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@ Three examples of dynamics of periodic travelling waves

e Characterization of periodic waves in the derivative NLS
e Rogue waves on the periodic wave background in the NLS

e Fluxon condensates in the sine—Gordon equation
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Three examples of dynamics of periodic travelling waves

Fluxon condensates in the semi-classical limit

The sine—Gordon equation in the semi-classical limit is
Eurr — €uxx + sin(u) = 0,

with small e. Fluxon condensate arises in the evolution from the initial
condition:
u(X,0)=0, eur(X,0)=G(X),

where G is fixed with either |G|~ < 2 (librational waves) or |G|« > 2
(rotational waves). e is selected at {en}nen SO that the solution is purely
N-soliton potential and ey — 0 as N — oo.

2\/\/ s
\/\/ : Left: Orbits of f +sin(f) = 0.

) @ ( R.J. Buckingham—P.D. Miller (2012, 2013);

2 M B.Y. Lu—P.D. Miller (2020)
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Three examples of dynamics of periodic travelling waves
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Rogue waves on periodic background

The focusing nonlinear Schrédinger (NLS) equation

. 1
e + Stoxc + [[Ph =0
admits the exact solution

4(1 + 2it) o

v =11 e e

It was discovered by H. Peregrine (1983) and was labeled as the rogue wave.

Properties of the rogue wave:
@ It is localized in space and time on the background of v(t) = e
@ It comes from nowhere and disappears without any trace.
@ ltis significantly magnified at the center: My := |¢(0,0)| = 3.
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Three examples of dynamics of periodic travelling waves

The surface plot of |¢(x, t)| for the rogue wave in NLS equation:

The rogue wave solution is related to the lump solution of the KP-I hierarchy.
D.Pelinovsky (1997);
P.Dubbard-V.B.Matveev (2013)
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Three examples of dynamics of periodic travelling waves

lul

The ”"second-order” rogue wave as in Y.Ohta-J.Yang (2012)
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Three examples of dynamics of periodic travelling waves

Peregrine’s rogue wave has long believed to play the major role in more
complicated dynamics of periodic waves in the NLS equation.

0

The result of numerical simulations in D. Agafontsev-V.E. Zakharov (2016)
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Three examples of dynamics of periodic travelling waves

Modulational instability of periodic waves

The derivative nonlinear Schrédinger (DNLS) equation
it + o + ([ FY)x = 0

admits the periodic traveling and standing wave solution
PY(x, 1) = e*Plu(x + 2ct)

with two parameters b and c.
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Three examples of dynamics of periodic travelling waves

Linear stability of such solutions is defined by linearized evolution equation
iwy — 4bw + 2icwy + Wxx + i[2|U|P Wy + UP Ty + 2(Ully + TUyx)W + 2ut, W] = 0

for the perturbation w in ¢(x, t) = e*? [u(x + 2ct) + w(x + 2ct, t)].

Separating variables by w(x, t) = wy(x)e” and w(x, t) = wa(x)e' results in
the spectral problem for the eigenvector (w;, w»)" and eigenvalue A.

Stability spectrum is the union of all A for which (wy, w,)" is bounded (Floquet
spectrum related to periodic u).

Definition

The periodic wave u is spectrally unstable if there exists A with Re(A) > 0
such that (wq, wo) € L>°(R). The periodic wave is modulationally unstable if
there exists an unstable band of Floquet spectrum with Re(A) > 0 that
intersects A = 0.
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Three examples of dynamics of periodic travelling waves

Stability spectrum A can be characterized from the linear Lax system
representing the DNLS equation for ¢(x, t) = e??7sp(x + 2c¢t, 1):

ox = U(u,N)p, ¢t +2ibozp +2cpx = V(u, Ny,
where

U— —i)2 \u vV —2iM* +iX|uf? 2X3u + A(iuy — |ul?u)
T =am a2 ) T T 2N+ (il + |ul?D) 2i\* — iX2|ul?

