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Abstract

The completeness of eigenfunctions for linearized equations is critical for many appli-
cations, such as the study of stability of solitary waves. In this thesis, we work with the
Nonlinear Schrédinger (NLS) equation, associated with the Zakharov-Shabat spectral
problem. Firstly, we construct a complete set of eigenfunctions for the spectral prob-
lem. Our method involves working with an adjoint spectral problem and deriving
completeness and orthogonality relations between eigenfunctions and adjoint eigen-
functions. Furthermore, we prove completeness of squared eigenfunctions, which are
used to represent solutions of the linearized NLS equation. For this, we find relations
between the variation of potential and the variation of scattering data. Moreover,
we show the connection between the squared eigenfunctions of the Zakharov-Shabat

spectral problem and solutions of the linearized NLS equation.
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Chapter 1
Introduction

This thesis is devoted to the question of completeness of eigenfunctions for linearized
equations associated with integrable nonlinear PDEs. We consider one particular

integrable nonlinear PDE given by the Nonlinear Schrédinger equation (NLS)
iy + Uy + 2|u)?u = 0, u(z,t) : R* — C. (1.1)

The key property which leads to the integrability of (1.1) is the existence of a pair of
linear equations for v(z,t) : R?* — C? with a potential u(z,t) : R* — C and spectral

Uy = [_ik u] v, (1.2)

parameter k € C:
—u ik

—2ik* +i|u*  du, + 2k
Ut:{ ik* +ilu|*  dug + 2ku (1.3)

iU, — 2ku  2ik? — i|u?

The first equation is a spectral problem and the second one defines the evolution of
eigenfunctions. Compatibility condition v,; = vy, is satisfied if u = u(z, t) is a solution
to the NLS equation (1.1). This pair of linear equations was discovered by Zakharov
and Shabat in [2], and we refer to (1.2) as to the Zakharov-Shabat spectral problem.
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1.1 Applications of NLS

Since waves in the real world are nonlinear, it makes sense to model them with non-
linear partial differential equations. To these days, most of nonlinear PDEs cannot be
solved analytically, with the exception of integrable nonlinear PDESs, to which NLS
belongs. NLS equation has many exact solutions due to its integrability. One of the
basic solutions on the zero background (v — 0 as x — £00) is the solitary wave given
by

u(, t) = ugsech [ug(z — 2pot)] e'lPor+(a-rd)],

where ug is constant amplitude and pq is a shift of carrier-wave wave number. This
solution can be found by separation of variables and integration of ODEs. Another
solution on the nonzero background is the rogue wave discovered by D. Peregrine [3]

and given by:

14 422 + ¢2

Other solutions to (1.1) on nonzero background are Akhmediev breather: [/]

2k? cosh (Mkt) + 2i\k sinh (\kt) | .,
t)=|-1 it/2
ul(z, ) [ L—— (Akt) — X cos (2kx) <

where k = /1 — A2 and A € (0,1) is a free parameter, and Kuznetsov-Ma breather:
[5]

u(z,t) = |—-1+

203% cos (ABt) 4+ 2i\Bsin (ABt) | 4,9
A cosh (28x) — cos (\Gt) ©

where 8 = +/A2 — 1 and X € (1,400) is a free parameter.
NLS has a wide range of applications such as modeling of the light propagation

in optical fibers [0], [7], wave propagation in oceans and seas [3], and atomic Bose-

Einstein condensate [9].

NLS in the form (1.1) is only the simplest model among NLS-type equations used
in natural sciences. In [10] M. Gedalin, Y. Band and T. Scott used higher order
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NLS as a model for propagation of short light pulses in an optical fiber. They were
able to find bright solitary wave solutions which exists for certain constraints on the
parameters. Similar results were obtained in [ 1], where authors found dark solitary
wave solutions in higher order NLS equation. Other solutions with nonzero boundary

conditions were found in [12].

