4.3 Schrodinger equation in three dimensions

4.3.1 Classification of Schrodinger equations
e Time-dependent Schrodinger equation
iuy = —Au+V(z,y, 2)u,

where u = u(z,y, z,t) € C is the wave function of a quantum
particle and V' = V(x,y, z) € R is the quantum potential.

e Stationary Schrodinger equation
such that ¢ € L*(R?) with the normalization condition:

/ 1| dedydz = 1,
R3
where u(x,y, z,t) = ¥(x,y, z)e”Ft and E is the energy level.

4.3.2 Spherically symmetric potentials V =V (r)
e Spherical coordinates:

x = r sinf coso,
= 7 sinf sin ¢,

z = r cosf

where 7 is the radial variable, @ is the latitudinal angle, and ¢
is the azimuthal angle.

e The domain for the ball of radius a:

D={(r0,¢): 0<r<a, 0<0<m 0<¢<2r}

e Laplace equation in spherical coordinates;
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4.3.3 Sturm-Liouville problems after separation of variables
Consider the stationary Schrédinger equation with V(r) = 0 and
Yz, y,2) = R(r)O(0)2(¢)
e Harmonic oscillator equation for ®(¢):
P" 4+ NP = 0, 0< ¢ <2m,
subject to the periodic boundary conditions:
P(0) = d(27), D'(0) = '(27)

e Legendre polynomial equation for ©(6):

n2
sin? 6
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O+ uo =0, 0<O<n
subject to the bounded boundary conditions:
©(0) and O(m) exist

When 2 = cosf and ©(f) = y(x), we have the associated
Legendre equation:
n2

(1 —2H)y" — 229 + py — y =0, —-1<z<1

1 — a2
e Bessel function equation for R(r):
r’R'+2rR' + (Er’ —l(l+1)R=0, 0<r<a,
subject to the Dirichlet boundary condition:
R(0) exists and R(a) =0
When R(r) = y(r)/+/r and r = x, we have the half-integer

Bessel equation:
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4.3.4 Construction of spherical harmonics
e The set of 2m-periodic Fourier eigenfunctions:
— 2 __ _ing
A=n’, O, (p) = e™?, n € 7,

such that
27
(B0 ®) = [ Bul0)D(0)d0 = 28,

e The set of orthogonal (associated) Legendre polynomials:
p=11+1),  6,6)=P"(cosh), €N,

such that
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(©1,0)) = / sin @ ©,(0) Op(6) do
0

e The set of orthogonal half-integer Bessel functions:

E = (Zl_’m)2, R(r) = ji <Z”ZL’ZT) , m € N,

a

where 7;(z) is a spherical Bessel’s function:

v
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such that

(Rm7 Rm’) = / 7“2 Rm(T) Rm/(T) d”l“ ~ 5m,m’
0

Eigenfunctions Y,"(0, ¢) = Pl|n|(0089) e n € Z,1 € N are
referred to as the spherical harmonics in R3.





