other components (u», ..., uy) and ug. The truncated NLS soliton is given exactly by either
the cnoidal wave

u1(z) = z€R, (C.1)

k cn( : 'k)
V2kz=1 \Vekz=1" )’

or the dnoidal wave

1 z
ul(z)=J2_k2dn<\/2_k2;k), z€R, (C.2)

where k € (0, 1) is the elliptic modulus and cn, dn are Jacobian elliptic functions. The parameter
k is selected uniquely near k = 1, where u(z) = sech(z). In fact, the Jacobi real transformation
k> k~! maps the cnoidal wave (C.1) with k < 1 to the dnoidal wave (C.2) with k > 1, therefore,
it is sufficient to consider the single analytic expression (C.2) for k near 1.

The Dirichlet and Neumann data at the end points of [ e, me] are given by

(—7e) ! dn( e k)
=U — = ’ s
po=1 V- \V2-12

and

k2
go=u)(—me) = 2sn( il ;k) cn (L;k>.
2—k V2 — k2 V2 —k?

Applying the main result of [7] on the looping edge to the flower graph I'y, it follows that k is
found from the nonlinear equation 2go = (2N — 1) po + R, (po, q0), where R, (po, qo) denotes
the remainder terms which are exponentially smaller than the linear terms in po and go. By
Theorem 4.3 in [7], k is found uniquely in the form

2N -3

—2me —Amre
@) as € — 0o,
2N + le +0e )

k=148

whereas the mass u(w) = Q(®(-, w)) and energy n(w) := E(P(-, w)) are given asymptotically
by

2N -3
u(w) =2¢ — 16ﬂm62e72’“ +O(ee™?™) as € — o0,
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and

2
n(w) = —563 +O(*e ™€) as € — o00.

By the Comparison Lemma (Lemma 5.2 in [7]), ®X=D is not the ground state for N > 2 which
follows from p(w) < 2¢. On the other hand, ®K=D = @ is the ground state for N = 1, for
which u(w) > 2e, the latter conclusion agrees with the result following from Corollary 3.4 and
Fig. 4 of [2]. In both cases N > 2 and N = 1, we have &, ~ —ﬁ,uﬁ as . — oo, which implies

that the branch of ®X=D on the (11, n) plane approaches the upper bound of the interval (1.14)
from outside for N > 2 and from inside for N = 1, in agreement with Figs. 4 and 5.
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