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Abstract

Revisited analysis of spectral stability of solitary waves is developed for a Hamiltonian system
of N incoherently coupled nonlinear Schrodinger equations. A linearized problem for a non-self-
adjoint matrix operator is studied by means of a pair of uncoupled constrained spectral problems
for symmetric matrix Schrodinger operators. Counting lemmas on negative eigenvalues of the
constrained problems recover and extend the known stability-instability results for solitary waves
in Hamiltonian systems. Sharp bounds on the number and type of unstable eigenvalues in
the linearized problem are found from diagonalization of two symmetric matrix Schrodinger
operators. New computational algorithm is proposed to locate all unstable eigenvalues in the
system of coupled nonlinear Schrodinger equations. The algorithm is applied to problems of
oscillatory and transverse instabilities of multiple pulses in multi-channel optical systems.
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1 Introduction

Solitons occur as stationary localized solutions in a system of partial differential equations. When
existence of stationary solutions is proved, the linearized stability problem explains typically the
role of solitons in an initial-value problem with localized initial data. Since solitons model optical
pulses in applied systems, stability of the stationary solutions motivates the use of solitons for
all-optical signal processing, pulse transmission and data storage, while instability results generally
in noise generation, information losses, and data switching.

This paper addresses stability of incoherent multicomponent solitons that occur in an N-channel
optical fiber or in a N-component nonlinear optical waveguide. The problem is modeled by a system
of N coupled nonlinear Schrédinger (NLS) equations normalized to the form:
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where d, € R, 2 € Ry, 2 € R, f, : RY = R, and v¥,,(2,1) : Ry x R — C. We assume here that the
nonlinear functions f, = f,,(|¢1]%, ..., |¥n|?) satisfy two properties:
£2(0,...,0)= 0, (1.2)
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We also assume that parameters d,, are all positive.

The system (1.1) occurs in various physical problems, e.g. for multichannel wavelength-division
multiplexed optical beams [YB98], for birefringent optical fibers with two orthogonal polarizations
[M87], and for self-trapped planar beams in biased photorefractive crystals [DN02]. In the optical
context, the function 1, (z,z) describes an envelope amplitude of the nth channel (beam), z is
propagation distance along the waveguide (fiber), and z is a retarded time or a transverse coor-
dinate. The coupling between optical beams is nonlinear and incoherent, i.e. the complex phases
of different beams are not mixed. This feature leads to further important properties of the system
(1.1).

Property 1.1 The linear spectrum of the system (1.1) with f,, = 0 is uncoupled:
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where w, = —d,k? <0, = (¢¥1,...,n)" and e, is the unit nt"-component vector in RY.

Property 1.2 Any solution of the system (1.1) is translated along an N-parameter group of phase

rotations: '
¢€(Z7$) 2620¢(Z7$)7 (15)

where 6 = diag(#y, ...,0n) is a diagonal matrix.



Property 1.3 The N-parameter group of phase rotations (1.5) is associated with N conserved
quantities (mode powers):

Qn:/Rdxhan(va)v (1'6)

where ¢, € L*(R) is assumed.

Property 1.4 When f, = f,,(|¢1]? ..., |¢¥n|?), any solution of the system (1.1) is translated along
a one-parameter group of space translations:

bz 2) = Pz, — ), (1.7)

where s € R.

Property 1.5 Under the condition (1.3), the system (1.1) conserves the Hamiltonian:

N

H:/Rdx Lz::ldn

and the vector field momentum associated with the symmetry (1.7):
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where the potential function U = U(]|¢y]?, ..., |n|?) is defined as

U
Oul*

In this case, the system (1.1) takes the Hamiltonian form in canonical variables u(z, ) and w(z, z):
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where u, w : Ry xR — RV, 7 is the skew-symmetric matrix: Jt* = —7, Zy and Oy are identity
and zero matrices in RV*Y and the Hamiltonian of (1.11) follows from (1.8) with 1 = u 4 iw.

In (1.10)

Remark 1.6 We shall work in Hilbert space X (R) = H!(R) for vector complex-valued functions
¥ € CV, where the principal part of functionals H and P is well-defined in (1.8) and (1.9). We
define the inner product for two elements f,g € L%(R) as

N
flg) = / do (f-g) = / dx (Z fn(ac)gn(ac)) . (1.12)
R R ne=1
The conserved functionals @, in (1.6) are positive-definite squared norms in space L?(R):



2 Linearized stability problem for optical solitons

Incoherent optical solitons are defined as stationary solutions of the coupled system (1.1):
P(z,2) = ¢!(0+78+(vo-?2)D7") ®(z — 2vz — s), (2.1)

where v, s € R, 8 = diag(fy, ...,0y), B = diag(By, ..., Bn), D = diag(dy, ...,dn), and & : R — R,
The envelope functions ® = ®(z) satisfy the system of equations:
d*®

n
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d — B @, + [ (P, ..., 0%, =0, (2.2)

subject to zero boundary conditions at infinity:

lim ®(z) =0. (2.3)
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Assumption 2.1 There exists an exponentially decaying solution ® € X (R), ®(z) € RN of the
problem (2.2)—(2.3) in an open domain 3 € B C RN. The stationary solution is not degenerate,
i.e. ®,(x) =0 only in a finite number of points v € R. The mapping 3 — ®(z) is C* on 3 € B.

Lemma 2.2 Fzponentially decaying solutions of (2.2) may exist only if 5, >0, n=1,...,N. In
the domain of existence, components of the solution ®(z) decay asymptotically as

Bn

lim |®,(z)el®l — | = — 2.4
im (@ (z)e ol=0, o« a (>0), (2.4)
where ¢t are some constants such that ¢t # 0.

Proof. Since f,(0,...,0) = 0, the system (2.2) is uncoupled in the limit (2.3) and components ®,, (z)
of the exponentially decaying solution @ (z) satisfy the asymptotic limit (2.4) provided that 3, > 0
(since d,, > 0). When 3, < 0, solutions of (2.2) are oscillatory and non-decaying in the limit (2.3).
When 3, = 0, solutions of (2.2) may decay algebraically. O

Remark 2.3 Lemma 2.2 is related to the fact that w, < 0 in the linear spectrum (1.4). The
spectrum of exponentially decaying stationary solutions (2.1) with v = 0 is isolated from the
linear spectrum (1.4), when G, > 0. Otherwise, as it happens for a system of coherently coupled
NLS equations [PY02], the exponentially decaying solutions ®(z) become embedded into the linear
spectrum (embedded solitons). Such solutions are semi-stable due to nonlinearity-induced radiative
decay, even if they are linearly stable [PY02]. We notice that the algebraically decaying solutions
may exist in the system (2.2) for 5, = 0 and they are embedded into the edge of the linear spectrum
at w, = 0. We do not consider algebraically decaying solutions in this paper.



Definition 2.4 Families of stationary solutions ® = ®(x) are classified by the nodal index 1 =
(11, ..y i), where i, is the number of zeros of ®,(z) for x € R. The stationary solution ®(x) with
zero nodal index is called a fundamental soliton.

Lemma 2.5 When they exist, the stationary solutions ® = ®(x) are critical points of the Lyapunov
functional:

N
A[p] = H[) + > 3.Qule), (2.5)

where Q,, and H are given by (1.6) and (1.8).

Proof. The first variation of A[4] vanishes if ¢ = ® () satisfies the system (2.2). 0

Definition 2.6 Suppose the problem (2.2)-(2.3) has a stationary solution ®(x) in the parameter
domain 3 € B. Define the energy surface of the stationary solutions,

N
As(B) = Hy(B)+ ) BnQus(8), (2.6)

n=1

where Hy(B) = H[®] and Q,.5(B8) = Q.[®]. The Hessian matriz U of the energy surface As(f3) is

a symmetric matriz with the elements

D* A

Unr = 55 05m"

(2.7)

Lemma 2.7 Matriz elements of the Hessian matriz U are continuous functions of 3 in B, computed

_ 0Qns _
T 0B
Matriz U in a domain 3 € B has N real bounded eigenvalues.

as

0P

Proof. 1t follows from Lemma 2.5 that

N

oA, oM, 0Qums \
aﬂn—Qnﬁ(aﬂnJrﬂ;ﬂm 35, ) = Qus. (2.9)

If ® € L?(R) and ®(z) is C* function of B3 in B, the second derivatives of A;(3) exists and equal
to (2.8). Since U is symmetric matrix with bounded elements, all eigenvalues of ¢ are real and
bounded. ]



Definition 2.8 Denote the number of negative, zero and positive eigenvalues of U as n(U), z(U),

and p(U), respectively, such that n(U) + z(U) + p(U) = N.

Since parameters v, s, and 8 can be scaled out of the stability problem, we set them to zero in
the rest of the paper. Linearization at the stationary solutions (2.1) is defined by the expansion,

=P [B(2) + U(z,2) + iW(z,2)], (2.10)

where U, W € RY are perturbations of the stationary solutions. Neglecting nonlinear terms of U
and W, we find that the perturbation terms U(z,2) and W(z, z) satisfy the linearized system in

o U\ _ b
2(u)-a( ) o

where the linearized Hamiltonian h is the second variation of the Lyapunov functional (2.5):

Hamiltonian form:

1
h = 552/\ = (U|L£,U) + (W|LoW). (2.12)

The linearized Hamiltonian is a sum of two quadratic forms associated with the matrix Schrodinger
operators Lo and £; with the elements:

_dn£+ﬁn_fn q)27"'7q)2 ) m=mn
(Lo)nm z{ der? 0 (@1 m#g) (2.13)
, B —dn%Jrﬁn—fn(qﬁ,...,qﬁv)—Qgg%@g, m=n -
(£1)nm = —20Ing & m#n (2.14)
8@?” n Ty

The diagonal operator Ly is a composition of N scalar Schrédinger operators. The matrix oper-
ator £ is symmetric in the Hamiltonian case, when the functions f,(|11]?, ..., [¥n]?) satisfy the
constraints (1.3). Both quadratic forms in (2.12) are real-valued. The linearized problem (2.11)
reduces to a linear eigenvalue problem after separation of variables: U = u(z)e’?, W = w(z)e'?.
Eigenvalues A are defined by the spectrum of the non-self-adjoint operator A:

u u Oy In Ly On
A =A , A= . 2.15
We use standard definitions of eigenvalues of A from [HS96, Definition 1.4].

Definition 2.9 The value A is an eigenvalue of A if ker(A — X) # {0} and there exists a non-zero
vector function (u,w)? € ker(A — \) called an eigenvector of A such that u,w € X(R). The
dimension of ker(A — X) is called the geometric multiplicity of A.

Definition 2.10 The discrete spectrum of A, oq4is(A) is the set of all eigenvalues of A with finite
algebraic multiplicity which are isolated from the continuous spectrum of A, ocon(A). The embedded
spectrum of A, Gemn(A) is the set of all eigenvalues with finite algebraic multiplicity which belong to
the continuous spectrum of A, including the boundary points. The essential spectrum of A, Gess(A)

i85 Oess(A) = Tcon(A) U Gemb(A). The total spectrum of A, o(A) is 0(A) = 4is(A) U Tess(A).



The non-self-adjoint linear eigenvalue problem (2.15) is formulated as a coupled system for two
symmetric matrix Schréodinger operators Lo and L. Some standard properties of these operators
are reviewed next.

Lemma 2.11 Let £ be a symmetric matriz Schrédinger operator, either Lo or L1. Continuous

spectrum of L has N branches located at
Ucon(ﬁ) = UlgnSN{/\ ER:A> ﬁn} (2.16)
Figenvalues of discrete and embedded spectrum of L are located at:

Udis(ﬁ) = Um{Am Am €ERVAKL ﬁmin}v (217)
Uemb(ﬁ) = Um{Am tAm € R, Bmin < A < ﬁmax}v (218)

where Bmin = Mini<p<N Bn and Bmax = Maxi<p<n Bn. The algebraic multiplicity of eigenvalues
coincides with their geometric multiplicity and does not exceed N .

