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Introduction

Density waves in Bose—Einstein condensates are modeled by the
Gross-Pitaevskii equation

iUy = —V2u + V(x)u + o|ul?u,

where V (x) is a bounded real-valued potential on RN, u(x,t) is a
complex-valued wave function, and ¢ = +1.

Examples of V(x) (N = 1):
@ V(x) = x2 models a parabolic trap
@ V(x + 27) = V(x) models an optical lattice

We would like to study dynamics of localized states of the Gross—Pitaevskii
equation residing in spectral gaps of the Schrodinger operators with periodic
potentials. Such states are often called gap solitons.
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Existence of gap solitons

Time-periodic solutions  u(x,t) = ¢(x)e~'“! with w € R satisfy a stationary
elliptic problem with a periodic potential

wp = —V2p+V (x)d +ol¢|*¢

Spectrum of L = —V2 + V(x) for V(x) = Vo sin®(x) and N = 1:

Theorem: [Pankov, 2005] Let V be a real-valued bounded periodic potential.
Let w be in a finite gap of the spectrum of L = —V? + V(x). There exists a
non-trivial weak solution U € H1(RN), which is continuous on x € RN and
decays exponentially as |X| — oo.
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Numerical approximation of gap solitons

D.P., A. Sukhorukov, Yu. Kivshar, PRE 70, 036618 (2004)
for V (x) = Vo sin®(x) with Vo = 1 and o = +1:
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Introduction

Asymptotic reductions of the GP equation

The Gross—Pitaevskii equation in 1D can be reduced asymptotically with a
multiple scale expansion method to one of the three models.

@ Coupled-mode (Dirac) equations for small-amplitude potentials

i(ar +ax) +b=oc(aP+2/b?)a
(b, — by) +a=o(2[al2 + |b]2)b

@ Envelope (NLS) equations for finite-amplitude potentials near band
edges

ia; + axx + 0'|a|2a =0
@ Lattice (DNLS) equations for large-amplitude potentials

ian + Oc(an+1 + anfl) + U|an|2an =0.
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Introduction

Formal derivation of the DNLS equation

G. Alfimov, P. Kevrekidis, V. Konotop, M. Salerno, PRE 66, 046608 (2002)

Assume that the |-th spectral band of L = —V2 +V (x) is isolated from all other
bands and fix wg at the central point of the band. Assume that there is a small
parameter p, such that the size of the band is O(x). Then, look for solutions of

iy = —V2u 4+ V(x)u + ojul?u,
using the asymptotic expansion
u(x,t) = p? (uo(x, T) + pU(x, 1)) e,

with T = ut and U(x, t) is the residual term to the leading-order term
Uo(X, T) = > én(T)lin(x),
nez

where {0 n}nez is @ complete set of Wannier functions for the I-th spectral
band and {¢n }nez is a set of complex-valued amplitudes.
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The DNLS equation

The function U(x,t) is not growing in t if {¢n }nez Satisfies the DNLS equation

i¢5n =« (¢n+1 + ¢n—1) + Uﬁ|¢n|2¢n»

for some p-independent constants « and .

Recent results on justification of lattice equations:
@ lattice equations for a nonlinear heat equation with a periodic diffusive
term in Scheel-Van Vleck (2007)

@ lattice equations for an infinite sequence of interacting pulses in
reaction—diffusion equations in Zelik—Mielke (2007)

@ interaction of modulated pulses in periodic potentials in Giannoulis,
Mielke and Sparber (2008)

@ finite-size lattice equations for the Gross—Pitaevskii equation with a
multiple-well trapping potential in Bambusi—Sacchetti (2007)
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Spectral theory

Fourier—Bloch transform for periodic potentials

Operator L = —82 + V(x) is extended to a self-adjoint operator which maps
H2(R) to L2(R). Spectrum o(L) is purely continuous, real, and consists of the
union of spectral bands.