Just like in optical fibers, wave propagation in oceans and seas can be modelled by
NLS and its higher-order extensions. One of the applications of NLS is to describe
modulation instability and emergence of rogue waves. Modulational instability was
also analyzed in [13] for dissipative NLS, which is standard NLS modified by linear
dissipation. It was found that dissipation bounds perturbations even in the presence of
strong nonlinearity. Authors of [11] considered modulational instability for standard
NLS without dissipation, however, their main result is that Penrose stability analysis
(analysis performed on an equation after the Wigner Transform) recovers same result
with a better method, since it can be applied for incoherent waves. The same conclu-
sion is also supported in [15] and [16], with further applications of Penrose stability
analysis. Particularly, in [10] the higher-order NLS equation with time-dependent lin-
ear damping (damped Hirota equation) was studied to discuss extreme wave events,

such as emergence of rogue waves.

1.2 Motivations

The main motivation for this thesis is to use the integrability scheme and to express
solutions of the linearized NLS equation in terms of the squared eigenfunctions of the
linear system (1.2) and (1.3). The linearized equations are important in understanding

the linear stability of some particular solutions of the NLS in the time evolution [17],
[15].

Let us show how the linearized NLS can be obtained. Suppose ug(x,t) is a partic-

ular solution of NLS (1.1). Now, by adding a small perturbation v(x,t) we write a
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solution to NLS (1.1) in the following form
u(x,t) = up(z,t) + v(z, t). (1.4)

Since both u(z,t) and wuy(z,t) are solutions to NLS, we shall find an equation that
v(x,t) satisfies. By substituting (1.4) into (1.1) we obtain

0=1d(ug+v) + (wo + V) ae + 2(up + v) (T + T)(up + v)
— Uy + Uoyy + 10+ Vag + 2(|ug)? + uoT + Tov + |v]?) (ug + v)
= int + U0z + Z"Ut + Vg + 2(’U0‘2U0 + Ug@ + 2”&0’2’0 —+ 2U0’U|2 —+ ﬂovz + ‘U|2/U)

= Uy + Uogy + 2|Uo|*Up +i0V; 4 Vep + 2udT + 4|ug|*v + dug|v|? + 2Tev* + 2|v]*v
=0

iy 2 2 2 _ 9 2

= (U + Ugy + 2ugT + 4|ug|“v + dup|v|* + 2ugv” + 2|v|*v.

Neglecting quadratic and cubic terms in v we obtain the linearized NLS equation

Uy + Vg + 2ugT + 4|ug|*v = 0. (1.5)

It is remarkable property of integrability that solutions v(z,t) of (1.5) can be
obtained from squared eigenfunctions of (1.2) and (1.3) associated with the particular
solution of NLS given by wg(z,t). The questions of completeness of eigenfunctions is

the one which we would like to address in this thesis.

1.3 Previous studies

It was realized in [19] that the method of inverse scattering transform (IST) is anal-
ogous to Fourier transform widely used in solving linear PDEs. Particularly, in [19,
section 4] the authors considered direct and inverse scattering problem of the spectral
problem (1.2). Moreover, in appendix 6, they derived the completeness relation for

eigenfunctions of the linear system (1.2) and (1.3).
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D. Kaup extended the theory of completeness to squared eigenfunctions of the
spectral problem (1.2) in [20] and derives closure relation, which was used to prove
completeness (with respect to L?) of a set of squared eigenfunctions. Here complete-
ness means that any L? function can be expressed as a unique linear combination
of squared eigenfunctions from the complete set. To prove completeness of squared
eigenfunctions, D. Kaup used Marchenko equations. Squared eigenfunctions play an
important role in understanding the effect of variation of scattering data due to per-
turbations of the potential. In [21] D. Kaup studied application of the method to one
soliton solution of the NLS equation (1.1). Particularly, he derived a completeness
relation for a linearized NLS operator, the eigenfunctions of this operator were related
to the squared eigenfunctions of (1.2) and (1.3). This completeness relation was used

to study propagation of Raman pumped soliton in an optical fiber.

In [22] D. Kaup and T. Lakoba studied squared eigenfunctions for the massive
Thirring model (MTM) instead of NLS. The difference in the approach is that they
do not find an equation for squared eigenfunctions, and instead start with a general
Wronskian relation between original and adjoint eigenvalue problems. Very similar
procedure was also done for Benjamin-Ono (BO) equation in [23] by D. Kaup, T.
Lakoba and Y. Matsuno. Significant difference here is that unlike in the case of NLS
and MTM, both potential and its variation are assumed to be real-valued functions.
Key tool in establishing completeness of squared eigenfunctions is using Green’s func-
tion for the Lax operator of BO equation. In 2009 D. Kaup and J. Yang revisited
the question on completeness of squared eigenfunctions by studying Sasa-Satsuma
equation in [21]. To derive squared eigenfunctions they followed the same procedure:
computing variation of potential through variation of scattering data with the use of
Riemann-Hilbert problem, and then computing variation of scattering data through

variation of potential.