If A € C belongs to Lax spectrum (Floquet spectrum related to periodic u),
then eigenvector o(x, t) = x(x)e! ) for some specific Q()\) determines
solution of the spectral stability problem for (ws, w,)™ and A in

Wy = aXX?a Wo = aXX%7 AN =2Q.

Squared eigenfunctions were found in X.G. Chen-J.Yang (2002).
Recent study was done in J. Upsal-B. Deconinck (2020)
after similar studies of NLS in B. Deconinck-B.L. Segal (2017).
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Three examples of dynamics of periodic travelling waves

Main result from J. Upsal-B. Deconinck (2020):

If A € iR for a given A € RU IR, then A\ € R U iR belongs to the Lax spectrum.
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Spectral stability of periodic waves in DNLS subject to perturbations of the
same period was studied in S.Hakkaev-A.Stefanov-M.Stanislavova (2020).

D.Pelinovsky (McMaster University) Periodic waves in integrable equations 12/60



Our methods and results

@ We explore construction of periodic waves of integrable equations by
using complex-valued Hamiltonian systems arising in the nonlinearization
of the Lax equations (Cao—Geng, 1990) Also Z. Qiao; R. Zhou; J. Chen.

@ This allows to characterize the periodic waves in terms of eigenvalues of
the Lax equations associated with the periodic eigenfunctions for A = 0.

@ We give precise information on the location of Lax and stability spectra,
with assistance of a numerical package based on Hill's method.

@ We obtain solutions describing localized structures on the background of
periodic waves (either rogue waves or propagating algebraic solitons),
with assistance of the Darboux transformations.
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Our methods and results

@ We explore construction of periodic waves of integrable equations by
using complex-valued Hamiltonian systems arising in the nonlinearization
of the Lax equations (Cao—Geng, 1990) Also Z. Qiao; R. Zhou; J. Chen.

@ This allows to characterize the periodic waves in terms of eigenvalues of
the Lax equations associated with the periodic eigenfunctions for A = 0.

@ We give precise information on the location of Lax and stability spectra,
with assistance of a numerical package based on Hill's method.
@ We obtain solutions describing localized structures on the background of

periodic waves (either rogue waves or propagating algebraic solitons),
with assistance of the Darboux transformations.

A particularly interesting outcome is the explicit relation between
the existence of modulational instability and the existence of a rogue wave
on the background of periodic travelling waves.
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Characterization of periodic waves in the derivative NLS

Periodic travelling and standing waves

The derivative nonlinear Schrédinger (DNLS) equation
i+ e+ ([ P)x =
admits the periodic traveling and standing wave solution
PY(x, 1) = e*Plu(x + 2ct)
with two parameters b and c. The envelope u = u(x) satisfies
u" + 2|ujPu + 2icy’ — 4bu =0

From here, solutions are usually constructed by separation of variables
u(x) = R(x)e®™) with two additional integrations:

ao a 3

= _° _TR?_

ax R2 4 ¢
and

ax R2 16
where a and d are constants of integration.
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Characterization of periodic waves in the derivative NLS

Consider the first-order equation:

ax R2

2 2
(O’R) L & +7HG+ R4+R2(c —4b—§)+2ac 4d = 0.

For a # 0, phase singularity is unfolded for p := %Fi’2 and the solutions are
found from the quadrature
dp 2
(%) +aw=-o

where Q(p) = p* + 4cp® +2(2¢? — a— 8b)p? + 4(ac — 2d)p + &°.
For a = 0, there is no phase singularity and solutions are obtained from

Newton’s dynamics:
dR\?

where F(R) = 5 R® + SR* + (¢ — 4b)R?
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Characterization of periodic waves in the derivative NLS

Families of periodic waves for a =0

Left: ¢ < 4b. Right: ¢ > 4b, ¢ < 0, and b > 0. Here p = 1 R? > 0.
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Characterization of periodic waves in the derivative NLS

More properties from the integrability structure

A solution to the derivative nonlinear Schrédinger (DNLS) equation is the
compatibility condition of the Lax system discovered by D.Kaup—A.Newell
(1978), where the first equation is now called the Kaup—Newell problem:

