Spanning sets

Let {vi,Vva,...,Vi} be vectors in R™. A vector of the form
V =11V1 +12Vvy + - + TV,

where (t1,%o,...,tr) are real parameters, is called a linear
combination of the vectors {vi,vs,...,vi}. The set of all linear

combinations of v{,..., vy is called the span of the vectors:

Span{vl, ce ,Vk} = {t1V1—|—° . +thk . (tl,tg, ce ,tk)T c Rk} cR"

Example

® V=101Vy

® V=1=01vV] +1lavy




Theorem

Let {vi,Va,...,Vi} be vectors in R™. The span{vy,...,vx} is a

subspace of R™ which contains each of the vectors {vy,...,Vvi}.

Example

Let A be an n x n matrix with rank(A) = r.
Let {X1, ..., X} be basic solutions of AX = 0.
Let {C1,...,Cy} be columns of A.

e The null space of A is
null(4) ={X e R": AX =0} =span{ Xy, ..., Xpp_r}
e The image space of A is

im(A) ={Y e R": Y = AX} = span{C}, ...,Cy},




Let U be a subspace of R". If there exist vectors vq,...,Vvy such
that U = span{vy,..., vy}, then U is spanned by vq,..., vy and
the set {vy,..., vy} is a spanning set for U.

The vector u € R" belongs to U, such that u € U, if there exist
real numbers ¢4, ..., {;, such that

u=1%vy+..+1vg.

The representation for u € U can be expressed as the linear system
Vx =u,

where V = [vivy... V] is the n X k-matrix and
X = (t1,...,t,)T € RF. When k < n, the linear system is
over-determined and may not have solutions (which means that

u ¢ U). When the system has a solution (unique or infinitely

many), it means that u € U.




Example

Given two vectors v and vy in the spanning set, represent vectors

u and w over the spanning set,

Example

Repeat the previous example with