The above results on completeness have been obtained for zero boundary condi-
tions. In 2019, D. Bilman and P. Miller considered a Cauchy initial-value problem for

NLS (1.1) with nonzero constant boundary conditions [25]. They constructed squared
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eigenfunctions as solutions to the linearized NLS equation at the Peregrine’s rogue
wave in the space of decaying data. P. Grinevich and P. Santini in [26] considered
periodic boundary conditions and provided solutions to linearized NLS at Akhme-
diev breather. They also sketched a proof of completeness of squared eigenfunctions
in the periodic case, leaving detailed proof in the future plans. M. Haragus and D.
Pelinovsky in [18] constructed all possible solutions to linearized NLS equations at
Akhmediev and Kusnetsov-Ma breathers and raised an open question on completeness
of squared eigenfunctions for solutions of the NLS with nonzero (constant or periodic)

boundary conditions at infinity.

1.4 Main Results of this study

Motivated by open questions on completeness of squared eigenfunctions for the po-
tential with nonzero boundary conditions, I have reviewed the proof of completeness
of squared eigenfunctions for the potentials with zero boundary conditions at infin-
ity. These proofs has been summarized by J. Yang in the book [1]. T have followed
his proofs with some modifications. Particularly, I changed notations and kept them
consistent throughout my thesis for better understanding. I also provided proofs that
were skipped, one of which is the orthogonality relations between eigenfunctions and

adjoint eigenfunctions.

Outcomes of this thesis are presented in the following three main results. Firstly,
we prove completeness of single eigenfunctions, which is presented in Theorem 1. Sec-
ondly, by obtaining relations between variation of potential and variation of scattering
data we construct and prove completeness of squared eigenfunctions in Theorem 2.
Both findings mean that we can express any square integrable function as a unique
linear combination of eigenfunctions (squared eigenfunctions) from the complete set,
where coefficients are calculated from adjoint eigenfunctions (squared adjoint eigen-
functions). Lastly, we show that squared eigenfunctions are solutions to the linearized
NLS equation, and adjoint squared eigenfunctions are solutions to the adjoint lin-

earized NLS equation, which are stated in Theorems 3, 4.
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1.5 Structure of the thesis

The thesis is structured as follows. In Chapter 2, we formulate a regular Riemann-
Hilbert problem for the spectral system (1.2). We introduce eigenfunctions as a
product of Jost functions and exponential functions. To understand analyticity and
properties of eigenfunctions we derive Jost equations (2.4), (2.5), solutions of which
are matrices of vectors M, M , N ,IN. Then, in Lemma 2.1 we figure out that solutions
M, N are analytic in upper half-plane, while M , N are analytic in the lower half-plane.
These solutions are linearly dependent on R, where they both exist. We relate them
by scattering data (2.22). The next step is proceed in a similar way with adjoint Jost
equation (2.23). One of the key properties of an adjoint equation is that its solution is
an inverse to a solution of spectral problem (2.4). Analyticity of solutions to adjoint
problem is proved in Lemma 2.8, thus, vectors M*, N* are analytic in the lower half-
plane, while M *,]/V\ * are analytic in the upper half-plane. Combining solutions of
spectral and adjoint equations we formulate a Riemann-Hilbert problem (2.42) and
solve it with Plemelj formula (2.46).

In Chapter 3, we prove completeness of a set of eigenfunctions {¢, qg} We intro-
duce functions R*, R~ in (3.3), (3.4), which involve ¢, ¢,1, 1. After integrating the
functions R™ and R~ via contour integration, we obtain closure relation (3.9). It
is important to note that we assume scattering data a,a to be non-zero. In Lemma
3.3 inner products between eigenfunctions and adjoint eigenfunctions are computed,

which help to prove our first main result in Theorem 1.

