
4.3 Schrödinger equation in three dimensions

4.3.1 Classification of Schrödinger equations

• Time-dependent Schrödinger equation

iut = −∆u + V (x, y, z)u,

where u = u(x, y, z, t) ∈ C is the wave function of a quantum

particle and V = V (x, y, z) ∈ R is the quantum potential.

• Stationary Schrödinger equation

−∆ψ + V (x, y, z)ψ = Eψ,

such that ψ ∈ L2(R3) with the normalization condition:∫
R3
|ψ|2dxdydz = 1,

where u(x, y, z, t) = ψ(x, y, z)e−iEt and E is the energy level.

4.3.2 Spherically symmetric potentials V = V (r)

• Spherical coordinates:

x = r sin θ cosφ,

y = r sin θ sinφ,

z = r cos θ

where r is the radial variable, θ is the latitudinal angle, and φ

is the azimuthal angle.

• The domain for the ball of radius a:

D = {(r, θ, φ) : 0 ≤ r ≤ a, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π}

• Laplace equation in spherical coordinates;
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4.3.3 Sturm-Liouville problems after separation of variables

Consider the stationary Schrödinger equation with V (r) = 0 and

ψ(x, y, z) = R(r)Θ(θ)Φ(φ)

• Harmonic oscillator equation for Φ(φ):

Φ′′ + λΦ = 0, 0 ≤ φ ≤ 2π,

subject to the periodic boundary conditions:

Φ(0) = Φ(2π), Φ′(0) = Φ′(2π)

• Legendre polynomial equation for Θ(θ):

Θ′′ + cot θΘ′ − n2

sin2 θ
Θ + µΘ = 0, 0 ≤ θ ≤ π

subject to the bounded boundary conditions:

Θ(0) and Θ(π) exist

When x = cos θ and Θ(θ) = y(x), we have the associated

Legendre equation:

(1− x2)y′′ − 2xy′ + µy − n2

1− x2
y = 0, −1 ≤ x ≤ 1

• Bessel function equation for R(r):

r2R′′ + 2rR′ +
(
Er2 − l(l + 1)

)
R = 0, 0 ≤ r ≤ a,

subject to the Dirichlet boundary condition:

R(0) exists and R(a) = 0

When R(r) = y(r)/
√
r and r = x, we have the half-integer

Bessel equation:
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4.3.4 Construction of spherical harmonics

• The set of 2π-periodic Fourier eigenfunctions:

λ = n2, Φn(φ) = einφ, n ∈ Z,

such that

(Φn,Φn′) =

∫ 2π

0

Φ̄n(φ)Φn′(φ)dφ = 2πδn,n′

• The set of orthogonal (associated) Legendre polynomials:

µ = l(l + 1), Θl(θ) = P
|n|
l (cos θ), l ∈ N,

such that
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• The set of orthogonal half-integer Bessel functions:
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, Rm(r) = jl
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)
, m ∈ N+,

where jl(z) is a spherical Bessel’s function:
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2
(z), jl(zm,l) = 0,

such that

(Rm, Rm′) =

∫ a

0

r2 Rm(r) Rm′(r) dr ∼ δm,m′

Eigenfunctions Y n
l (θ, φ) = P

|n|
l (cos θ) einφ, n ∈ Z, l ∈ N are

referred to as the spherical harmonics in R3.