Proof. The matrix Schrédinger operator £ has exponentially decaying potentials and becomes a di-
agonal differential operator in the limit |#| — oo. The Weyl’s criterion for essential spectrum applies
and leads to (2.16) [HS96, Theorem 7.2]. The spectral problem Lu = Au becomes asymptotically

uncoupled in the limit 2| — oo as
—dpull (z) + Bpup(z) = Au, (). (2.19)

Therefore, exponentially decaying solutions of the problem Lu = Au are decomposed in the limit
|z| — oo over a basis of N vector-functions e, e *l*l, n = 1,..., N, where b, = \/(3, — \)/d,, such
that Re(b,) > 0. For A < Bpin, all vector-functions are exponentially decaying and there exist no
more than N linearly independent eigenvectors u(z) for some (isolated) values of A. This contributes
to eigenvalues of discrete spectrum (2.17). For A > Gy, all vector functions are non-decaying and
an exponentially decaying eigenvector u(z) does not exist for all (continuous) values of A. For
Bmin < A < Pmax, some components u, (z) are exponentially decaying, while the other components
uy,(x) are non-decaying but bounded. Let Nj be the number of non-decaying components. Then,
there exist Ny branches of continuous spectrum at this value of A, and an embedded eigenvalue
in (2.18) (if it exists) corresponds to at most N — Ny linearly independent exponentially decaying
eigenvectors u(z). Furthermore, since £ is self-adjoint, the algebraic multiplicity of eigenvalues
always coincides with their geometric multiplicity [HS96, Theorem 6.7]. a

Proposition 2.12 Let L be a symmetric matriz Schrodinger operator, either Lo or Ly. There
exists an orthonormal basis in X (R) constructed with eigenfunctions of the continuous, discrete
and embedded spectrum of L such that a function £ € X (R) can be decomposed over the basis as

M N
f(z) = > apuy(2) + Z/_ by (k)u, (z, k) dk, (2.20)

m=1



where a, = (u,|f), by (k) = (u, (k)|f), and M = dim(0qis(L) U Oemb(L)). The quadratic form for

operator L is orthogonally diagonalized as follows:
M N oo
(F1L£) =D Alan|* + Z/ A (K)| by, () e, (2.21)
m=1 n=177"%
where A, (k) = B, + d,k?.

Proof. This result is central in spectral analysis of self-adjoint operators in Hilbert space X (R)
[HS96, Theorem 2.18]. For reference, we denote eigenfunctions of the discrete and embedded

spectrum of £ as w,,(z), m = 1,..., M, and eigenfunction of the continuous spectrum as u, (2, k),
n =1,..., N. The eigenfunctions satisfy the orthonormality relations:
() = s (Ul (5)) = 0, (s () e () = 6K — ) (2.22)

and the completeness relation:

> /Oo i g (27, k)t (2, K s, (2.23)

Lemma 2.13 The null-space of Lo has a basis of N eigenfunctions ®,,(x)e,, forn=1,....N. The

null space of L1 has at least one eigenfunction ®'(z).

Proof. The eigenfunctions of the null space of Ly and £ are related to derivatives of the soliton
solutions (2.1) with respect to the translation parameters @ and s, respectively. They can be found
by direct computations. As follows from Lemma 2.11, the eigenfunctions ¢, (z)e,, forn =1,.... N

form a basis of the null space of Lg. a

Definition 2.14 Denote the number of negative, zero and positive eigenvalues of the discrete and
embedded spectrum of operator L in X (R) as n(L), z(L£), and p(L), respectively. The Morse index

for soliton solutions of the Hamiltonian system (2.11) is

n(h) = n(L1) + n(Lo). (2.24)

Remark 2.15 According to Proposition 2.12, n(Lo1) + 2(Lo1) + p(Lo1) = Mo,1 < co. According
to Lemma 2.13, 2(Lo) = N and 1 < z(£;) < N.



Lemma 2.16 The negative index of Ly is

N
n(Lo) =Y in, (2.25)
n=1
where i, is the nodal index (number of zeros) of ®,(z) for x € R. The negative index n(Ly) remains
fized in the open domain 3 € B.

Proof. Relation (2.25) follows from Sturm Oscillation Theorem, since Ly is a diagonal composition of
scalar Schrédinger operators (Lo)ny,, each has a zero bound state: @, (z), such that n((Lo)nn) = tn.
Eigenfunctions {®,(z)e,}\_, form a basis of the null-space of Ly and therefore, the index n(Lo) is
fixed for any continuous deformations of ®(z) and Lo, which preserves Assumption 2.1 such that

®,,(x) vanishes in a finite number of zeros. ]

We finish this section with some general properties of the spectrum of the linearization operator

Ain (2.15).
Lemma 2.17 If A is an eigenvalue of (2.15), so are (=), A, and (=X).

Proof. This result is standard for linearized Hamiltonian systems. It follows from (2.15) that if
(u, w) is the eigenvector for A, then (u, —w), (i, W), and (1, —w) are eigenvectors for (=), A, and

(—A), respectively. O

Definition 2.18 The stationary solution (2.1) is spectrally (exponentially) unstable if there exists
at least one eigenvalue A such that Re(X) > 0. It is weakly spectrally stable if all eigenvalues X are

Zero or imaginary.

Remark 2.19 Spectral instability occurs when the eigenvalue problem (2.15) has a pair of real
eigenvalues (A, —\) or a quadruple of complex eigenvalues (X, A, =\, —)\). Weak spectral stability
does not yet guarantee strong spectral stability, i.e. there may exist eigenvalues of higher algebraic
multiplicity with Re(A) = 0, that lead to linear or power growth in ¢. In the main part of the paper,
we study the generic case, when no such eigenvalues of higher algebraic multiplicity exist in the
problem (2.15). Eigenvalues of higher algebraic multiplicity with Re(A) = 0 are studied in Section

7 as bifurcations from weak spectral stability to spectral instability.

Lemma 2.20 Define the extended constrained function space X.(R) = Xc(u) & Xc(w), where

X = {ue X(R): (D,e,lu) =0, n=1,..,N}, (2.26)
XM = Iwe X(R): (®|w)=0}. (2.27)

Eigenvectors (u,w)T of operator A for X # 0 belongs to the space X.(R).



Proof. The linear stability problem (2.15) is written as a coupled system for operators Lo and L;:
Liu=—Aw, Low = Au. (2.28)

The constraints in (2.26)—(2.27) follow from the Fredholm’s Alternative Theorem applied to (2.28)
for A # 0 with the set of eigenfunctions {®,(z)e,}_, of the null space of Lo and with the

eigenfunction ®'(z) of the null space of £;. The constraints (2.26) and (2.27) are orthogonality

T

conditions that provide boundness of the eigenvector (u, w)* in the limit || — oc. O

Lemma 2.21 The geometric multiplicity of the null eigenvalue of A is at least (N + 1) and the
algebraic multiplicity of the null eigenvalue of A is at least (2N + 2).

Proof. The null space of A is spanned by at least (N 4 1) eigenvectors:

! = On n = . <I>/($)
(W)_{(q)n(x)en)’ —1,...,N,( On )} (2.29)

The generalized null space of A includes at least (N + 1) generalized eigenvectors:

u o ) On
(W):{( ?J[jv ),n:L...,N,(_%w_lq)(x))}, (230)

where D = diag(dy, ..., dn). O

Lemma 2.22 When z(£1) = 1 and z(U) = 0, the null space of A includes only (N+1) eigenvectors
(2.29) and the generalized null space of A includes only (N 4 1) generalized eigenvectors (2.30).

Proof. When z(L;) = 1, the null space of A has a basis of (N 4 1) eigenvectors (2.29), as follows
from Lemma 2.13. When z(U) = 0, the Fredholm’s Alternative Theorem applied to the first NV
generalized eigenvectors in (2.30) fail, i.e. no second generalized eigenvectors exist. The Fredholm’s
Alternative Theorem always fails for the last generalized eigenvector in (2.30). O

Corollary 2.23 When z(L£1) = 1 and z(U) = 0, the generalized null space of A does not inter-
sect with the constrained function space X.(R) = Xc(u) & Xc(w). In other words, the generalized
eigenvectors (2.30) do not satisfy constraints (2.26)—(2.27).

Hypothesis 2.24 Let z(£1) = 1, z(Ud) = 0, and no non-zero eigenvalues A of higher algebraic
multiplicity exist in the linearization problem (2.15). The spectrum of A is complete in X.(R) and

10



the spectral decomposition for any f = (£,,,)7, such that £, € Xc(u) (R) and £, € Xc(w) (R), takes
the form:

fu(x) = -y a(l) u%)(x) Lo = (7) 117(12)($,k)
( f,(2) ) o E Z m ( 2)(@ +EZ/OObn (k) (i)( k) dk, (2.31)

1=1 m=1 Wi =1 n=1"" Wrn T,
where u%)(x), W%)(x)', m = 1,..,M, i = 1,2 are eigenfunctions of the discrete and embedded
spectrum of A and ugf)(w, k),vvgf)(x, k), n=1,..,N, ¢ = 1,2 are eigenfunctions of the continuous

spectrum of A.

Remark 2.25 As follows from Lemma 2.17, there are relations between eigenfunctions for 7 = 1

and ¢ = 2: (uﬁ),wﬁﬁ)) = (u%)7 —wﬁﬁ)), m=1,.... M and (uﬁ),wﬁf)) = (ug)7 —wﬁf)), n=1,.. N.

When A, € C, the first sum in (2.31) for ¢ = 1 includes also eigenvector (ﬁ%),ﬁvg))T. When

(1)

Am € R and A, € iR, eigenvectors uy,’(z) are real-valued, and so are /\mwg)(x).

Remark 2.26 Spectral decomposition (2.31) in the case N = 1 was proved in [BP93], where
eigenfunctions of the discrete and continuous spectrum of A were introduced and orthogonality
relations between the eigenfunctions (with respect to the Dirac matrix o3) and the completeness
relation were derived from the jump of resolvent of A at the continuous spectrum. Since matrix
operators Lg and £; have the same form of diagonal positive-definite differential operators and
exponentially decaying symmetric matrix potentials, we expect that Hypothesis 2.24 holds also for
N> 1.

Remark 2.27 Assumptions of Hypothesis 2.24 are introduced to avoid Jordan block structure
in the spectral decomposition (2.31), associated with eigenvalues of higher algebraic multiplicity.
When the unconstrained space X(R) @ X (R) is used instead of x (R) & x (R), the Jordan
block structure always occurs for the null eigenvalue of higher algebraic multiplicity, as in Lemma
2.21. The Jordan block for the null eigenvalue was introduced in [K76] in the case N = 1 and
fi = e1|t1|*. The generalized null space of A disappears in the constrained function space X.(R),
as follows from Corollary 2.23.

3 History of the stability problem and main results

Stability of solitary waves in nonlinear Schrédinger (NLS) equations was studied extensively in the
recent past. The first stability-instability theorem for a scalar NLS equation (1.1) with N = 1 was
proven by Shatah and Strauss [SS85] and Weinstein [W86]. Only positive-definite (fundamental)
stationary solutions were considered in one, two, and three spatial dimensions. Fundamental so-
lutions have the nodal index ¢ = 0 and the Morse index n(h) = 1. A single negative eigenvalue
of h does not necessary lead to spectral instability in the linearized problem (2.15) because of the
constraints in (2.26)—(2.27). If p(i) = 0 (the energy curve A4(3) in (2.6) is concave for the corre-

sponding value of 3), the stationary solution ®(z) is spectrally unstable and the linearized problem

11



(2.15) has a single real positive eigenvalue A. If p(if) = 1 (the energy curve A;(f) is convex), the
solitary wave is weakly spectrally stable and all eigenvalues A are purely imaginary [SS85, W&6].

More formal and general analysis was developed by Grillakis, Shatah and Strauss [GSS87, GSS90]
by using multi-dimensional Lie groups and spectral decompositions. The following theorems were
proven for an abstract Hamiltonian system with symmetries, which includes the system of coupled
NLS equations (1.11).

Theorem 3.1 [GSS90] Let z(U) = 0, then p(UU) < n(h). A stationary solution (2.1) is weakly
spectrally stable if n(h) = p(Ud) and it is spectrally unstable if n(h) — p(U) is odd. The linearized
problem (2.15) has at least one real positive eigenvalue X if n(h) — p(U) is odd.

Theorem 3.2 [GSS590] The linearized problem (2.15) has at most n(h) unstable eigenvalues A such
that Re(A) > 0.

Theorem 3.3 [GSS90] The linearized Hamiltonian h in extended constrained space X (R) =
Xc(u)(R) ® Xc(w)(R) has the negative index #<o(h) = n(h) — p(UU) — z(U) and the null index
Hoo(h) = 2(h) + =),

Theorem 3.1 is the main stability-instability theorem in [GSS90]. Theorem 3.2 is formulated
in [GSS90, Theorem 5.8] for a quadrant: Re(A) < 0, Im(A) > 0. The method of the proof
can however be applied to the left half-plane Re(A) < 0, or equivalently, to the right half-plane
Re(A) > 0. Theorem 3.3 is formulated in [GSS90, Theorem 3.1] as a more general statement, which
is equivalent to Theorem 3.3 under Assumption 2.1 (zp = 0 in notations of [GSS90]).

Theorem 3.1 generalizes stability-instability theory in finite-dimensional Hamiltonian systems
with symmetries [M85]. Since the fundamental stationary solution (2.1) with N = 1 has always
indices n(L£1) = 1 and n(Ly) = 0, its stability and instability is uniquely described by Theorem
3.1. However, many examples showed insufficiency of Theorem 3.1 for complete stability-instability
analysis of multiple pulse solutions with N > 1. For instance, a scalar NLS equation in two
dimensions has radially symmetric multiple pulses with the nodal index 7z > 0 and the Morse index
n(h) > 14 2i. When p(U) =1 and n(h) — p(U) > 2i is even, Theorem 3.1 can not be applied.

