3.2 Continuous random variables

3.2.1 Properties of probability density

b
Prob{a < x < b} = / p(z)dx,
where p(x) is probability density function (pdf).

1. Range
0<px)<1, =x€R

/_ Z pla)ds = 1

3. Mean value on z € R:

o= / ) zp(x)dx

o0

2. Normalization

4. Moments

mn:/ x"p(x)dz,

o

such that m; = p.

5. Variance

o = / (x — p)*p(x)dr = my — 2,

©¢)

where o 1s standard deviation from the mean.

Example:

0, <0
r, 0<x<1
2—x, 1 <x<2
0, 2<=x




3.2.2 Normal (Gaussian) distribution

plr) = e l_; ( - u)]

where g is the mean and o is the standard deviation.

Standardized normal distribution: @ = 0 and ¢ = 1 in the stan-
dardized variable:

1. Normalization

o0 e\ 2 o0
! / e_%(TM) dr = L/ e_%Zde =1
270 J—oo V2T J o

2. Mean value:

1 > 1/ z—p)\2 1 0 1.2
:Ue_?(7> dr = —/ +oz)e 27 dz =
2mo /_oo V2T _OO(M ) s

3. Variance
1 o0 9 _1l(xz—p
T — 67<T) dr = e 22dz—02
2mo /oo( ,u) 2T

4. Confidence intervals:
Prob{pu—oc <x<pu+o} = 68%
Prob{pu — 20 <x < pu+20} = 95.5%
Prob{u —30c <x < pu+3c} = 99.7%

5. Characteristic function
2.2

o(s) = / p(x)e" dx = ¢ishe 20

o

such that ¢(0) = 1, ¢'(0) = ix, and ¢ (0) = i"m,,

6. Central moments

(_1)k+1(2k)!02k B
M, / x — r)dr = 2k k! , n=2k
0, n=2k+1

such that My = o2 and M, = —30%.



3.2.3 Recipe # 10: How to find probability from the normal distribution

Define the standardized normal cumulative distribution:

1 z
(I)(Z) = \/—2771_/ 6_%82d8

Find the probability Prob{z < xy} in terms of the value of ®(z).

1. Use the standardized variable and transform:

Prob{zx < x¢} = ® (:1:0 — N) .

o

2. Compute ®(zg) from the table of ®(z). If necessary, use the
identity:
P(z) + D(—2) =1, Vz e R.

3.2.4 y-square distribution of degree n > 1

Probability density funciton:

0 (7—2)/2 p—1/2

plu) = ST ()2) u >0

Characteristic function:
1

o) = [ pla)e e = i
such that ¢(0) = 1, ¢'(0) = —n, and ¢"(0) = n(n 4+ 2). As a

result,

=n, 0? =2n