In Chapter 4, we construct a complete set of squared eigenfunctions {Z~, Z"}. To
do so, we choose squared eigenfunctions by considering a perturbation of potential u
in the spectral problem (1.2). By expressing variation of scattering data (4.8) in terms
of variation of potential we construct the adjoint squared eigenfunctions {Q*, Q7 } in
(4.19). Then, to construct squared eigenfunctions (4.43) we introduce new matrices
F¥* that are linearly related to solutions to the Riemann-Hilbert problem, considering
asymptotics of F* and proving Lemma 4.10 we construct squared eigenfunctions in

Lemma 4.11. We obtain the closure relation in Lemma 4.12 and the inner products
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between QF and Z* are computed in Lemma 4.13. These Lemmas help us to prove

the second main result of this thesis, which is stated as Theorem 2.

In Chapter 5, we show that the squared eigenfunctions are solutions to the lin-
earized NLS, and the adjoint squared eigenfunctions are solutions to the adjoint lin-
earized NLS equation. This is the third main result of this thesis, stated as Theorem

3 and 4.

In Chapter 6, we make concluding remarks by restating main results and methods.

Moreover, we discuss possible future extensions of this research.



Chapter 2

Riemann-Hilbert Problem

2.1 Lax equations

Lax pair (1.2), (1.3) can be rewritten as

vy = —ikosv + Q(u)v, (2.1)
and
vy = —2ik*o3v + R(u)v, (2.2)
where
0 wu i|ul? 2ku + iu, 1 0
u) = , R(u) = ) 03 = .
Qw) {—u O] () [—2ku+ iU, —ijul? ’ [O —1]
Two linearly independent solutions to the system (2.1)-(2.2) exist for u = 0:
)
v = e—zkm—szzt’
_0_
R
Vg = ezk’x—l—?zk%‘
1




Master of Science - Al-Tarazi Assaubay - McMaster University

If u # 0, then two linearly independent solutions can be represented in the matrix

form
Vi(z,t) = J(x,t)e ko200 (2.3)

where J(x,t) is supposed to be a non-singular matrix. Substituting (2.3) into (2.1)
and (2.2) leads to the following equations

I, = —ik[os, J] + Q(u)J, (2.4)

and

J; = —2ik*[o3, J] + R(u)J, (2.5)

where

[0'3, J] = O'3J - JO'3.

2.2 Jost functions at t = 0.

Here we write integral expressions for elements of matrix Jost solutions Ji, which

satisty the following asymptotics:
Je(z) =1, x — £oo. (2.6)

Without loss of generality, we set ¢ = 0 and drop ¢ from the list of arguments.
All solutions depend on the spectral parameter k. Following Abel’s identity, for a

fundamental matrix V(x) we have that
det V(x) = det V' (zo),

because —ikos + Q(u) has zero trace. Applying this to (2.3) we find that det J(z) is

a constant for all z. Due to large x asymptotics (2.6) we have that

det Ji(x) = 1. (2.7)

10
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Define J. as follows

where

M| = M| s [W N
M = , M= |, N=||, N:= .
M2 M2 N2 N2

Using (2.4) we can easily find the following integral expressions, which are available

in the literature [27]:

My (z) =1+ " u(y)Ms(y)dy, (2.8)
My(x) = — [* 1(y) Mi (y)e2 =9 dy
z\zl (2) = "o uly) Ma(y)e 2 0 dy, (2.9)
My(z) = 1 — [° u(y) M (y)dy,
{]Xl(m) = 1= [ u(y) Na(y)dy, (2.10)
Na(z) = [ a(y) Ni(y)e 2 =2 dy,
{Nl(a:) = [ uly) Na(y)e* @ dy, (2.11)
Ny(z) =1+ [;7u(y) N (y)dy.

The following lemma has been stated and proven in [27].

Lemma 2.1. If u € L'(R), then for every k € R there exist unique bounded solu-
tions M, ]\//\[, N, N. Moreover M, N are analytic functions in k for Im(k) > 0 and
continuous for Im(k) > 0, while M, N are analytic functions in k for Im(k) <0, and

continuous for Im(k) <0.