While a simple application of Theorem 3.1 to the case of multicomponent stationary solutions
(2.1) with N > 11is given in [GSS90, Theorem 9.1], we note that Theorem 9.1 in [GSS90] derives a
scalar stability criterion, computed from the minimal eigenvalue fBpn = minlgngN(ﬁn)- The scalar
criterion generally fails for N > 1, as the Morse index n(h) of multicomponent solitons (2.1) is
assumed to be one in [GSS90], which does not generally hold for N > 1.

More special instability theorems were found by Jones [J88a, J88b] and Grillakis [G88, G90]
for the scalar NLS equation (1.1) with N = 1. Jones [J88a, J88b] used topological and shooting
methods of dynamical systems theory. When n(Lq) — p(id) > n(Ly), theorems in [J88a, J88b]
predict an unstable eigenvalue, no matter whether n(h) is odd or even. The results apply to

12



instability of radially symmetric solutions with nodal index ¢ > 0 in two spatial dimensions [J88a],
as well as to stability—instability of symmetric and anti-symmetric solutions in the NLS equation
with z-dependent nonlinear function f = f(a;|¢]?) [J88b].

Theorem 3.4 [J88a, J88b] The linearized problem (2.15) with N = 1 has a real positive eigenvalue
A 2f|n(£1) — n(£0)| > 1.

Grillakis [G88, G90] used theory of linear operators, orthogonal projections and quadratic forms
and proved some general results for the linearized problem (2.15). In this context, the problem (2.15)
is reformulated as a generalized eigenvalue problem for operators £y and ,Cgl. When n(Ly) = 0,
unstable eigenvalues A may occur only as real positive eigenvalues [G88]. When n(h) — p(U) > 1
and n(Ly) # 0, complex unstable eigenvalues A may also occur in the linearized problem (2.15)

[G90).

Theorem 3.5 [G88] Let #0(L1) and #<o(Lo) be the negative indices of operators L1 and Ly in
x (R). The linearized problem (2.15) has at least |#<o(L1) — #<o(Lo)| real positive eigenvalues
A If #<0(Lo) = 0, the linearized problem has exactly #o(L1) real positive eigenvalues X.

Theorem 3.5 is formulated in [G88, Theorem 1.2]. The theorem is more precise and general
compared to Theorem 3.4, the latter takes the worst case, when p(/) = 1 for N = 1. It remains
unclear how Theorem 3.5, which exploits a special structure of the linearized problem (2.15), is
related to general Theorem 3.1 for an abstract Hamiltonian system. It also remains unclear how the
bounds on the number of unstable eigenvalues can be extended in the case of complex eigenvalues
in the linearized problem (2.15).

The work of Jones [J88a, J88b] and Grillakis [G88, G90] pioneered methods of analytical (Evans)
functions later developed by Alexander, Gardner, and Jones [AGJ90] and Pego and Weinstein
[PW92]. The Evans function method is a convenient tool to locate unstable eigenvalues in the
linearized stability problems, even if general stability-instability theorems are not available. Several
methods for computations and analysis of the Evans function were proposed: Taylor expansions
near the origin A = 0 [KS98, K99], multisymplectic characterizations of the Evans function and its
derivatives [BD99, BD01], bifurcation analysis for embedded and complex eigenvalues [LLP98, LP00],
branch point analysis for edge bifurcations [KS02], and Lyapunov—Shmidt reductions for multiple
eigenvalues associated with multiple pulse solutions [S98, SS99]. Alternative analytical methods
based on perturbation series expansions [PAK96, PG97, PKA98, S00] were also developed. The
perturbation series expansions recover the same results as the Evans function methods but they

operate with the linearized problem (2.15) directly.

Analytical methods based on Evans function expansions or perturbation series expansions focus
on local analysis of transitions to instability. They do not generally recover complete stability-
instability theory. Only numerical analysis may give complete information on number, type, and

location of unstable eigenvalues in a complex plane of A. Accurate numerical computations are
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performed by integrating the Evans function in the first quadrant of the complex plane of A and by
using the winding number theorem [PW02, BDGO1, PS03]. However, numerical algorithms based
on integration in the complex plane of A are computationally ineflicient. They are typically slow

and memory consuming, especially for the coupled system (1.1) with large N > 1.

In this paper we revisit the problem of linearized stability and instability of stationary solutions
(2.1) in the coupled NLS equations (1.1) with N > 1. We develop two new methods of analysis: (i)
negative eigenvalues of a constrained linear problem are counted from finite-dimensional (matrix)
algebra and (ii) the negative subspace of a linear differential matrix operator with positive continu-
ous spectrum is proved to be invariant in two diagonal representations. The first method develops
the work of Vakhitov and Kolokolov [VKT73], where eigenvalues of a constrained Sturm-Liouville
operator were traced by means of a scalar analytical function. Preliminary results of the use of this
method were published in [PKO00]. The second method develops the Sylvester’s Inertial Theorem
for quadratic forms associated with finite-dimensional (matrix) operators [G61]. The new methods
of analysis reported here complete the fifteen years of history in development of stability—instability
theory of optical solitons, with the following main results.

Theorem 3.6 (Negative index of constrained operators) Operator Ly in the constrained space
x (R) has exactly #<o(L1) = n(L1) — p(U) — 2(U) negative eigenvalues and H#—o(L1) = 2(L1) +
z(U) zero eigenvalues. Operator Lg in the constrained space x (R) has exactly #<o(Lo) = n(Lo)
negative eigenvalues and no zero eigenvalues, i.e. #=o(Lo) = 0.

Corollary 3.7 Let z(U) = 0. Then, p(d) < n(Ly).

Theorem 3.8 (Closure relation for negative index) Let z(£y) = 1, z2(U) = 0, and Hypothe-
sis 2.24 be satisfied. Suppose the linearized stability problem (2.15) has Nyeal real positive eigen-
values A, 2Ncomp complex eigenvalues A with Re(A) > 0, 2N o
that <u|£51u> < 0, and no non-zero eigenvalues of higher algebraic multiplicity. Dimension of the

imaginary eigenvalues \ such

negative subspace of the linearized Hamiltonian h in X.(R) is invariant as

#Hco(h) =n(Ly) — pU) + n(Lo) = Nreal + 2Ncomp + 2Nimag (3.1)
Theorem 3.9 (Bounds on unstable eigenvalues) Let z(L1) = 1, z(Ud) = 0, Hypothesis 2.24
be satisfied, and no non-zero eigenvalues X of higher algebraic multiplicity exist in (2.15). The
linearized problem (2.15) has Nyngt unstable eigenvalues X such that Re(X) > 0, where the number

Nunst 48 bounded in the interval:
[n(L1) = p(U) — n(Lo)| £ Nunst < [n(Ly) — p(U) + n(Lo)]- (3.2)

The problem has Nyea real positive eigenvalues X, such that |n(L1) — p(U) —n(Lo)| < Nyeal < Nunst
and 2N¢omp = Nunst — Nyeal complex eigenvalues A with Re(X) > 0, such that 0 < Neomp <

min (n(Lo), n(L1) — p(U)).

14



Corollary 3.10 Let z(U{) = 0. When n(Ly) = 0, the linearized problem (2.15) has exactly Nyca) =
n(L1) — p(U) real positive eigenvalues X. When n(Ly1) = p(U), the linearized problem (2.15) has
exactly Niea) = n(Lo) real positive eigenvalues . If both n(Ly) = 0 and n(Ly) = p(U), the soliton
solution (2.1) is weakly spectrally stable.

Theorem 3.6 decomposes general Theorem 3.3 in the case, when h is a sum of two quadratic
forms for £; and Ly as in (2.12) (see also Remark 3.11). As a result, the upper bound on p(if) of
Theorem 3.1 is improved as p(U) < n(Ly) < n(h), as in Corollary 3.7. Also the stability criterion
of Theorem 3.1 decomposes into two conditions: n(L;) = p(U) and n(Ly) = 0, as in Corollary 3.10.

Theorem 3.8 gives a precise statement of the closure relation between indices n(Lo), n(L1), p(i4),
2(U), Nyeal; Neomp, and Ni;wg. This theorem generalizes earlier results for #<0(£1) = #<0(Lo)
formulated in [G88, Theorem 1.3] (when Neomp = Ny, = 0) and in [G90, Theorem 2.3] (when
Nreal = Ny, = 0)

imag
Theorem 3.9 is a corollary of Theorems 3.5, 3.6, and 3.8. The lower bound in (3.2) is identical
to that in Theorem 3.5 in view of Theorem 3.6. The upper bound in (3.2) improves Theorem
3.2. Theorem 3.9 also agrees with the instability criterion of Theorem 3.1. Let z2(U4) = 0 and
m = n(Ly) —p(U) +n(Lo) be odd. Then |n(Ly) —p(U) —n(Lo)| = |m —2n(Lo)| > 0 and Nypst > 0.

Therefore, Theorem 3.9 also guarantees instability for odd m, as Theorem 3.1.

Not only Theorems 3.6, 3.8, and 3.9 generalize the known stability—instability theorems, with
new methods of analysis. The closure relation (3.1) allows us to locate all unstable eigenvalues of
the linearization problem (2.15) with a new computational algorithm.

1. Compute indices n(Ly) and n(Ly) from the spectrum of symmetric matrix Schrédinger oper-

ators Lo and £y. Check that z(£1) = 1.
2. Compute index p(f) from the spectrum of symmetric Hessian matrix /. Check that z(¢/) = 0.

3. Solve the linear eigenvalue problem (2.15) for real positive A: 0 < A < A, where A is a large
positive number. Count the number Ne, of real unstable eigenvalues A and check that no

non-zero eigenvalue exists with (u|£y'u) = 0.

4. Solve the linear eigenvalue problem (2.15) for imaginary positive values of A: 0 < Im(}A) <

Bmax, Where Bpax = max,(8,). Count the number N, of imaginary (isolated or embedded)

imag
eigenvalues A, such that (u|£5'u) < 0 and check that no non-zero eigenvalue exists with

(u|L5tu) = 0.

5. When Hypothesis 2.24 is valid, the number of unstable eigenvalues is Nynst = Nreal + 2 Ncomp,
where

2NC0mP = n(ﬁl) - p(u) + n(ﬁo) - Nreal — 2N (33)

imag"*

The new algorithm is more efficient computationally compared with the numerical algorithm
based on the winding number theorem for Evans functions [PW02, BDGO1]. Indeed, steps (1),
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(3), and (4) of the new algorithm require computing eigenvalues X along the four line segments,
while the winding number theorem requires computing eigenvalues A along a contour in the first
quadrant of the complex plane A\. Two problems in step (1) are self-adjoint, two other problems
in steps (3) and (4) are not self-adjoint but real-valued. Hessian matrix ¢/ in step (2) is computed
from numerical or analytical dependences @,,5(3) of the stationary solutions (2.1).

The new algorithm is also effective for analytical (asymptotic) studies near instability bifurca-
tions. Suppose that operators Lo and £; in the linearized problem (2.15) change according to a
continuous deformation. If the deformation does not change the number #¢(h), the total number
of eigenvalues N = Nyeal + 2Ncomp + 2Ni;1ag is invariant, and no new eigenvalues can emerge from
resonances in the positive-definite continuous spectrum. If the deformation changes the number
#<o(h), the total number N = Nyeal + 2Ncomp + 2Ni;1ag is adjusted accordingly.

When £; and £y are matrix operators (e.g. in the finite-difference approximation on a finite
interval), Theorems 3.6, 3.8, and 3.9 reduce to stability-instability theorems for critical points in
finite-dimensional Hamiltonian systems with symmetry constraints [M85]. Constraints in (2.26)
and (2.27) imply that the perturbation terms U(z,z) and W(z,z) in (2.10) do not change the
conserved quantities @), and P in the linear expansion of (1.6) and (1.9). When n(Ly) = 0, the
quadratic form (W|LoW) in (2.12) is equivalent to a positive-definite kinetic energy, while the
quadratic form (U|£,U) in (2.12) is equivalent to a sign-indefinite potential energy. The Morse
index of £y under constraints (2.26) is #<o(L1) = n(L1) — p(U) — 2(U). When n(Ly) = 0, the
Morse index defines uniquely the unstable subspace of the linearized system according to Corollary
3.10. When n(Lo) > 0 and both Ly and £y are not positive definite, complex instabilities may
occur and they are defined by Theorems 3.8 and 3.9.