Let u(x; k) = e®w(x; k) be the Bloch function, where k € [-1/2,1/2] and
w(x; k) is a periodic eigenfunction of Lyw = ww, where

Ly = e ™ Le®™ = —(92 + ik)? + V (x).

Let (wi, u) denote the I-th eigenvalue—eigenfunction pair. We normalize the
amplitude and phase of the Bloch functions by two conditions:

/ G|/(X, kl)U| (X7 k)dX = 5|’|/5(k — k/)

and
u(x; —k) = Gy(x; k)
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Wannier functions

The band function w(k) and the Bloch function u;(x; k) are periodic with
respect to k with period 1. Therefore, we can use the Fourier series

WI(k) = Z(‘\)Lneizﬂnky u (x; k) = Z le,n(X)eiank

nez nez

Because of the phase normalization of u;(x; k), the functions {(; ,} are
real-valued.

Because of the Floquet theorem, we have

u(X +2m k) = u(x; K)e?™ = G n(x) = G p_1(x — 27) = G o(x — 27n).

The functions in the set {{ ,} are called the Wannier functions.
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Properties of Wannier functions

W. Kohn, Phys. Rev. 115, 809 (1959)

@ Orthogonality
(G, ) 1= / G ()01 (X)X = 1 10
R

@ Basis and unitary transformation in L?(R)

Yuel’(R): u(x)= chl,nﬂl,n(x)7 Cin = (i n, U(X)).

leEN neZ

@ If the I-th spectral band is disjoint from other bands, then

[0 n(x)] < Cle™m*=2 " wn e 7z, vx eR.
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New properties of Wannier functions

Fix I € N and assume that the |-th spectral band is disjoint from other spectral
bands.

@ If ¢ € 1*(Z) and u(x) = 3.5 cnlin(x), then u € HY(R), such that the
function u(x) is bounded, continuous, and decaying to zero as |x| — occ.

@ If 0 5 (x) satisfies the exponential decay and |c,| < Cr /"l uniformly on
n € Z forsome C > 0and 0 < r < 1, then u(x) decays to zero
exponentially fast as |x| — cc.
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Spectral theory

Tight-binding approximation

Let 1 be a small parameter of V(x) and consider a small interval 0 < p < 1.
Fix | € N and assume the following properties:

@ The I-th spectral band is bounded away from the rest of o(L):

inf inf K=ol >1
VmelN\ﬂ}kaeqr'wm( )~ Giol =

@ Center of the I-th band is bounded as . — O:
Dol S 1
@ The width of the I-th band is small as y — 0:
Con<|®al <Cfp,  |okl <Ca?, k=2
@ There exists a non-zero (g such that
[Gr0 — GoflL=®) < 1
@ The Wannier function o decays exponentially in the sense

sup |Gio(x)| < Cu", n>1
[—27n,—27(n—1)]U[27n,27(n+1)]

D.Pelinovsky (McMaster University) Justification of tight-binding approximation May 20, 2008 12 /22



Spectral theory

Example of V

Let us consider V in the form

V(x) = 72 x € (0,7) mod(2~)
N 0, X € (w,2mw) mod(2)

Explicit computations show that ;, = ce~7/¢.
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Spectral theory

Spectrum and Wannier functions
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Main results

Theorem 1: Let ¢(T) € CL([0, To],11(Z)) be a solution of the DNLS equation
idn + (i1 + 6n-1) + Bdn[*dn = O,

with o = &1/, B = ||G|,o||f4(R), and initial data &;0 satisfy the bound

for some Cy > 0. Then, for any 0 < p < 1, there exists a u-independent
constant C > 0 such that the Gross—Pitaevskii equation has a solution
u(t) € CY([0, To/u], HY(R)) satisfying the bound

¢o — pt/? Z én(0)0y n(X) < Cop?

nez

HY(R)

< CILLB/Z.
HA(R)

vt e [O,To/,u] : “¢(at) - ,ul/z Z¢n(T)GI,n

nez

Here H(R) is equipped with [|u|l+: = [|(1 + L)Y2u||2().
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Main results