11
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Now in the respective planes of analyticity, Jost solutions satisfy Ji(x) — I as

|k| — oo, so then

1 —~ 0 —~ 1 0
Mﬁlola M—>[1], N—){O}, N—)[J, as |k| = oo. (2.12)

2.3 Scattering data

By using J_ = [M M ] and J; = {J/\f\ N } we can define two sets of linearly inde-

pendent solutions of (2.1) as follows:

~ — le7ke » .
V0 | P R ST P
R _ e~ik () o
v=1[) ¢|=[N N] [ . eikx] = e N e N (2.14)

It follows from (2.6) that ¢, QAS, P, @Z satisfy the following boundary conditions:

1 . ~ 0 .

o — [0] e"h - [1] ek, as r — —0Q, (2.15)
0 . ~ 1 .

v — L] ek ah — [0] e~k as * — +o00. (2.16)

Since ® is linearly dependent of ¥, we introduce a scattering matrix S, entries of

which depend on a spectral parameter k,

S::ac7
b d

12
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from the following scattering relation

[0, 0] = [¥, ] [b d] ,  ord=1USs. (2.17)

Proposition 2.2. Let W, & be solutions of (2.1) defined in (2.13)-(2.14). Then we

have the following properties
J_=J,ESE™!, det S =1, (2.18)

where

E = e ks = le_ikx ’ ]

0 e
Proof. Substituting (2.13), (2.14) into (2.17) we have the following
J_E=J,ES.
Since E is invertible, this yields
J_=J.ESE'.

Using (2.7) we get

1 =det(J_) = det(J; ) det(E) det(S) det(E~') = det(S).

[
Equation (2.17) can be also rewritten as
= b + ap
o=butar (219)
& = dip + 0.

13
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From (2.13), (2.14) and (2.19) we can obtain relations between M, M, N, N:

M = aN + be%*= N,
M = dN + ce 2N

S (2.20)
N =aM — ce 2#z ),
N =dM — be*** ],
Lemma 2.3. Entries of scattering matriz S satisfy the following expressions
a=1+ [puly)Ma(y)dy,
b= — [T(y)Mi(y)e 2*¥dy,
Jru(y)Mi(y)e Y (2.21)
¢ = Jpuly)My(y)e**vdy,

(
d=1-Jg “(?J)Ml( )dy
Moreover, if u € L*(R), then a is analytic in C, and d is analytic in C_.

Proof. Consider the first equation in (2.20) but write it using equations (2.8), (2.9),
(2.10), (2.11)

L [ uly) Ma(y)dy ]:[ — [ u(y): 2(0)dy ]
— [ u(y) M () PRy | [ () N (y)e R0 dy

— [, u(y) Na(y) 2= w>dy]
L+ [ a(y) N (y)dy

0
1 )

from where we can conclude expressions for a,b as in (2.21). To find ¢,d we follow

beQikx

Take the limit of x — +o00 to obtain

1 + beQikm

1+ Jpu(y) Ma(y)dy }_
— Jpa(y) Mi(y)e? v dy

the same procedure, i.e. we take the limit of + — +o00 in the second equation in

14
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(2.20). Now we are left to explain analyticity of scattering data. Consider integral

expressions for a,d
a=1+ fR U(y)MQ(y)dyv
d=1— fpu(y)Mi(y)dy,

where Ms,, M, are analytic in C. respectively by Lemma 2.1. Since u € L*(R), a,d

are analytic in the domains of analyticity of Mo, M;. ]

Remark 2.4. Consider integral expression for b

b=— / a(y) M (y)e > dy,
R

where My is analytic in C.. The exponential term in the integral expression is given

by
6722'(Re(k)+ilm(k))y _ efQiRe(k)yBQIm(k)y'
If Im(k) > 0, it diverges when y — 400, thus, b is not analytic in C,. If Im(k) <0,

then it diverges when y — —oo, then b is not analytic in C_. Therefore, the integral

expression for b is only defined for k € R. Analogously, ¢ is not analytic in C and is
only defined for k € R.

Lemma 2.5. Columns of ®,V satisfy the following symmetry:

[Zj = [_qi%l ) [161] = { v2 ] , for every x € R.

V2 —th
Moreover, scattering matriz S can be written as

S = [a _b] . (2.22)

b a

15
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Proof. From (2.1) we have
&) + ik = ugs,
Oy — iky = —uer.
Taking complex conjugation we obtain
ng + ikg, = _u$17
—=/ = =
¢1 - ikﬁbl = ﬂ¢2:
which shows that @2, —El) solves the same problem as (¢1, ¢) and satisfy the same

boundary conditions. By Lemma 2.1, the solution (¢1, ¢) is uniquely defined, hence
P = QEQ, Py = —ngﬁl. Similarly, we obtain ¢ = —@ZQ, Py = @Zl.