Remark 3.11 The constraint (2.27) does not lead to a non-trivial contribution to Theorems 3.6,
3.8, and 3.9. This constraint may mislead understanding general stability-instability Theorems 3.1,
3.2, and 3.3 in applications to the coupled NLS equations (1.1). We show here that the constraint
(2.27) does not affect positive and zero eigenvalues of the Hessian matrix of stationary solutions
(2.1). It follows from (2.1)-(2.2) that parameter v can be scaled out of the stability problem. A
general family of v-dependent stationary solutions is defined from (2.1) as:

P(z,2) = U (z — 20z — 5), (3.4)
where w = diag(wy, ...,wn). The v-dependent stationary solutions are critical points of the Lya-
punov functional in the form:

N
AlY) = H[g] + ) wnQule] + P[], (3:5)
n=1
where ), and P are given by (1.6) and (1.9). The general Hessian matrix Ug has the structure:
7t
U = | aqr ;i ] , (3.6)
v v
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where Qs = (Q15, ...,QNS)T, Qns(w,v) = Q,[¥], and Ps(w,v) = P[¥]. It follows from (2.1), (2.2),
and (3.4) that a transformation
gL U2
an(x) = q)n(x)eZ " Ux7 Wn = ﬁn + d_7 (37)

n

expresses (QQns(w,v), Ps(w,v) as functions of 3:

N
IQ s B 20 0Q s
S (w) = —T;@ 95 (8), (3.8)
N N N
P, 2 402 0Q s
= - — Qs . 3.9
S (w,v) ;an (ﬁ”;ﬂ;dndm 55 (6) (3.9)
As a result, the quadratic form for x € RN*+! transforms to a quadratic form for y € RV as
(x,UpxX)pr+1 = (y,UY)py — (E dm) TR 1s (3.10)
n=1 n
where 5
yn:xn_d_vw]\f-l—h n:l,...,]\ﬂ
and we have used the standard vector product:
N
(a, by =Y anby. (3.11)

n=1

The additional eigenvalue for x4 is always negative, i.e. p(y) = p(U) and z(Up) = 2(U).

4 Eigenvalues of constrained spectral problems for £; and £

Here we prove Theorem 3.6 with a new method of analysis, when eigenvalues of a constrained
spectral problem are counted from matrix algebra. This method was announced in [PKO00] as a
generalization of the Vakhitov—Kolokolov method [VK73] for a matrix case. Similar studies of a
scalar constrained spectral problem were reported in [BP93, G88].

We start with formulation of the problem. Given the properties of the spectrum of £; and Lg
in X (R), we study properties of the spectrum of operators £; and Ly in the constrained function
space X;", defined by (2.26). The constrained space is an orthogonal compliment of the null space
of Lo in X(R). The spectrum of £y and Ly is complete in Xc(u) due to the general result in [HS96,
Proposition 2.7].

Proposition 4.1 [HS96] Let M be a closed subspace of a Hilbert space H and M~ be the orthogonal
complement of M in 'H, such that M+ = {x € H : {(z|m) = 0 Vm € M}. The subset Mt is a
closed subspace of H and is therefore a Hilbert space.

17



Lemma 4.2 The constrained spectral problem for Lo,
Lou=Au, ue XM(R), (4.1)

has exactly #<o(Lo) = n(Lo) negative eigenvalues.

Proof. Eigenfunctions of Ly for non-zero eigenvalues A are all orthogonal to the eigenfunctions
¢, (x)e,, n=1,..., N of the null space of L. Therefore, they are all belong to Xc(u) (R). O

Lemma 4.3 The constrained spectral problem for Ly takes the form:
N
Liu= u— ) v, ®p(z)e,  ueXM(R), (4.2)
m=1

where vy,...,un are Lagrange multipliers. When ker(L, — X\) = {0}, the constrained spectral problem
has a solution if and only if there exists a non-zero solution of the homogeneous linear system for

Vi,...,UN:

N
D (Preal (A= L1) T Prenym =0,  n=1,..,N (4.3)

m=1

Proof. When A is not in the spectrum of £; in X (R), the operator (£1 — A) is invertible in X (R)
and the orthogonality conditions in (2.26) result in the matrix system (4.3). o

Remark 4.4 In the rest of this section, we denote negative eigenvalues of the discrete spectrum of
Ly in X(R) as A_j with orthonormal eigenfunctions u_(2), accounting their multiplicity. We can
order the negative eigenvalues A_j from the minimal eigenvalue A_, ;) to the maximal negative
eigenvalue A_; < 0. We also denote positive eigenvalues of the discrete, embedded and continuous
spectrum of £; in X (R) as A; with orthonormal eigenfunctions ug(z). The spectral decomposition
(2.20) can be written as a sum of three terms >, g, >0\ ,—g, and Do\ oo, where >\
contains n(£L1) terms from negative discrete spectrum of Ly, 37,  _, contains z(Ly) terms from
null space of £y, and EAk>0 includes p(L;) terms from positive discrete and embedded spectrum
of £1 and N integral terms from the continuous spectrum of L.

Lemma 4.5 Let 2(L1) = 1. When ker(£1 — A) = {0} in X(R), the constrained problem (4.2) has
a solution if and only if the matriz A(X\) has a zero eigenvalue, where the matriz elements of A(X)
are:

A () = Z (Pre,u_i)(u_i|Pren) n Z <(I>nen|uk><uk|(l>mem>‘ (4.4)

o A= A_g o A— A
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Proof. Solutions of the constrained problem (4.2) in X (R) can be decomposed over a basis of
orthogonal eigenfunctions ug(z) in X (R) similar to (2.20). If 2(£;) = 1, the decomposition takes
the form:

o A=Ay A =0 A— A

N
$)I Zym Z Mu_k($)+m _I_ z uk|q)mem k(ﬂC) 7 (45)

where the middle zero term vanishes since ug(2) = ®/'(2) and (®'(2)|®e,) =0. If u x (R),
the constraints (2.26) must be satisfied for the solution u(z) in (4.5). The constraints are satisfied
if and only if the homogeneous linear system A(A)v = 0 has a non-zero solution for v, where A(X)
is given by (4.4). ]

Lemma 4.6 The matriz eigenvalue problem A(AN)v = a(A)v with A € R, A < 0 has N real
eigenvalues oy (N),...,an(N), which are meromorphic functions of A.

Proof. The matrix A(X) has N real eigenvalues a(A) for A < 0 since it is Hermitian for A € R, such
that A, (A) = A, (A). Coefficients of A(X) have pole singularities at A = A_g for A < 0, unless
(®peyJu_g) =0, n =1,..,N. Since ®, € L*([R), u € X(R), and (®,e,|u) < oo, the series for
Apm (X) are bounded and converge for A £ A_j. In the limit A — —o0, A, (A) converges to zero

uniformly. As a result, all eigenvalues «,(A), n = 1,..., N are meromorphic functions for A < 0,
which may have only pole singularities at A = A_g. a
Lemma 4.7 Figenvalues ay(A), ..., an(A) of the matriz A(X\) are decreasing functions of \ for

A <0, A# Ay, All eigenvalues v, (A), n = 1,..., N are negative for A < A_, ()

N

Proof. For Hermitian matrices, the set of eigenvalues {a,, (A)},_, corresponds to the set of orthonor-

mal eigenvectors {v(}N_| such that (v(") vy =6, ., where (f,g)px is given by (3.11). We
construct quadratic forms associated to the pair (an,u(”)), n=1,...,N:

a,(A) = @, AN e n, o (N) = ) AWM. (4.6)

Computing the derivative of A’()), we rewrite the second equality in (4.6) as

a,N=-1 > SN A S+ Z = —(ulu) <0, (4.7)

A_k<0 Ak 0
where
N 2
b:l:k - Z mem|u:|:k (n) > 07 (48)
m=1
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and the last equality in (4.7) follows from representation (4.5) in X (R) for A # A1y. As a result,
all eigenvalues o, (), n = 1,..., N are decreasing functions of A for A < 0, A # A_j. In order to
prove that all eigenvalues a,,(A), n = 1,..., N are negative for A < A_, £y, we find from (4.3) and
(4.4) that

lim (A, (X)) = (Pre,|Pren) = Qnsdnm, (4.9)

A—r—00

where @,,5(8) = @Q,[®] is defined by (1.13). It follows from the first equality in (4.6) and (4.9) that

lim Aa,(A) =Q.s(8) >0, n=1,..N,

A—=—o0
and limy_,_ o a,(A) = =0, n = 1,..., N. Since eigenvalues a(A) are continuous and decreasing for
A < A_n(c,), they remain negative for all values of A < A_, ). a

Lemma 4.8 Let A_j be an eigenvalue of the discrete spectrum of L1 in X (R) of multiplicity q_y
I

such that q", eigenfunctions u_y(z) belong to the constrained space Xc(u) (R), while q*, = (q—1. —

q!k) eigenfunctions u_g(z) belong to the orthogonal compliment of x® (R) in X(R). There exist
(N —¢t,) eigenvalues o, (N) that are continuous at A = A_y, and ¢*, eigenvalues c, () that have
infinity discontinuities, jumping from negative infinity for A = A_p — 0 to positive infinity for

A=A_;+0.

Proof. In the limit A — A_j, we find that

Q
Q
=

—k k

Jm (A= Ap) A (A) = ) (Pnenfu—p, Uk |Pren) = ) _(Pnenlu—r, ){u_t |Pnen). (4.10)
—k r=1 r=1

Denote B_j = limyy_, (A — A_g)A(A). The quadratic form (v, B_jv) is diagonalized in normal
variables,

N
Ty = E <u—kr |q)mem>ym7

m=1

such that (v, B_yv) = Ezikl |z,|%. Therefore, the matrix B_j has exactly ¢, positive eigenvalues
and (N — ¢1,) zero eigenvalues. Positive eigenvalues of B_j correspond to ¢, eigenvalues ()
jumping from negative infinity for A = A_; — 0 to positive infinity for A = A_; + 0. Zero eigenvalues
of B_j correspond to (N — ¢*,) eigenvalues «,,()) that are continuous and have convergent Taylor
series at A = A_j. a

Lemma 4.9 At A = 0, there exist p(Ud) positive, z(U) zero, and n(U) negative eigenvalues o, (0),
n=1,..,N.
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Proof. At A =0, the constrained eigenvalue problem (4.2) has an exact solution in X (R):

N
Woo(2) = mz::l Vin G;I;(j) + co®'(2), (4.11)
where ¢g is not defined and
L 9% _ D, () (4.12)
laﬂm = m\T)€m. .
Substituting (4.11) into (2.26), we find that .4(0) = 1, where ¥/ is defined in (2.8). 0

Lemma 4.10 Let z(L£y) = 1. The constrained spectral problem (4.2) has exactly #.o(L1) =
n(L1) — p(UU) — z(U) negative eigenvalues X and #—=9(Lo) = 1 + z(U) zero eigenvalues.

Proof. We consider eigenvalues a,(A), n = 1,..., N as meromorphic functions of A for A < 0.
Starting with small negative values at A — —oo, eigenvalues o, (M), n = 1,..., N decrease as A
increases toward n(Ly) pole singularities at A = A_;. At each pole singularity, qfk eigenvalues
a(A) jump and pop up to the positive half-plane. The total number of jumping eigenvalues for
A<0is EA_k<0 qi‘k. Only jumping eigenvalues may cross the value a(\) = 0, which corresponds

to a negative eigenvalue A of the constrained problem (4.2) in space x (R). We find the total

number of zeros of a(A) at A < 0 from Lemma 4.9 as

Z 2y — p(U).

A_p<0

At each A = A_j, there are q!k eigenfunctions u_g(2) that lie in the constrained space x (R).

Therefore, the total number of eigenvalues A in x (R) for A< 0is

Soake @)+ dl =S gk — ) = niLy) - p).
Ak Ak Ak

Subtracting the number z(U) of zero eigenvalues at A = 0, we prove the lemma. O

Corollary 4.11 The following bounds on numbers p(U), n(U) and n(Ly) are satisfied:

pUY< D gty <n(Ly),  n) = N —n(Ly). (4.13)
A_p<0

Lemma 4.12 Let U be the Hessian matriz with bounded eigenvalues. Figenfunctions of the null
space of L1 in X (R) belong to Xc(u) (R) for any 1 < z(Ly) < N.
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Proof. Suppose there exists an eigenfunction ug(z) of the null space of £y in X (R) such that it
does not belong to x (R). It follows from Lemma 4.8 that there exists an eigenvalue a, () that
diverges at A — —0. It contradicts Lemma 4.9 since all eigenvalues of I/ are bounded. O

Theorem 3.6 is proved with Lemma 4.2, 4.10, and 4.12.

5 Stability-instability analysis with diagonalization theorems

Here we prove Theorems 3.8 and 3.9 with a new method of analysis, when spectrum of the linearized
problem (2.15) for the non-self-adjoint operator A is controlled by the spectrum of constrained
eigenvalue problems for the self-adjoint operators £y and £y. Similar methods were developed in
[G88, G90] but matrix algebra was not previously employed in spectral analysis.