(=D
e\ i)

Definition

If u(x) = R(x)e®™) with L-periodic R and @', then ) is called an eigenvalue
w.r.t. periodic boundary conditions if ¢ = (p, q)" is given by
p(x) = P(x)e®*)/2 and g(x) = Q(x)e"®*)/2 with L-periodic P and Q.
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Characterization of periodic waves in the derivative NLS

Three properties of eigenvalues and eigenvectors

@ Let )\ € /R be a simple eigenvalue with the periodic eigenvector
© = (p,q)". Then, there is ¢ € C with |c| = 1 such that g = cp.

Q Let ) € C be a simple eigenvalue with the periodic eigenvector
© = (p,q)". Then, X is a simple eigenvalue with ¢ = (g, —p)".

@ Let ) € R be an eigenvalue with the periodic eigenvector ¢ = (p, q)”.
Then, it is at least double with two linearly independent eigenvectors.
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Characterization of periodic waves in the derivative NLS

Complex Hamiltonian system

Fix A = A1 with o = (p1,Q1)T and A = A\p with ¢ = (pg,C]g)T S.t. A1 # Ao,

Consider the potential u of the Kaup—Newell problem given by either
. - U= MpE+ X,
A R, 2=\ S
recvr =R TR0

or

M=ip, de=ife { u=ip1p; + iB203,

g1 =—ip1, Q=—ip2 U= —iB1p? — iB205.
The Kaup—Newell problem becomes a complex Hamiltonian system
generated by the Hamiltonian function

. . 1
H = iXip1qr + iXspage — 5 (MPF + 22P3)(MGF + A2G8).
with additional conserved quantity

M = i(p1gi + p2@e).

Both conserved quantities are real for the two cases above.
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Characterization of periodic waves in the derivative NLS

Travelling wave reduction

Differentiating the constraint between u and eigenfunctions:

U= \ps + \ap3,

au . , ,
ot iluPu+ 2iHu + 2i(A\3p? + \3p5) = 0,

= du + ii(|u|2u) + 2iH@ + 4(X3p% + \3p3 + iNfupy gy + iddupage) = 0.
dX2 dX dX 1M1 2M2 1 2

The last equation yields the travelling wave reduction of DNLS:

A?u .d, . du
ﬁ+/a(|u| u)+2/ca—4bu_0,

where b= A3A35(1 + M) and ¢ := A? + \3 + H.
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Characterization of periodic waves in the derivative NLS

Integrability of the complex Hamiltonian system

The complex Hamiltonian system on (p1, g1) and (p2, g2) is a compatibility
condition of the Lax equation

d
5V = U0y — U w),

where U(\, u) is the same as in the Kaup—Newell system and

Vi WUy
“} =
(‘U21 —Vy4 )
with

Npigi Mpege  —i[M — (¢ + 3|ul?)N2 + b]

Wi = —i— - = ’
M-AT A (2 =AH(° = A9)

Wiy o A [ MPE L DePB ] AN (G + lufPu) — e
Moo 22— X
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Characterization of periodic waves in the derivative NLS

detV is constant and has simple poles at (A, £A2):

det U — 1 2HN? — NMM(M +2) P()\)
(2=XDOE-R) (229202 - )

with
P(A) = X8 —2c)® + (a+2b+ c®)X* + (d — c(a+ 2b))A\? + b2.

Here the new constants a and d appear in the conserved quantities

. _du du 4 2
2i <udx—udx>—3|u| —4clul® = 4a
and
du |? 6 4 2
2 ax — |u]® — 2c|u|* — 4(a+ 2b)|u|” = 8d

New parameters are related to parameters of the algebraic method:
a:=M\2M2 — H? and d := N2\3MH(M + 2) — H?(\2 + )3 + H).
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Characterization of periodic waves in the derivative NLS

Characterization of periodic waves

Thus, the periodic waves of the DNLS are related to the polynomial

P(\) = A8 —2¢)® + (a+2b+ c®)M\* + (d — c(a+2b))\2 + b2.