Theorem 2: Let ¢ € 11(Z) be a solution of the stationary DNLS equation
a(éni1 + ¢n-1) + oB|¢n[dn = Q¢n

with Q = (w — &1,0)/u. Assume that the linearized lattice equation at ¢ has a
one-dimensional kernel in 12(Z) spanned by the eigenmode {i(f)} and the rest
of the spectrum is bounded away from zero. Then, for any 0 < u < 1, there
exists a u-independent constant C > 0 such that the stationary
Gross—Pitaevskii equation

—¢" +V(X)¢ + olpfPd = wo

has a solution ¢ € H1(R) with

< CM3/2.

H(R)

H¢(X) — pt/? Z dnlin(X)

nez

Moreover, ¢(x) decays to zero exponentially fast as x| — oo if {¢n} decays to
zero exponentially fast as |n| — oo.
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Main results

Justification of time-dependent equations

After the substitution

u(x,t) = 7 (p(x, T) + pp(x, t)) @ 71410t
with
eOGT) = én(T)hia(x), T =upt,

nez
we obtain the time-evolution problem

-,

i = (L — @10) ¥ + uR(P) + poN (g, ),

where .
IR(®)12m) < CrllDllinz)
and
IN(, )z < Cn (I bllingay + 16y -
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Local well-posedness and energy estimate

@ Let ¢(T) e CH(R,I1(Z)) and o € H1(R). Then, there exists a t, > 0 and
a unique solution (t) € C°([0, to], H1(R)) N C([0, to], L?(R)).

@ Forany 0 < 4 <« 1 and every M > 0, there exist a u-independent
constant Cg > 0 such that

5100 < ke (181 + 190 @

as long as [|9||+2 < M.

@ By Gronwall’s inequality, we thus have

te[0,To/ ]

sup  [|(t) [l (r) < <||¢(0)||H1(R) + CETOTS[%E | ||<1_5(T)|||1(Z)> gCeTo
€10, To
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Main results

Justification of stationary equations

Let w = & o + 12 and consider a decomposition

$(x) = 12 (p(x) + o (x))
where ¢ € & and ¢ € &*. Then, ¢ solves
—" +V (X9 — 81,00 = p — 0pQlp + pbl? (0 + )
while ¢ satisfies
1 R -
- Z &rm (én4m + Pn—m)+o Z Knngnz,ng @ny @ On, = Q0 — o P+ pah)
K meN (n1,n2,n3)

where
K = [ 01a(X)01, 00001, (X)010, ()
R
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Stationary localized solutions

Solutions of the stationary DNLS equation

(Q—0Bh) dn = a(dni1 + dn-1)

have the following properties (MacKay, Aubry, 1994):

@ All solutions in I*(Z) are real-valued.

@ Solutions can be classified by the number of non-zero nodes in the
limiting compact solutions at « = 0:

. | £(e9/B)Y?, ne UL
l@o% - { 0, ne U

where dim(Up) = oo and dim(U4.) < cc.
@ The linearized lattice equation for real-valued solutions

(L) = (2= 3067) ¥ — (s +n-1)

has no zero eigenvalues for small a.
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Examples of localized solutions

D.P.,, P. Kevrekidis, D. Franzeskakis, Physica D 212, 1-19 (2005)
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Other extensions

@ Results remain valid in N = {2, 3} for a class of separable potentials
V (X1, X2, X3) = V1(X1) + Va(X2) + V3(X3).

Assumption of non-degeneracy for linearized lattice equations is satisfied
for many localized solutions such as 2D and 3D discrete vortices.

@ Results remain valid for piecewise constant potentials of the form
V(X +L)=V(x)

in the limit of large L.

@ It is more challenging to extend results to non-separable and
non-constant potentials, for instance to the potential

V(x) = e 2sin*(x)

The distance between spectral bands diverge as ¢ — 0 but so are the
values of & o.
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