Lemma 5.1 The non-zero spectrum of A in X.(R) maps to the non-zero spectrum of the problem,

Liu=~L'u, ue XW(R), y=-\ (5.1)

Proof. Eigenfunctions {q)n(x)en}nNzl form a basis for the null space of £o. The operator Ly is
invertible on functions u(z) in the constrained function space x (R). It follows from (2.28) that
w = AL u and the problem (2.28) is equivalent to (2.15) for any A # 0. Two eigenfunctions of A
in X.(R) corresponds to a single eigenfunction of (5.1) in x (R). ]

Corollary 5.2 Let v = v, be a non-zero eigenvalue of (5.1) with the eigenfunction u = u,,(z) in
x® (R), such that
(W L10) = Yo (W | L5 M0 ) (5.2)

FEigenvalue v, is real if either L1 or ,Cgl s positive definite.

Remark 5.3 The problem (5.1) is a classical problem of simultaneous diagonalization of two self-
adjoint operators £y and ,Cal. Each operator can be orthogonally diagonalized due to Proposition
2.12. However, the orthogonal diagonalizations (2.20)—(2.21) are relevant for (5.1) only if the
operators £; and L5' commute, such that there exists a common basis for (f|£;f) and (f|L;'f)
[G61]. Operators £ and ,Cgl do not commute since LoLq # L1Ly. Therefore, eigenfunctions of
Ly and L' in x® (R) do not produce any eigenfunctions of (5.1). Moreover, complex eigenvalues

and multiple eigenvalues with higher algebraic multiplicity may occur in the problem (5.1).

Lemma 5.4 The spectrum of (5.1) is real if ®(x) is a fundamental soliton, such that ®,(z) > 0,
n=1,...N forz € R, and n(Ly) = s

et tn = 0. Moreover, the posilive-definite operator Lo can
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be factorized as Lo = STS, where S has a diagonal form with the elements:

oo (81 2)

Proof. The factorization formula (5.3) follows from explicit computations:

@// d2
+ _ —n 2 ) =

Using the transformation u = S*v, we rewrite (5.1) in the form
SLISTV = yv.

Since SL£;S8T is a self-adjoint operator, all eigenvalues v are real. It is also clear from (5.3) that
the operators ST has empty null space, and the transformation u = STv is invertible. a

Corollary 5.5 Hypothesis 2.24 is satisfied if ®(z) is a fundamental soliton.

Lemma 5.6 Let v = vp = vri + ty1x be a complex eigenvalue of (5.1) such that vrg, v # 0,
with a complex-valued eigenfunction u = ug(z) = upk(x) + iuk(z). A linear combination of two
real-valued eigenfunctions f(x) = agyupg(z) +brurg(z) diagonalizes the quadratic forms (f|£41f) and
(£1£5f) with respect to Jordan blocks,

(f1L1F) = af Aulpay,  (F|L5'F) = allay, (5.4)

where ay, = (ay, by)7,

) — . [ [
S = YRk YIk 7 I, = Rk Ik 7 (5‘5)
Yk YRk lie  —lRek
and

lre = (urklLy'upe) = —(u|C5 ug), (5.6)

iy = <ulk|£61uRk>:<11Rk|£61111k>- (5.7)

Proof. Since the quadratic forms (ug|£yug) and (ug|£5 ug) in (5.2) are real-valued, the eigenvalues

~g can be complex only if

<uk|£1uk> = <uk|£aluk> =0. (5.8)

The zero inner product (5.8) for £5! results in relations (5.6) and (5.7). The Jordan blocks (5.4)—
(5.5) follow then from direct computations. ]
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Lemma 5.7 Let v = v, be a real eigenvalue of (5.1) with a single real-valued eigenvector u =
u,,(z) in Xc(u) (R). The eigenvalue v = v, is a multiple eigenvalue of higher algebraic multiplicity
if and only if

Ly = (0| L5 w,,) = 0. (5.9)

Proof. The eigenvalue v = =, is a degenerate eigenvalue of higher algebraic multiplicity if and only
if the derivative problem,
Liul, = 'ymﬁglu;n —I—,Calum7 (5.10)
(w)

has a solution in X" (R). Using the Fredholm Alternative Theorem with u,, (), we arrive to the
condition (5.9). o

Remark 5.8 A complex eigenvalue v = v, = Yrr + 71k, such that yrg, v # 0, with a single
complex-valued eigenvector u = ug(z) = upk(z) + fugk(z) is a multiple eigenvalue of higher al-
gebraic multiplicity if and only if Ipy = {5z = 0 in (5.6)—(5.7). In the rest of this section, we
consider the generic case when multiple eigenvalues of higher algebraic multiplicity do not occur in
the spectrum of the problem (5.1).

Lemma 5.9 Suppose that the problem (5.1) has no multiple eigenvalues of higher algebraic mul-
tiplicity in x® (R). Figenfunctions u,,(z) for real eigenvalues v, (upk(z), uk(z)) for complex
eigenvalues ypy + ty1r and v, (z; k) for N branches of continuous spectrum v > 32, n = 1,..,N
satisfy the orthogonality relations with respect to operators ,Cgl,

(e L5 ) = LBy (e (B L5 0 (R)) = 1 (R) 5 8K — B), (5.11)
and
(upp|Lotupe) = —(u | L5 ) = redw g,
(app| Ly apy) = (upw| Lo um) = by g, (5.12)

where 1, #0, lpg, L1z # 0, and [, (k) > 0.

Proof. Orthogonality relations (5.11) for eigenfunctions u,, (z) of the discrete and embedded (real)
spectrum of (5.1) in x (R) follow from the identity:

(Ymr = Ym) (Wt | L5 0) = 0. (5.13)

Orthogonality relations (5.12) for eigenfunctions upg(z), urs(z) of the discrete (complex) spectrum
of (5.1) follow from similar standard relations. Coefficients l,,, {gk, and {75 are non-zero due to
Lemma 5.7, since no multiple eigenvalues of higher algebraic multiplicity are supposed to exist in
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(5.1). Orthogonality relations for eigenfunctions u,(z;k) of the continuous spectrum of (5.1) in
x (R) follow from Wronskian identity:

(v (K) = 7 () (w (K1) L5 00 (K)) =

- dtty, T v=L
lim Z d (un (0, K) = (0, k) - W(x,k)umm(x,k)) : (5.14)

L—oo r=—1L

where v, (k) = (8, + d,k?)?. Spectral densities I, (k) are positive since the linearized Hamiltonian
n (2.12) is positive at eigenfunctions of the continuous spectrum of (5.1) [CO1]. Let ax(k) =
limy g0 ty n (2, k)e
densities [,,(k) can be computed from (5.14) in an explicit form:

7 (lay (k) * + Ja—(F)*)
2(8n + dk?)

% in a diagonal representation of the eigenfunctions u,(z, k). Then, spectral

L (k) = > 0. (5.15)

a

Corollary 5.10 The set of eigenfunctions {u,,(z), (upr(2), um(z)), w.(z;k)} is also orthogonal
with respect to operators L.

Proposition 5.11 Let Hypothesis 2.24 be satisfied. There exists a basis in Xc(u) (R), which orthog-
onally diagonalizes both quadratic forms (u|Lyu) and (u|Ly " u), with respect to operators L5 and

Jordan blocks (5.5).

Proof. The constrained Hilbert space Xc(u)(R) is complete according to Proposition 4.1. Any
functions £, € X" (R), f, € x (R) can be expanded according to the spectral decomposition
(2.31) of Hypothesis 2.24. If f, € RY, the real-valued decomposition (2.31) takes the form,

£u(0) = 3 [apuns(e) + bupy (e —I—Ecmum +Z/ k), (x; k) dk. (5.16)

k

The real-valued quadratic forms for £; and ,Cgl are simultaneously diagonalized according to
explicit computations,

N oo
(et = Labiudion+ Lantulenl+ 3 / ()1 (K)o (k) Pk, (5.17)

(f.L5) = Eaklkak—l—zl |cm|2+z/ k)|2dk, (5.18)

where v, (k) = (8, + d,k?)2, ay, = (ax, b)” and the Jordan blocks 45 and [}, are defined by (5.5).
a
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Remark 5.12 Eigenvalues v of the diagonalization problem (5.1) correspond to three different
types of eigenvalues A of the linear stability problem (2.15). When 4 = v,,, > 0, the linear problem
(2.15) has two pure imaginary eigenvalues A which are weakly spectrally stable. When v = ~,, <0,
the linear problem (2.15) has two real eigenvalues A, including an unstable (real and positive)
eigenvalue. When v = 7 is complex, the linear problem (2.15) has four complex eigenvalues A,
including two unstable eigenvalues with Re(A) > 0. We trace the unstable eigenvalues A of the
stability problem (2.15) from negative and complex eigenvalues v of the diagonalization problem
(5.1). The unstable subspace of (2.15) is controlled by finite-dimensional negative subspaces of
operators £4 and Ly.

Proposition 5.13 Let £ be a symmetric matriz Schrédinger operator in Hilbert space Xc(u) (R),
either Ly or ,Cal, which has a continuous spectrum bounded from below by A > Ag > 0 and «a
finite-dimensional discrete spectrum for Apin < A < Ao with negative index #o(L). If there exist
another basis that diagonalizes the quadratic form (f,|Lf,) with respect to operators L and Jordan
blocks (5.5), the negative index of the quadratic form (f,|Lf,) remains invariant as #<o(L).

Proof. Suppose the operator £ is orthogonally diagonalized by the basis S, = FE; A E}, where

u
E7 is the negative subspace spanned by eigenfunctions {u;; }M* such that \,, = (u;|Lu;) <0
and #.0(S,) = M,, and EJ is the non-negative (discrete and continuous) subspace spanned by
eigenfunctions ut such that (u*|£u™) > 0. Suppose the operator £ is orthogonally diagonalized
with respect to operators £ and Jordan blocks (5.5) by another basis S, = FSAE; AE}, where E;
is the real negative subspace spanned by eigenfunctions {an}]\m@l, such that {,,, = (v |Lv, ) < 0,
E¢ is the complex subspace spanned by eigenfunctions {vpgy, ij}?yzvl such that gy = (Vvre|LVRL),
Lk = (vig|LvRe), and EF is the real non-negative (discrete and continuous) subspace spanned by
eigenfunctions vt such that (v*t|£vt) > 0. The Jordan block I), in (5.5) has one positive and one
negative eigenvalue, l1; = :l:@/l]?% + l%k, such that #<0(S,) = M, + K,. The eigenvectors vpi(z)

and vyi(z) can be orthogonalized with respect to operator £ in linear combinations:
vk = levee(@) + (Ler — lre) vie(@).

Suppose that (M, + K,) > M, and show that this is false. The case (M, + K,) < M, can be
treated similarly. Consider a function g, () given by

Ky M,y
£u(0) = Y v k(o) 4 S enviale) + Y erut(a), (519
k=1 m=1

where the last sum includes both summation over discrete spectrum and integration over the
continuous spectrum of £. The eigenfunctions v_g(z) and v, (z) can be decomposed over the basis

of Sy:
M,
v_p(z) = Z agju; () + Z aput (), (5.20)
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Z'ym] u; (z) + Z'ymu (5.21)

Therefore, the function g, () is decomposed as:

My Ky Koy
Z (z agjar + Z 'ym]cm) () + Z (C_|_ + Z opay + Z 'ymcm) (). (5.22)

Jj=1 =

Consider a particular case g,(z) = 0. Since the set S, is complete, then

Ky

cr + Z opay + Z YmCm = 0, (5.23)
va
E%ak + Z Ymi€m = 0, j=1,., M, (5.24)
The second system (5.24) is under-determined, i.e. (M,+K,—M,) unknowns (ag, ¢,,,) are arbitrary.

Therefore, there exists a non-zero solution of (5.23)—(5.24) such that (ay, ¢,,) # 0 for some values
of (k,m). As a result, a non-zero vector s, (z) is defined by (5.19) with g, (z) = 0:

Ky
su(z) = ZakV k() + Z Vo, Zc+u+(x).
k=1

Therefore, the quadratic form (s,|Ls,) can be bounded by two contradictory ways:

Ky

M,
S R (\/l%wz%wlz%) a4+ 3 Llen]? <0,
m=1

(sulls.) = E<u+|£u Yex]? > 0.

The contradiction is resolved if and only if (M, + K,) = M,,. a

Remark 5.14 Proposition 5.13 generalizes the inertial theorem for quadratic forms associated
with finite-dimensional (matrix) operators [G61]. We use this result in order to determine sharp
bounds on the number of negative and complex eigenvalues + of the diagonalization problem (5.1)
from the number of negative eigenvalues of the self-adjoint operators £ and ,Cgl in the constrained
Hilbert space x® (R).