Denote four pairs of roots of P(A\) by {1, £X2, A3, A4}, where any two
roots can be picked for the algebraic method.

Recall the periodic waves are given by the first-order equation for p = %|u|2:

2
(gﬁ) + Q(p) =0, Q(p) = p* + 4cp® +2(2c® — a— 8b)p? + 4(ac — 2d)p + &

Denote four roots of Q(p) by {u1, us, U3, Us}.

The remarkable property of periodic wave is the explicit relation:

ur = —3(M— A2+ A3 — M) us = —%()\1-#)\2—)\3—)\4)2,
o = —1(—A2— A3+ M), Uy = —z(M+ A2+ A+ )2

A. Kamchatnov (1990)
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Characterization of periodic waves in the derivative NLS

First family of periodic waves

Four roots of Q(p) are real: us < uz < u» < uy. Then,

(U1 — us) (U2 — Us)
(U2 — U4) + (U1 — Ug)an(,uX; k),

with 2u = /(U1 — u3)(te — Us) and 2uk = /(ur — U2)(Us — Ua).

p(X) = us +

This family occurs only in two cases:
Two complex quadruplets when uy < u3 <0 < w < uy,

M=o = + 0B, A3 =M = az +iBs.
Four pairs of purely imaginary eigenvalues when 0 < uy < usz < U < Uy,

A= if, A2 = if32, A3 = if3s, Ay = iBa.
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Characterization of periodic waves in the derivative NLS

Second family of periodic waves

Two roots of Q(p) are real u, < uy and two roots of Q(p) are
complex-conjugate us 4 =y % in. Then,

(U2 — tr)(1 — en(px; k))

p(x) =uy + 1T+06+ (0 — 1)en(ux; k)’

with 4, , and k are given in terms of uy, U», 7, and 7.

This family occurs only in one case:
One complex quadruplet and two pairs of purely imaginary eigenvalues when
0 < <.
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Characterization of periodic waves in the derivative NLS

Periodic waves for a= 0 and ¢? < 4b
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Three different cases:
@ d € (d_,0): positive periodic solutions of the first family with two complex
quadruplets;
@ d € (0, d,): sign-indefinite periodic solutions of the first family with two
complex quadruplets;

@ d € (d;, c): sign-indefinite periodic solutions of the second family with
one complex quadruplet and two pairs of purely imaginary eigenvalues.
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Characterization of periodic waves in the derivative NLS

Two complex quadruplets
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®u =19,u=02,u3 =0, us =—0.3.
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Characterization of periodic waves in the derivative NLS

Two complex quadruplets

\ Y/
VN

(@u =12,u, =0.3,u3 =0, us =—0.8.

2

(b) Uy = 3.9, Up = 0.193012, U3 = 0, Uy = —4.090301.
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Characterization of periodic waves in the derivative NLS

One complex quadruplet and two pairs of imaginary

A\ "4
™

(@u=1.2,up=0,u3 = —0.4— 0.2/, uy = —0.4 4 0.2i.

N~
~

(byuy =32, Up =0, Uy = —0.6 + 0.2/, ug = —0.6 — 0.2i.
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Characterization of periodic waves in the derivative NLS

One complex quadruplet and two pairs of imaginary

~” 05

0 } 00 ><
N 05

2 1 0 I 2 3 s 0 1 3 3

(ayuy =8,u, =0, u3 =—-0.1+0.6/, uy = —0.1 — 0.6/.