To show relation between entries of scattering data, we combine symmetry of el-

ements of ®, ¥ with (2.13), (2.14) to obtain the following symmetry between Jost

- Lal RS

Using the above we can rewrite (2.21) as

solutions

a=1+ [pu(y)Msy(y)dy,
b=~ fpuly)Mi(y)e > vdy,
¢ = fpu(y)Mi(y)e*™*vdy,
d =1+ Jgu(y)Ma(y)dy,

from where we can conclude the relation

|
al

>
Il
|
ol
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which yields (2.22). O

2.4 Adjoint spectral problem

Lemma 2.6. Let J satisfy the spectral problem in (2.4). The adjoint spectral problem

s given by
K, = —ik[o3, K] — KQ(u), (2.23)
where the adjoint equation is defined with respect to the inner product (without complex
conjugation)
f.9€ P®): (f.9) = [ f@)g(a)da. (2.24)
Proof. Let J be written in the component form:
Ju J
J= "1 TR (2.25)
Jor Ja2

Thus, using (2.25) we can write (2.4) explicitly

J{l J{Q - 0 —2ZkJ12 n 'LLJ21 uJ22
by Jhs ik Joy 0 —uJy —uJia|

This results in following equations:

J{l - ngl,
Jh, = 2ikJy — uiy,
J{g = —Qikjlz + UJQQ,

/ —

(2.26)

17
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We write entries of K similar to (2.25):
K, K
P BRI
Ko Koy
Then K.J' is the following

[KHJ{1 + K12y K11J12+K12J52] (2.27)

Koy Jiy + Koo Jyy Ko Jiy + Koo J)
Using first two equations of (2.26) in (2.27) and integrating both sides we can see that
/R (K11J{1 + Kmng)dg; _ /R <uK11J21 2k KTy — uK12J11>dx.
Using integration by parts we obtain the following

_/R (Kgljll + K;2J21)d:c _ /R [(2@'sz1 +uky ) Jo — WK Ty | da

From above we can derive equations for Ki; and K;s:

K{Q = —QZkKlg — UKH.

(2.28)

Using last two equations of (2.26) in (2.27) and integrating both sides we can see that

/R <K21J{2 + K22jé2>dm = /]R [( — QZngl — ﬂKQQ) J12 + UK21J22] dz.

Using integration by parts as before we obtain

—/R (K§1J12 + K§2J22>d$ = /R [( — 2tkKo — ﬂKm) Jia + UK21J22} dz,
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from which the following equations can be derived:

Kél = 21k Ko + uKos

(2.29)
Ké2 = —UKgl.

Now combining (2.28) and (2.29) we can finally write the adjoint equation for K in
the form (2.23). O

Corollary 2.7. Solution to the adjoint spectral problem (2.23) can be expressed as
K=J"

Proof. Using (2.4) and the following property

(JT ). =0
we can see that J~! satisfy
(JHe = —ik[os, J7H — J1Q, (2.30)
hence K = J~! up to constant multiplication. O

Let us define inverse matrices for J_ and J, as follows

Jol = ]\,{1* ]\L[Q* J1 = NN .
- M; M|’ - Ni N;

Using (2.30) we can find integral expressions for entries of J~! and J;':

M (z) =1+ [* u(y) M3 (y)dy,

, (2.31)
M (x) = — [2 o uly) M; (y)e 2 == dy,
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M;(x) = [* . a(y) My e @) dy,

_ _ (2.32)
Ni =1 [ uly)N; (y)dy. (233
N3 = [ u(y) N (y)e* =)y
Nt = — [ a(y)N; (y)e > 0=)dy, (250

Comparing systems of equations (2.8) and (2.31), it is not hard to see that solution of
(2.31) is complex conjugate of the solution of (2.8) for k£ € R. The same is true for the
systems (2.9) and (2.32), (2.10) and (2.33), (2.11) and (2.34). Hence, the asterisk is

equivalent to complex conjugation for My, = My, M{y = My, Nfy = Nyo, Niy =

N 1,2- Therefore we can say that the asterisk denotes Hermite conjugation.