Corollary 5.15 Suppose the diagonalization problem (5.1) has Neomp complex eigenvalues y = vy,
and no degenerate eigenvalues of higher algebraic multiplicity. Suppose the constrained eigenvalue
problems (4.1) and (4.2) have #<o(Lo) and #<o(L1) negative eigenvalues X\.  Then Neomp <
min(#«<o(Lo), #<0(L1)) and there exists (#<o(L1) — Neomp) €igenfunctions u,,(x) in the prob-
lem (5.1) such that (u,|Ciuy,) < 0 and (#<o0(Lo) — Neomp) e€igenfunctions w,,(x) such that
(0| L5 w,,) < 0.
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Remark 5.16 The constrained problems (4.1) and (4.2) have a common set of eigenfunctions if
operators £ and Lo commute. Let A = £, be an eigenvalue of (4.1) and A = 7, be an eigenvalue
of (4.2), with the same eigenfunction w,,(z). There exists an eigenvalue v = =, of the problem
(5.1), such that

(um|Lotm) (U |um)
(W wm) (L5 )
This formula was assumed in [PK00] to approximate A\?> = —=,, from the given solution of the

constrained problem (4.2). The approximation formula (5.25) is not exact for non-commuting

operators £; and Lg, as in our case.

We now prove Theorems 3.8, 3.9, and Corollary 3.10. It follows from Corollary 5.15 that

#<0(£1) = Ncomp ‘|’ #<0(7mlm)7 (526)
#<0(£0) = Ncomp + #<0(lm) (527)

Taking the sum of (5.26) and (5.27), we find that

#<0(£1) + #<0(£0) = 2]Vcomp + #<0(7mlm) + #<0(lm) = 2]Vcomp + 2Ni;1ag + Nreah
which is the closure relation (3.1) in Theorem 3.8 (with the account of Theorem 3.6).

Taking the difference of (5.26) and (5.27), we find that

|#<0(£1) - #<0(£0)| = |#<0(7mlm) - #<0(lm)| S Nreal S Nunst7

which is the lower bound (3.2) in Theorem 3.9 (with the account of Theorem 3.6). The upper
bound in (3.2) is a corollary of Theorem 3.8.

At least |#<o(L1)—#<o0(Lo)| eigenvalues v are negative. The remaining 2 min(#<o(L1), #<0(Lo))

eigenvalues v contribute to either complex (Ngomp), real negative (Nyea) or real positive (Ni;qag)

eigenvalues of the diagonalization problem (5.1). If #<0(Lo) = 0 or #«o(L1) = 0, then Negmp =
Ni;qag
negative eigenvalues .

= 0, and all unstable (real positive) eigenvalues A are given by max(#<o(L1), #<0(Lo))

6 Example of two coupled NLS equations

Here we apply the computational algorithm described in Section 3 to analysis of stability and
instability of optical solitons in a system of two incoherently coupled NLS equations,

Z¢lz+¢11’x‘|’ <|¢1|2‘|’X|¢2|2> ¢1 = 07
W2: + Yo + (X112 4 [02|*) 2 = 0. (6.1)

The system is a particular example of (1.1) with N =2, d; = dy = 1, and
1 1
U= §|¢1|4‘|‘X|¢1|2|¢2|2—|-§|¢4|4- (6.2)
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The system (6.1) has several families of stationary solutions (2.1) with different values of the
nodal index i = (i1, 49)7 [Y97]. We consider only a particular n-family of multiple pulse solutions
with nodal index i = (0,n)7, which is locally close to the fundamental NLS soliton, ®nps(z) =
(PnLs, O)T7 where

Pnrs(z) = VHeO(X), X =Bz,  ®O(X)=+2sech(X). (6.3)

Existence of such solutions has been studied asymptotically and numerically [Y97, PY00]. We will
show here that the negative index of the linearized Hamiltonian h in (2.12) at ¢ = 0 is exactly 2n
and there are exactly 2n complex unstable eigenvalues A in the stability problem (2.15) for € # 0,
under some constraints.

At € = 0, the matrix operators Lo and £y in (2.13) and (2.14) become decoupled as Lo =
Grdiag(Lo, Ls) and £q = fydiag(Ly, Ls), where Lo, L1, and L, are scalar Schrodinger operators in

variable X = /3 z:

d2

LO = —m -I— 1-2 SeChz()()7 (64)
d2

Ll = —m -I— 1 — 6 SeChz()()7 (65)
d2

L, = e + A2 (x) — 2x sech?(X), (6.6)

where 32 = B1A2(x) at € = 0, and A2(x) is given by (6.8) below.

Lemma 6.1 Let x,, = n(n+1)/2 and C,, = C,,(x) be defined by (6.14) below. There exists some
R >0if x > xn and C,(x) # 0 such that the n-family of stationary solutions ®(z) = (®y, ®y)7
with the nodal index 1= (0, n)T bifurcates from ®npLs = (PnLs, O)T in the one-sided domain B,,:

Bo={Zi0< |2 < ks (2-x) =sm@0). 60
where
(y) = VI+8x— (2n+ 1)‘ (6.5)

2

Proof. Define the perturbation series expansions of stationary solutions ® = (®q, (I>2)T in variable

X =/,
o(z) = VB [q><0>(X) @ (x) 4 0(64)} ,

Oy(z) = B [@U)(X) + S0 (X) —|—O(e5)} , (6.9)
where ¢ is a function of 33/, defined by the expansion,
2= N0+ 0+ O, (6.10)
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Direct computations from (2.2), (6.9), and (6.10) result in a set of linear problems in powers of ¢,

LM = o, (6.11)
2
L9 = 9 (q)(l)) 7 (6.12)
3
1,00 = _Cn(x)q><1>+2x<1><0>q><1)q><2)+(<I>(1)) : (6.13)

where L; and L, are given by (6.5) and (6.6). The problem (6.11) always has a bound state ®(1) =
@(11)()() that satisfies the boundary conditions (2.3) [Y97]. When n = 0 and x > 0, the bound state
@él) = sech®(X), s = Ag(x) is a fundamental soliton. When n > 0 and x > x,, = n(n+ 1)/2, the
bound state @53)()() has exactly n nodes for € R. The problem (6.12) has a bounded solution

2
@(2)()(), since the right-hand-side x®©) ((I%(zl)) is orthogonal to the kernel of the operator Ly,

which is ®(©’(z). The problem (6.13) has a bounded solution if and only if the right-hand-side is
orthogonal to the kernel of £, which is (1)7(11)($). The orthogonality condition defines the parameter

Cy(x) in the form:
2 2
(@) (2x<1><0><1><2> + (o) )>

(@L121)
where the inner product (1.12) is used for scalar functions in L*(R). The condition C,(x) # 0 gives

Cnlx) = : (6.14)

the necessary condition of existence of the n-family of soliton solutions in the one-sided domain
(6.7). The regular perturbation series expansions (6.9) and (6.10) converges in a local neighborhood
of ®nps(X) and A2(x) as e is sufficiently small for C, () # 0. ]

Remark 6.2 The n-family of stationary solutions ® = (&, ®,)7 bifurcates from ®n1.5 = (Pnrs,0)”
due to existence of the bound state @(11)()() of the Schrédinger operator L. More general families
of multiple pulse solutions were classified for n = 0,1,2 in [Y97]. It was shown numerically that
the n-family of stationary solutions ® = (&, ®2)7 exists in the interval A\2(y) < By/31 < 1 for
Xn < X < Xng1 and in the interval 1 < 85/8; < A2(x) for X > Ynp1- This numerical result
suggests that C,(x) > 0 for x,, < x < Xnt1 and Cp(x) < 0 for x¥ > xn41. The case x = Xnt1,
where C,(xnt+1) = 0, is special and is excluded from Lemma 6.1. We apply the computational
stability-instability algorithm for a generic case C',(x) # 0 and evaluate indices n(L1), n(Lo), p(U),

2(U), Nyeal, and Neomp in the one-sided neighborhood B, given by (6.7).

Lemma 6.3 In the domain B, the negative and zero indices of L1 and Ly in constrained function
space x® (R) are

#<ollr) =n,  #<o(Lo) =mn, #=0(L1) =1,  #=0(Lo) =0. (6.15)

Proof. Operator Ly in (6.4) has a single zero bound state, operator L; in (6.5) has a single negative
and single zero bound states, and operator Ly in (6.6) has n negative and single zero bound states.
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Therefore, in the limit ¢ — 0, we have n(Lo) =0+ n=mn, 2(Ly) =14+ 1=2,n(Ly) =1+ n and
z2(£1) = 14+ 1= 2. It follows from Lemma 2.16 that n(Ly) = n and z(Ly) = 2 for any ¢ # 0.
On the other hand, the double zero eigenvalue of £; may split into two eigenvalues for € # 0, one
of each is always zero as z(£4) > 1. We trace the other zero eigenvalue for ¢ # 0 by the regular
perturbation series,

0 uM(X) 2 0 3
u(z) = @53)()() +e 0 + ¢ a2 (X) + O(€”) (6.16)
and \
— =Xy + O(eh).
5

Corrections of the perturbation series (6.16) satisfy a set of linear non-homogeneous equations
following from the problem £yu = Au as

2
L™ = 2y0® (q><1>) , (6.17)

n

3
Lau® = (A —Cu(x)®W + 20030 (u“) + q><2>) +3 (Q&”) : (6.18)

It follows from (6.12) and (6.17) that u") = 2&(). Solutions of (6.18) exist if and only if the right-
hand-side of (6.18) is orthogonal to @7(11)()(). Using (6.14), we find that Ay = —2C',(x). Therefore,
for € # 0, the second zero eigenvalue of £ becomes negative if C),(y) > 0. Thus, we have in the
domain (6.7) for sufficiently small non-zero e: n(£y) = 2+ n if C,(x) > 0 and n(Ly) = 1+ n if
Ch(x) < 0.

The indices p(if) and z(¥) for the Hessian matrix ¢ are computed from (2.8) and (6.9):

8@15 2 0 862
U = = 4+ 23,(0©0P) 4 O(e?),
1,1 8ﬁ1 \/E ﬁ1< | >8ﬁ1 (6 )
_ Qs _ o g0 9 2
Z/[LQ = 8ﬁ2 =2 ﬁ1<q) |q) >8ﬁ2+0(6 ),
= 0w e 2 L o
u271 - 8ﬁ1 — ﬁ1<q)n |(I)n >8ﬁ1 —I—O(é )7
_ 0Qas ()19 9 2
u272 - 8ﬁ2 - ﬁ1<q)n |(I)n >8ﬁ2 —I—O(é )
It follows from (6.10) that
Oe> 1
A N Y= 6.19
B2 B1Ch(x) () (6.19)
and (1)1 (1)
det(ur) = 21 | o2y, (6.20)

The matrix ¢ has two non-zero eigenvalues in the limit € — 0if and only if C},(x) # 0, i.e. z(U) = 0.
It follows from (6.20) that p(if) = 2 for C},(x) > 0 and p(Uf) = 1 for C,,(x) < 0. Using Theorem
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3.6, we conclude that #.o(£1) = n and #<o(Lo) = n in the constrained space Xc(u)(R) for any
€ # 0 in the domain B,,. O

Corollary 6.4 In the domain B, the fundamental soliton (n = 0) is weakly spectrally stable, while
the n-family of stationary solutions may have at most Nunet real or complex unstable eigenvalues,
where 0 < Nynst < 2n.

Lemma 6.5 Let gkin be defined by (6.29). In the domain B, the n-family of stationary solutions
®(z) = (@1, P2)T is spectrally unstable for n > 0 and the linearized problem (2.15) has evactly n
pairs of complex eigenvalues A with Re(A\) > 0 if |g,;|'n|2 + 195,12 £ 0 for any 0 < k < n.