Missing for analysis:
@ No Lax spectrum between imaginary eigenvalues;
@ No four reconnection across the outer branches
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Characterization of periodic waves in the derivative NLS

Periodic waves fora=0, ¢2 > 4b,c < 0,and b > 0
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Three different cases:

@ d € (d_,0): positive periodic solutions of the first family with two complex
quadruplets;

@ d € (0,d,): positive and sign-indefinite periodic solutions of the first
family with four pairs of purely imaginary eigenvalues;

@ d € (d;, c): sign-indefinite periodic solutions of the second family with
one complex quadruplet and two pairs of purely imaginary eigenvalues.
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Characterization of periodic waves in the derivative NLS

Four pairs of imaginary eigenvalues

L5 l 075
~1.00

—20
L0 -05 00 05 10 0.04 0.02 0.00 0.02 0.04

Remarkable properties:
@ Stability is observed only for ¢® > 4b, ¢ < 0, and b > 0 for periodic waves
Y(x,t) = e*Plu(x + 2ct)
@ Two different families of periodic waves (positive and sign-indefinite)
share the same Lax spectrum and the same stability.
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Characterization of periodic waves in the derivative NLS

Commercial break: job posting at McMaster University

Tier 1 CRC in Mathematical Analysis and Applications

The Department of Mathematics and Statistics at McMaster University invites
applications for a faculty position at the rank of Associate or full Professor to
hold a proposed Tier 1 Canada Research Chair in Mathematical Analysis and
Applications. This position is intended to be a tenure-track appointment,
although a tenured appointment is possible. The expected start date for this
position is July 1, 2021.

Deadline for application is December 1, 2020.

Further details on https://www.mathjobs.org/jobs/application/16437
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Rogue waves on the periodic wave background in the NLS

Periodic wave background

The focusing nonlinear Schrédinger (NLS) equation

, 1
b + e+ [P = 0

also admits the periodic traveling and standing wave solutions, e.g. the
dnoidal and cnoidal waves:

Yan(X, 1) = dn(x; k)€ =K/ (x, 1) = ken(x; k)e/k* =1/,

;

| wcn‘

o
o
'
[y
ey

| wdn|

0 0
(1] (T4
0] - ? —
gt gt
5 5 ‘ ‘
HENARRN
= I ‘ ‘ I | =000
3 2 1 0 1 2 3 -6 -4 -2 0 2 4 6
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Rogue waves on the periodic wave background in the NLS

Rogue waves on the periodic wave background

Can we obtain a rogue wave on the background g such that

inf sup’¢(x,t)—¢0(x—xo,t—to)eio‘O 50 as t—doo 777

Xo,f0,0€ER xcR

This rogue wave appears from nowhere and disappears without trace.

Let ¢ be a solution of the NLS and ¢ = (p, )" be solution of the Lax system:

_( A _ o PHLWE Skt M
¢X_<_,(/_} Y >¢7 ¢[_I< %QZXEAQ/; 7327%‘1]“2 >¢

Let ¢ = (p1, 1) be a nonzero solution of the Lax system for A = A\ € C. The
following one-fold Darboux transformation (DT):

2(M1 + M)p1 G

=1+
=T TR i

)

provides another solution ¢ of the same NLS equation.
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Rogue waves on the periodic wave background in the NLS

Lax and stability spectra for the dn-periodic wave

Similarly to the DNLS case, the periodic waves are related to the polynomial,

1(u

P(\) = (U1 + UB)NZ + 16

with two pairs of roots {1, +Ao}:

A =

5 2T
The dn-periodic wave has u; =1, u, = V1 — k2:

1

1

u + U2 Ui — U

— U5)?

0.5 0.5

0 — C— 0

-0.5 -0.5

-1

-1

-1 -0.5 o 0.5 1 -1 -0.5

0

0.5

1

Which value of )\ to use for Darboux transformation to_get rogue wave?
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Rogue waves on the periodic wave background in the NLS

Let ¢ = (p1,g1)7 be the periodic eigenvector for the eigenvalue A\ with A = 0
(a root in the algebraic method). The second, linearly independent solution
¢ = (P1,q1) can be defined in several ways, e.g.

R
P12 + (a1 ]2

as

s, Q1 = q101 +
PP +lgp 71

pr = pi61 —

such that p1 g — p1g; = 1 (the Wronskian is normalized to 1).