Proof. The linearized problem (2.15) has exactly n embedded eigenvalues at € = 0, such that
Re(A) = 0 and [Im(A)| > Bmin = min(f1, S2) [PY00]. This follows from decoupling the linearized
problem (2.15) at ¢ = 0 into two systems,

ﬁlLlul = —/\wl, ﬁlLowl = /\u1 (621)

and

The first problem (6.21) has the continuous spectrum in the domain Re(A) = 0 and [Im(X)| > 34
and the zero eigenvalue A\ = 0 of algebraic multiplicity 4 and geometric multiplicity 2 [IKS98]. The
second problem (6.22) has the continuous spectrum in the domain Re(A) = 0 and [Tm(A)| > 31A2(x)
and 2n + 2 isolated eigenvalues in the points A = £i3; (/\z — A%), where k =0,1,...,(n—1),n. It
follows from (6.8) that for y > x,:

M- ==k +Fn—Fk)>n-k)?*>1, 0<k<n. (6.23)

Therefore, 2n isolated eigenvalues of the problem (6.22) belong to the continuous spectrum of the
problem (6.21). We show that all embedded eigenvalues of the linearized stability problem (2.15)
bifurcate in the complex plane of A for € # 0 under the constraint |gf |* + |g; |* # 0 for any
0 < k < n. We trace a particular embedded eigenvalue A = i3 (A7 — 7/\721), 0 §7k < n with the
regular perturbation series in the domain B,

u(z) = (1) +e 5“1)(X) + ¢ (2)0 + 0O(e%), (6.24)
@) "(X) 0 uy (X)
0 (1)(X) 0
= k 2 o(e’ 6.25
and )
Z 2O e B yoet,  AD=iazo a2, (6.26)

51
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Corrections of the perturbation series (6.24) and (6.25) satisfy a set of linear non-homogeneous
equations following from the linearized problem (2.15):

L + 200 = 26@aMel),
Low = APV = ¢ (6.27)
and
Lol 4+ A0y = ( ) — 200 >_3(q>g>)2) o) £ 2,000 (V) 4 \DpV),
Low® — 20,2 (c () = 2400 _ (@3))2) o) 4 AP, (6.28)

Since the eigenvalue /\Eﬂo) = (A7 — A2) belongs to the continuous spectrum of the problem (6.27)
(1) @)

for 0 < k < n, the correction terms (u, ', w, ’) have non-vanishing tails in the limit |X| — oo. We

(1 M),

add Sommerfeld radiation conditions to uniquely determine the correction terms (u ’, wy

W\ inx LR uf!) Firgn X 0
. 1Kk n 3 Rk n
X1—>H£:loo w](:) ‘ 7 Tk X—>hrjr:loo w](:) ‘ 0/’ (6:29)

where gkin are some constants and kj, = /A — A2 —1 (> 0). Since correction terms ®0), (I>7(11)7
and ®2) are all real-valued, we find from (6.27) that

1
2am(uf o0y = = (| Lif) + (w1 Low”) = (L) - (Low(uf))
= %Ki (Igif,nl2 + Ig;nlz) > 0. (6.30)

Solutions of the problem (6.28) are bounded at infinity if and only if the right-hand-side of (6.28)
is orthogonal to @S)(X). The orthogonality condition defines /\22) as

2 2
@) + x(@PeMal i) = ((of") |(cn<x>—zx¢<0>¢><2>—2(¢>21>) )>, (6.31)

such that

@\ Im<u§€1)|¢(0)q>7(11)(1>§:)> Kk (Ig;;nIQ + |g;;n|2)
Re (A7) =x O = e > (. (6.32)
(@ [®,7) (@ 7[®),7)

Under the constraint |g,;|:n|2 + |gk_7n|2 # 0 for 0 < k < n, all embedded eigenvalues A = ﬁlx\g)),
0 < k < n become unstable complex eigenvalue A of the linearized problem (2.15) such that
Re(A) > 0 in the domain B,,. Convergence of perturbation series expansions (6.24)-(6.26) can
be proved with the Gap Lemma [KS98, KS02] for analytical continuations of the Evans function
associated with the linearized problem (2.15) for exponentially decaying potentials. a
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Remark 6.6 Embedded eigenvalues A of the linearized problem (2.15) do not have to bifurcate to
the complex plane of A. The example of such persistent embedded eigenvalues is given by a system
of two coupled NLS equations (1.1) with N = 2, d; = dy = 1, and U = U(|t1|* + |¥2]?). Due
to additional symmetry of the potential function U, the linearized problem (2.15) with stationary
solution ® = (®1, ®3)7 for any B = diag(31, 32) always has a particular exact solution,

u= ( —q)‘lzz ) w = Fi ( ij ) A= +i(f — B). (6.33)

If 81 # B2 and |z — B1] > Pmin = min(fq, B2), the pair of eigenvalues A = +i(f; — ) belong to
the embedded spectrum of the operator A. The embedded eigenvalues trap the negative index of

the linearized Hamiltonian & in (2.12) if

(@1]P1) — (P2 P2)

-1 _
ullo m = Bi — B2

< 0. (6.34)

When ) .
U=~ (e + |¢2l?) = 5 log (14 s(junf* + 1)) | (6.35)

the system of coupled NLS equations (1.1) describes optical solitons in photorefractive saturable
crystals with saturation parameter s [DN02]. It was shown numerically [OK99] that the multiple
pulse solutions ® = (&, ®,)7 with nodal index i = (0,n)7 bifurcate from single-component solu-
tions ® = (®,0)” for n = 1,2 and s < 1 in the domain By < B2/81 < 1, where By > 0. At
the bifurcation point, the eigenvalues A = +i(; — 32) always correspond to the negative value
of (u|£y'u) in (6.34). In addition, these eigenvalues are embedded into continuous spectrum of
the problem (2.15) if §2/81 < 0.5. Since the embedded eigenvalues are preserved in the embed-
ded spectrum of A due to the exact solution (6.33) and trap the negative index of the linearized
Hamiltonian A in (2.12) with 2N = 2, the stationary solutions ® = (¥4, ®,)T with nodal index
i = (0,1)7 and Morse index #.o(h) = 2 are weakly spectrally stable in the neighborhood of the
bifurcation point 83/81 = [pif, in agreement with numerical results in [OK99]. The stationary
solutions ® = (@, ®3)7 with nodal index i = (0,2)7 and Morse index #(h) = 4 are also weakly
spectrally stable in the neighborhood of the bifurcation point §o/31 = [hif, according to numerical
results in [OK99], because two eigenvalues A = +i(f; — f2) with negative values of h are pre-
served by (6.33) and the other two eigenvalues A with negative values of h are not embedded into
= 4.

continuous spectrum of A, such that 2Nimag

7 Bifurcations of unstable eigenvalues

Bifurcations of unstable eigenvalues may occur in the linearized stability problem (2.15), when
operators £1 and Ly change along to a continuous deformation and support non-generic eigenvalues
A such that Re(A) = 0. Three non-generic cases are excluded from Theorems 3.8 and 3.9: (i)
z2(L£q) # 1, (i) 2(U) # 0, and (iii) non-zero multiple eigenvalues A of higher algebraic multiplicity.
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In a generic case, the index #<o(h) = n(L1) — p(U) + n(Ly) changes in the first two cases, but it
remains constant in the third case. We classify the three non-generic cases as (i) zero eigenvalue
bifurcation, (ii) symmetry bifurcation, and (iii) Hamiltonian Hopf bifurcation. Here we derive
necessary conditions, when new unstable eigenvalues with Re(A) > 0 bifurcate from the non-generic
eigenvalues with Re(A) = 0.

We note that Theorems 3.8 and 3.9 exclude also the cases when Hypothesis 2.24 is not satisfied.
This restriction may exclude the cases when new unstable eigenvalues bifurcate from resonances
of the continuous spectrum of operator A, defined as zeros of the Evans function [KS98]. It was
recently proved in [KS03] that eigenvalues bifurcating from resonances of the continuous spectrum
of operators with exponentially decaying potentials have the same signature of the linearized Hamil-
tonian, as the spectral density of eigenfunctions of the continuous spectrum. Since the continuous
spectrum of A is positive definite as in Lemma 5.9 and the unstable eigenvalues have negative in-
dices of the linearized Hamiltonian, we conjecture that no unstable eigenvalues can bifurcate from
resonances of the continuous spectrum in the linearized stability problem (2.15). This issue is left
open for further rigorous studies.

(i) Zero eigenvalue bifurcation

When z(L£;) # 1, the null space of operator £; is spanned by (z(L£;) — 1) eigenfunctions ug(z)
and by the eigenfunction ®'(z). According to Lemma 4.12, the eigenfunctions of the null space of
Ly belong to the constrained space x (R) for any z(£4) > 1, if U is bounded. The eigenfunction
®'(x) always persists in the null space of Ly, since it is related to the translational symmetry
(1.7) of the system (1.1). However, additional eigenfunctions ug(z) of the null space of £y, if they
exist, generally move from the null space of £y, under a continuous deformation of L£y. If the
deformation changes the index #o(L1) = n(£L1) — p(U), new unstable eigenvalues A may arise in
the linearized problem (2.15). Here we study the characteristic features of this bifurcation. We
consider bifurcation of co-dimension one, when z(£q) = 2.

Proposition 7.1 Let € be the bifurcation parameter, such that, at ¢ = 0, there exists non-zero
eigenfunction ug € Xc(u)(R), ug # ®'(z), and Liug = 0. Assume that Lq(€) and Lo(€) depend
analytically on €. There exists €. > 0 such that the linearized problem (2.15) has a real positive

eigenvalue X if lo = (ug| L5 (0)ug) # 0 and 81y = (ug|L;(0)ug) # 0, in the domain:

Do ={e:0<|e|] <e sign(e) =—sign(lydly)}.

Proof. We expand solutions of (5.1) in power series of ¢:
u(e) = uo(x) + ewy(x) + O(e*), v =ey1 +O(e?). (7.1)
The function uy () solves the non-homogeneous problem in x® (R):

,Cl(())lll + ,Cll (0)110 = 71,661(0)110. (72)
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Using the Fredholm Alternative Theorem, we find from (7.2) that §ly = y1lp. If 6l4 # 0, lg # 0,
and sign(e) = —sign(lpdly), the eigenvalue 7 is negative in the first order of e. The power series
expansions (7.1) converge as they represent regular perturbation theory for linear operators with

exponentially decaying potentials [K76]. O

Corollary 7.2 Let Ly be positive definite, such that lyp > 0. Bifurcation of a new negative eigen-
value X in the constrained problem (4.2) always results in a new negative eigenvalue v of the problem
(5.1), such that

N (uo|ug)
= (uol£51(0)up)” 7-3)

Remark 7.3 The zero eigenvalue bifurcation may occur only if N > 1 in the system (1.1). This
bifurcation is generic when the system (1.1) is a perturbation of uncoupled NLS equations, with

o= Fall9nl?) + eGulln, .. [n]?).

(i) Symmetry bifurcation

When z(U) # 0, the null space of the constrained problem (4.2) is not empty. If a deformation
changes the negative index #<o(L£1) = n(L1) — p(Ud) — 2(U), new unstable eigenvalues A may arise
in the linearized problem (2.15). Here we study the characteristic features of this bifurcation. We

consider bifurcation of co-dimension one, when z(U) = 1.

Proposition 7.4 Let ¢ be the bifurcation parameter, such that, at ¢ = 0, there exists non-zero
eigenvector vg € RY, Uvy = 0, and

N
Ling == (n)nPu(v)en,  up € XM(R). (7.4)

n=1

Assume that L£q(c), Lo(€), and U(¢) depend analytically on €. There exists ¢, > 0 such that the
linearized problem (2.15) has a real positive eigenvalue X if lo = (ug|L5 (0)ug) # 0 and du =
(vo,U'(0)vo)pn # 0, in the domain:

Do ={e:0< |e|] < e, sign(e) = —sign(lpdu)}.

Proof. If there exists v € RY, such that 2(0)vo = 0, the problem (4.2) has a general solution in
Xc(u)(R) for v = 0:

N
ug () = 2@0%% + co®' (), (7.5)

where ¢q is not defined. We expand solutions of (5.1) in power series of ¢:
u(z) = up(w) + e (z) + O(e*), 7 =en+0(e). (7.6)
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The function uy () solves the non-homogeneous problem:
L1(0)uy + £1(0)ug = 1Ly (0)ug — L5 L£5(0)L1(0)up, (7.7)
subject to the constraints, following from the power series expansions of (2.26):
(®,(0)e,|ur) + (@ (0)e,|ug) = 0., (7.8)

where ®'(0) stands for derivative of ®(¢) in €. Using (4.12) and Lo®,e, = 0 for any ¢, we derive
the following relations:

a%'(0) 0@

£1(0) 95, +'C/1(0)8ﬁn = —®.(0)ey, (7.9)

Lo(0)®! (0)e, + LH(0)P e, = O. (7.10)

Using (7.8), (7.10), and the Fredholm Alternative Theorem, we find from (7.7) that

(o] £ (0)uo) = 71 (uo| L5 (0)uo) — 22 v0)n (@), (0)e, | ug). (7.11)

Using (7.9), we find from (7.11) that

= %<u0,u’(0)uo>w, (7.12)

<110|£ Z Z VOnVOm m(é)em|8;t)>

n=1m=1

e=0

and du = 2v1lg. When du # 0, Iy # 0, and sign(e) = —sign(lpdu), the eigenvalue v is negative in
the first order of e. O

Corollary 7.5 Let Lo be positive definite, such that ly > 0. Bifurcation of a new negative eigen-

value of U always results in a new negative eigenvalue v of the problem (5.1).

Remark 7.6 The symmetry bifurcations have been analyzed in [PG97, S00, PK00]. We notice
that the only difference between symmetry and zero eigenvalue bifurcations is the origin of a new
negative eigenvalue A of the operator £; in the constrained space x (R).

(iii)) Hamiltonian Hopf bifurcation

When the linearized stability problem (2.15) has non-zero multiple eigenvalues Ag of higher alge-
braic multiplicity, the corresponding eigenfunctions ug () satisfy the constraint lo = (ug|£g ' ug) =
0, according to Lemma 5.7. The negative index of the quadratic forms (f|£,f) and (f|£5'f) col-
lapses for such multiple eigenvalues. If a continuous deformation destroys multiple eigenvalues, new
unstable eigenvalues A may arise in the linearized problem (2.15). Here we study the characteristic

features of this bifurcation in the case, when the multiple eigenvalues Ag are purely real or purely
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imaginary. More general types of the bifurcation for complex A can be studied with similar meth-
ods. We consider bifurcation of co-dimension one, when the non-zero multiple eigenvalue A = Ag
has algebraic multiplicity two.