The scalar function 64 (x, t) satisfies

904 4(\1 + )1 Gy

ax (PP +lai?)?

and - < o
961 4i(NF = 2)p1ar | 2i(\ + M)(¥PF +9))

ot (e + o[22 (Ip1[? + 1g1[?)?
It is generally a linear growing function of (x, t) as |x| + || — cc.
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Rogue waves on the periodic wave background in the NLS

Rogue wave on the dn-periodic background

Here we have ¢(x, t) = dn(x; k)e'(1=k/2t |p|2 4 |q4 |2 = dn(x; k), and

01 (x, 1) = 2x + 2i(1 £ 17k2t12\/17k2/

dn y k
such that |61(x, t)] — oo as |x| + |t| — oo.
Rogue wave on the background ¢ is generated by the DT:
- 2(\1 4 M)P1
P1]2 + | [2

where o e

I Qi A P1

= 9 — T o 5> = 9 4— T > 1 o-°

S A PN R A

As t — o0,

2\ +M)piGr _

b(x, t o =Y+
v Do v P12+ | |?
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Rogue waves on the periodic wave background in the NLS

The rogue wave for the larger eigenvalue A\ = %(u1 + u2) has the larger
magnification M(k) =2 + V1 — k2, k € [0,1].
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Rogue waves on the periodic wave background in the NLS

The rogue wave for the smaller eigenvalue X\, = 1 (us — uz) has the smaller
magnification M(k) =2 — v1 — k?, k € [0, 1].
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Rogue waves on the periodic wave background in the NLS

Lax and stability spectra for the cn-periodic wave

Here polynomial P(A) = A* — 1(u? + u3)\2 + {5 (U2 — u2)? has a quadruplet of
roots {1, £\ } with Ay = 3(uy + w2), where uy = k, up = iv/1 — k2.
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Rogue waves on the periodic wave background in the NLS

Rogue wave on the cn-periodic background

Here we have (x, t) = ken(x; k)&l =1/2)t |2 + |4 |2 = dn(x; k), and

&uﬁzzﬁ/cnwkm’zmv /@/ + 2ikt
o dn?(y;k) nyk)

such that |01(x, t)| — oo as |x| + |t| — oo.
Rogue wave on the background u is generated by the DT:

2(M + A1)P1 Gy

D=9+ =5 2
1P1[% + G412
where o e
g a1 P P
= 9 — T 5> = 9 4— % 1 5-
S TN P N T
As t — oo,

2(\1 + M)p1 G

h(x,t o =P+
¢( )||91|% '(/) |p1‘2 n |q1|2
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Rogue waves on the periodic wave background in

The rogue wave has exactly the double magnification factor.
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Rogue waves on the periodic wave background in

The rogue wave has exactly the double magnification factor.
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Rogue waves on the periodic wave background in the NLS

With the two-fold Darboux transformations, one can use both eigenvalues and
construct a more symmetric rogue waves on the cn-periodic background. The
rogue wave has exactly the triple magnification factor.
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Rogue waves on the periodic wave background in the NLS

Experimental observations of rogue waves

The same rogue waves are observed in optics (left) and hydrodynamics
(right). Thanks to G. Xu, B. Kibler (left) and A. Chabchoub (right).
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Rogue waves on the periodic wave background in the NLS

Relation to modulation instability of the periodic wave

The NLS equation admits the periodic waves with nontrivial phase:
U(X) — R(X)eie(x) eZibt
with
R(x) = /B — k2sn2(x; k), O(x) = 2a/ R
where 3 and k are two parameters. B. Deconinck—B.L. Segal (2017).

1
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Rogue waves on the periodic wave background in the NLS

Here are two rogue waves obtained from the one-fold Darboux transformation
associated with the eigenvalues \ = ‘5(\/,0_1 + \/p2) = 51/—ps. The rogue wave
is defined by the growth of the function

01(x, 1) = 2 /0 QAtZER p‘”;zi(y,_,f;(\/p_‘i VP2) gy oty + )t

~
o

Amplitude
- oo
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o
o
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Fluxon condensates in the sine—Gordon equation

Travelling periodic waves in the sine—Gordon equation

The sine—Gordon equation is

U — Uxx + sin(u) = 0.

The travelling wave solutions u(x, t) = f(x — ct) with ¢ > 1 satisfy (after
Lorentz transformation) the differential equation "’ + sin(f) = 0.

W Rotational solutions:
@ f'(x) = £2k~'dn(k~'x, k).
Librational solutions:

M : f'(x) = 2ken(x, k).

77\
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Fluxon condensates in the sine—Gordon equation

Spectral and modulational instability of periodic waves
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B. Deconinck—P. McGill-B.L. Segal (2017)

C. Jones, R. Marangell, P. Miller, R.G. Plaza (2013).
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Top:

Rotational waves
Bottom:
Librational waves

Left:

Lax spectrum
Right:

Stability spectrum
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Fluxon condensates in the sine—Gordon equation

Real-valued Hamiltonian system

The Lax system of linear equations is written in characteristic form:
O Pl 1A —ue] [P
ocla] 2ue —-A]|[q

] -z [ ) [B)

where ¢ = J(x + t)and n = 1(x — 1).

and

The real-valued Hamiltonian system is obtained with the constraint:
—Ue = P + G,

where (p1,g1)" is an eigenvector for the eigenvalue A, which is a root of the
polynomial P()), and u = f(£ — n) being the normalized periodic wave.
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Fluxon condensates in the sine—Gordon equation

Rogue wave on the rotational background

One-fold transformation with the second solution

b1 = pibr — &=+ 55—

_a p1
PF+ a7’ pF+ a7’
With O(E.m) = C+ 3(6 + 1) — gt fo €77 dn?(2 + K(K); k)dz.

This rogue wave corresponds to the larger positive eigenvalue A4.
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Fluxon condensates in the sine—Gordon equation

Another rogue wave on the rotational background

This rogue wave corresponds to the smaller positive eigenvalue A;.

Imaginary Part

2 45 1 05 0 05 1 15 2
Real Part

D.Pelinovsky (McMaster University) Periodic waves in integrable equations 54/60



Fluxon condensates in the sine—Gordon equation

Both rogue waves on the rotational background

Using two eigenvalues in the two-fold Darboux transformation gives the
kink-antikink solution with the speeds on (x, t) plane:
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Computing sin(&) = g, by numerically differentiating w = —i in n with a
forward difference yields the surface plots of sin(&) in (x, t).
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Fluxon condensates in the sine—Gordon equation

Rogue wave on the librational background

One-fold transformation with the second solution

N B

p1* q1 ’ Q1: p1 )
. 72
)= 0 (0 B
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Computing sin(&) = g, by numerically differentiating w = —i in n with a
forward difference yields the surface plots of sin(&1) in (x, t).
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Compare with R.J. Buckingham—P.D. Miller (2013):
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Rogue waves by other methods

We are using the Darboux transformation (DT):

R.Li-X.Geng (2020) used another DT in the form:
U = u— 4arctan[tan(arg(A\1)) tanh(Im(p1 /q1))] -

0 > A
N
\\\ o il
< -
5 \'\ ail ad 4
0 w N T ~
0 — 0 10 —
~ o & >~ S 10
" —z ¢ e
E ~— E ] - 20
2w 9 0 A0

B.Y. Lu—P.D. Miller (2020) used DT in the Riemann—Hilbert problem.
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Fluxon condensates in the sine—Gordon equation
Summary

@ Periodic waves of integrable equations are constructed by using either
real or complex Hamiltonian systems

@ This allows us to characterize the periodic waves in terms of eigenvalues
of the Lax equations associated with the periodic eigenfunctions

@ We obtain the precise location of Lax and stability spectra, with
assistance of the numerical package based on the Hill's method.

@ We further obtain exact solutions describing localized structures on the
background of periodic waves (either rogue waves or propagating
algebraic solitons), with assistance of the Darboux transformations.

@ Full localization of rogue waves is related to the modulational instability of
the background periodic wave.

Thank you for listening!
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