The Hamiltonian Hopf bifurcation does not occur, when the multiple eigenvalue Ag has equal
geometric and algebraic multiplicities. In the latter case, the quadratic forms for £; and ,Cgl are
non-zero for linearly independent eigenfunctions corresponding to Ay and therefore the negative
index of the quadratic forms (f|£,f) and (f|£5'f) does not collapse. Multiple eigenvalue A with
linearly independent eigenvectors split into distinct eigenvalues, once the degeneracy is broken, such
that no unstable eigenvalues bifurcate in this case.

Proposition 7.7 Let ¢ be the bifurcation parameter, such that, at ¢ = 0, there exist non-zero

eigenfunctions ug € Xc(u) (R), uj, € Xc(u) (R), such that Lyug = 'yoﬁgluo, Liuf, = 'yoﬁglué—l—ﬁaluo,

and lo = (ug|L5 ug) = 0. Assume that Ly(€) and Lo(€) depend analytically on e. There exists
€« > 0 such that the linearized problem (2.15) has two complex eigenvalues X with Re(X) > 0 if
1y = (uol L5 (0)uh) # 0 and h = (ug| (L(0) — 7Ly " (0)) uo) # 0, in the domain:

Do ={e:0< || <e., sign(e)=—sign(ljoh)}.

Proof. We expand solutions of (5.1) in power series of /2

u(e) = wo(2) + € Pyup(e) + (@) + O(?), g =q0+ Pyt e+ 0. (7T.13)
The function uy(2) solves the non-homogeneous problem in x® (R):
L1(0)uz + L1 (0)uo = 0Ly (0)uz +50Lg ' (0)uo + 77 Lg  (0)ug + 72L5 " (0)up. (7.14)

Using the Fredholm Alternative Theorem, we find from (7.14) that dh = ~£{). Since (y — 70)* =
ey} + O(%/?), the eigenvalues v bifurcate into the complex plane if I # 0, 6k # 0, and sign(e) =
—sign (I{oh). O

Corollary 7.8 Let I # 0 and 6h # 0. There exists €, > 0 such that the problem (5.1) has two
real eigenvalues v in the domain,

Do ={e:0< || <e., sign(e)=sign(lyoh)}.

Remark 7.9 Hamiltonian Hopf bifurcations may occur either for two purely imaginary eigenvalues
A or for two real eigenvalues A, when either 79 > 0 or 79 < 0. Characteristic features of the complex
bifurcations were analyzed in [(G90] and recently in [ABP99, S01].
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8 Transverse stability-instability theorems

Stability—instability analysis based on simultaneous diagonalization of two linear operators in a
constrained function space can be applied to stability problems of stationary solutions in other
Hamiltonian dynamical systems, such as coupled Klein—-Gordon equations and coupled Korteweg—
de Vries equations. We show here that similar analysis is applied also to problems of transverse
stability and instability of incoherent optical solitons (2.1).

Transverse (symmetry-breaking) instabilities may occur when the stationary solutions in (z, z)
are perturbed in another spatial dimension, say in y [KP00]. The system of coupled NLS equations

(1.1) can be rewritten in three spatial dimensions (z, z,y) as:

Oy P | Py
0z +dn(8x2 + dy?

@

) +fn(|¢1|277|¢]\7|2)¢n:07 n = 17..7N. (81)

We assume again that parameters d,, are all positive. Linearization of the stationary solutions (2.1)

for incoherent optical solitons is defined by the expansion,
¥ =P [@(2) + Uz, 2,9) +iW (=, 2,y)], (8:2)

where U, W € RY are perturbations of the stationary solutions. Separating the variables (z,2,y)
as U = u(z) eV, W = w(z) et we arrive to the linear eigenvalue problem,

(,Cl +p2D) u=—\w, (,Co +p2D) w = Au, (8.3)

where p is a real parameter and D = diag(dy, ...,dy). Figenvalues A and eigenvectors (u, w)” of

the linearized problem (8.3) depend on parameter p.

Lemma 8.1 There exist exactly n(L; o) negative eigenvalues X of the problem
,CLoll = ADH, (84)
in function space u € X (R).
Proof. Since D is positive definite, all eigenvalues A in (8.4) are real. The spectrum of (8.4) is
)
is invariant in any diagonal representation. The problem (8.4) defines an orthogonal basis in X (R)

with respect to the weighted inner product (u,,|Du,,) > 0. Since #0(L10) = n(L1,0) in X(R),
the problem (8.4) has exactly n(L;0) negative eigenvalues A. a

complete in X (R). Proposition 5.13 suggests that the negative index of quadratic forms (f|£; of

Corollary 8.2 Let /\7(7?) be negative eigenvalues of the operator (Lo)pn, for m = 1,...,n(Lo). Eigen-
values of the problem (8.4) for a diagonal operator Ly are A\ = —|/\£;Z)|/dn.
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n(£1)

Lemma 8.3 Let the problems (8.4) have negative eigenvalues A\ at A = —{Aim}mzl and \ =
—{A?),m}”m(ﬁ({). Let p? belong to the domain
Diyny = {P* € Ry A%,nl <pt< Ai(n1+1)7 A%mo <pt< /\(2)7(7104_1)}7 (8.5)

where 0 < ny < n(Ly), 0 < np < n(Lo), such that ATy = Af 5 =0, and A (n(L1)+1) = AZ (n(Lo)41) =
00. In the domain D, ,,, there exist exactly (n(Ly) — ny) negative eigenvalues of the problem

(L1 +p*D)u = Au, (8.6)
and ezxactly (n(Lo) — no) negative eigenvalues of the problem,

(Lo + p*D) u = Au, (8.7)
in function space u € X (R).
Proof. The result follows from continuity of eigenvalues A of the uncoupled problems (8.6) and

(8.7) with respect to parameter p* in the domain 0 < p* < co. Each negative eigenvalue A = A(p?)
of operator (»Cl,o +p2D) is an increasing function of p? if D is positive definite, since

N(p?) = <f1‘|‘7|)“3> > 0. (8.8)

When p? increases, eigenvalues A(p?) pass through the zero value at the boundaries between domains
Dy, ne in (8.5), and the number of negative eigenvalues of (8.6)—(8.7) reduces according to the
and A= —Ag, in (8.4). o

multiplicity of eigenvalues A = —Ainl

Proposition 8.4 Let Hypothesis 2.2/ be satisfied for the linearized problem (8.3) such that no
multiple eigenvalues of higher algebraic multiplicity exists in domain D, ,,, defined by (8.5). In
the domain Dy, n,, the linearized problem (8.3) has Nyngt unstable eigenvalues A = A(p) such that
Re(X) > 0, where

|n(£1) — n(ﬁo) — —|— n0| S Nunst S |n(£1) —|— n(ﬁo) — Ny — n0|. (89)

There are Nyeal Teal positive eigenvalues X, such that |n(L1) — n(Lo) — n1 + 1o < Nyeal < Nunst
and 2N¢omp = Nunst — Nyeal complex eigenvalues A with Re(X) > 0, such that 0 < Neomp <
min(n(Ly) — ng, n(L1) — n1).

Proof. The linearization problem (8.3) can be rewritten in the form of a diagonalization problem,
(L1 +p*D)u=7(Lo+p*D) u,  v=-A2 (8.10)

If p* > 0 and p* # Aam for any m = 1,...,n(Ly), the operator (Lo + p*H) is invertible and the
diagonalization problem (8.10) is defined in function space u € X (R). Proposition 5.13 applies with
#o(L1+p*D) = n(Ly) — ny and #0(Lo+ p*D) = n(Lo) — ng in the domain D,,, ,,,. Proposition
8.4 is then equivalent to Theorem 3.9. a
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Proposition 8.5 Let z(L£1) =1, z(U) = 0, and Hypothesis 2.2/ be satisfied. Suppose the linearized
problem (2.15) has Nyne unstable eigenvalues and no degenerate eigenvalues with (u|Ly u) = 0.
There exists p2 > 0 such that the linearized problem (8.3) has exactly Nunst unstable eigenvalues in
the domain 0 < p* < p?, where Nunst = Nunst + p(UU). The new p(U) unstable eigenvalues X are all
real and positive.

Proof. Lemma 2.22 suggests that the linearized problem (8.3) with p*> = 0 has N + 1 double zero
eigenvalues in function space X (R). The symmetry-breaking perturbation with p? > 0 split these
double eigenvalues into pairs of real or imaginary eigenvalues A(p) of the linearized problem (8.3).
We show that p({f) double eigenvalues split into pairs of real eigenvalues A\. We expand solutions

of (8.3) into power series of p as follows,

N

u:p/\lz:cng—q)—I—O(pS)7 (8.11)
= 0B

N
W= Z cn®,(z)e, + p*wa(z) + O(p*), (8.12)

n=1

where A = pA; + O(p?). The function w(z) satisfies the non-homogeneous linear problem,

_\2
Lowg = A] nz::l cn% - nz::l cnd, @, (2)e,. (8.13)

Using the Fredholm Alternative Theorem, we find that ¢ = (cq, ..., CN)T satisfies the generalized

eigenvalue problem,

MUe = 2DQ,c, (8.14)

where Q; = diag(Q1s, ..., Qns) and U is the Hessian matrix in (2.8). Sylvester’s Inertial Theorem
suggests that the linear system (8.14) has exactly p({f) positive eigenvalues and n(f) negative
eigenvalues A3, since DQ; is positive-definite. Therefore, positive eigenvalues of U are related
to new unstable (real and positive) eigenvalues A = A(p) in the linearization problem (8.3) for
sufficiently small values of p? > 0, in addition to Nyn unstable eigenvalues A(p) existing in the
limit p? — 0 with Re()\) > 0. O

Remark 8.6 Proposition 8.5 agrees with Proposition 8.4 for n; = 0 and ng = 0. We also notice
that the (N+1)-th double zero eigenvalue with the eigenfunction u = ®'(z), w = 0 splits into a
pair of imaginary eigenvalues for p? > 0. This property corresponds to Remark 3.11, since the
translational symmetry (1.7) does not change the index p(Up).

Example 8.7 A particular n-family of stationary solutions ® = (&, ®3) of the coupled NLS

equations (6.1) has Ny = 2n complex unstable eigenvalues in the problem (8.3) for p? = 0,
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according to Lemma 6.5. Lemma 6.3 suggests that p({/) = 2 for C,,(x) > 0 and p(U4) = 1 for
Crn(x) < 0. The fundamental soliton with n = 0 is weakly spectrally stable with respect to
symmetry-preserving perturbations with p? = 0. It is however spectrally unstable with respect to
symmetry-breaking perturbations with p? > 0, such that the linearized problem (8.3) has two real
positive eigenvalues for Ciy(x) > 0 and one real positive eigenvalue for Co(y) < 0. It was shown
numerically in [Y97] that Co(y) > 0 for 0 < y < 1 and Co(x) < 0 for x > 1.

Example 8.8 The hyperbolic NLS equation takes the form,

Although the hyperbolic NLS equation (8.15) does not satisfy the condition that D be positive,
we can still apply the stability-instability theorems in the domain 0 < p? < 3, where 8 > 0 is
parameter of the stationary solutions (6.3) such that ¥(z,z) = /2 sech(v/Bz) €%, In this case,
n(L1) = 1, n(Ly) = 0, and the zero eigenvalues of £y and Ly become negative eigenvalues A in
the uncoupled problems (8.6) and (8.7) for 0 < p* < 3. Proposition 8.4 applies with n; = —1 and
ng = —1 and suggests that there are 1 < Nypst < 3 unstable eigenvalues in the linearized problem
(8.3) for 0 < p? < B. Indeed, it was shown in [P01] that there is one real positive eigenvalue A(p) in
the domain 0 < p* < p?, , where p3 < 3, and three unstable (Nyeal = 1, 2Noomp = 2) eigenvalues
A(p) for p3, < p* < B. The stability-instability analysis breaks in the domain p? > 3, where the
negative space of operators (£ + p*D) and (Lo + p*P) becomes infinite-dimensional.

9 Summary

We have revisited analysis of linearized stability and instability in a general Hamiltonian system
of N incoherently coupled NLS equations. We have proved the most general stability—instability
theorems that define existence, type and number of unstable eigenvalues of the linearized stability
problem. With the use of these theorems, a new computational algorithm can be developed to
compute number 2Ngomp of complex eigenvalues as a difference of the negative index #<o(h) of the

constrained linearized Hamiltonian h and numbers Ny., and 2Ni;1ag

of real positive and imaginary
eigenvalues of the linearized problem. All examples were studied analytically with the use of regular
perturbation series. The examples have illustrated validity of the stability—instability theorems.
Numerical codes can be developed in further studies in order to trace unstable eigenvalues beyond
the limits of perturbation series and also to clarify linearized stability of all families of multiple

pulse solutions of N incoherently coupled NLS equations.
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