We denote rows of J~1 and J' as follows
M= My M|, M= [M; Ml

o~

N =[Ny Nj|, N =|N; N3
Using Lemma 2.1 and looking at the integral equations (2.31), (2.32), (2.33) and

(2.34) we arrive to the following result

Lemma 2.8. If u € L'(R), then for every k € R there exist unique bounded solu-
tions M*,M\*,]/V\*,N*. Moreover M*, N* are analytic functions for Im(k) < 0 and
continuous for Im(K) < 0, while M*, N* are analytic functions for Im(k) > 0 and

continuous for Im(k) > 0.

Hence the large k asymptotics of M*, ]\7*, ﬁ*, N* are similar to those for M, ]\//j, N, N:
M =1 o, M=o 1], N—=[1 0, N =0 1]. (2.35)
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Similarly to (2.20) with d = @ and ¢ = —b, we can derive adjoint relations by applying
complex conjugation. These are only true for k¥ € R since b,b do not extend to a

complex plane.

M = e N 4 G,
M\* — aN* — beZikxﬁ*’
N* = pe2ikz r* +EM*,
N* = aM* — be~2k= \[*.

(2.36)

Remark 2.9. From Corollary 2.7 we can deduce relations between ®, ¥ and solutions
]/\7* B ]V*eikz _ ’QZ*
N* - N*e—ikx - 1/}* ’

M* B M*eikx B ¢*

where W1 &1 satisfy the following adjoint problem

of adjoint spectral problem:

v l'= (L E)y'=E"J ! =E"

and

> '=(JE)'=E'J =FE!

(U1, =ikU oz — U1, (2.38)

which is easily obtained from (2.30).

Proposition 2.10. The sets of solutions of (2.8)-(2.11) and (2.31)-(2.34) satisfy for
ke R:

M*M = M*M =1,

A N (2.39)
M*M = M*M =0
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and
N*N = N*N =1,
- - (2.40)
N*N = N*N = 0.
Proof. Tt follows from J-1J_ = I that
M* MM M*M| |10
M oM=L S = .
M M*M  M*M 01
From above we obtain (2.39). It follows from J'.J, = I that
N*| N*N N*N| |1 0
[N N} _ o _ :
N* N*N N*N 01
from which we obtain (2.40). O

2.5 Riemann-Hilbert problem

A classical Riemann-Hilbert problem aims to find a pair of functions that are analytic
in two regions separated by a simple contour. Since our functions M, N and their
adjoints M*, N* are analytic in C, and C_, respectively, we can formulate a Riemann-
Hilbert problem in the following way by introducing new matrices P~, P™:

P = [M* Pti=|M N|. (2.41)

N*

Proposition 2.11. Matrices P~ and PT satisfy the following property:

det P~ =a, detP" =a.
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Proof. Using first equation from (2.36) we proceed as follows

_Ee—%kacN* 4 a]’\f*
N*

det P~ = det

= det

=adet J.' =a.

be 2k N¥ +aNy  be 2 Nj + aN;
I Ny N3
= be***(Ny Ny — Ny N;) + a(N; N;

Using first equation of (2.20) and following the same computations we get det P™ =

a.

Riemann Hilbert problem is defined by the conditions for £ € R:

PPt =G.

From (2.41) we find that (2.42) can be written as

M*M  M*N
N*M N*N

From (2.20), (2.39), (2.40) we obtain

1 56727;]693 B G
be?ikx 1 Y

which can be rewritten as

23
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Combining above with (2.42) we obtain
P Pr=1T+A

If a,a do not have zeros on R, P*, P~ are invertible on R. Multiplying both sides of
the equation by (P~)~! leads to Riemann-Hilbert problem for k € R:

Pt —(P) ' =(P) A (2.44)

The jump condition (2.44) defines analytic continuation of P* in the upper half-plane
and (P~)~! in the lower half-plane, provided that a,@ do not have zeros in the upper,

lower half-planes. We denote the two half-planes by C,,C_.

2.6 Solution to the regular Riemann-Hilbert prob-

lem

The Riemann-Hilbert problem accosiated with the jump condition (2.44) is considered

regular if det P* # 0 in the regions of C, where they are analytically extended.

Lemma 2.12. The reqular Riemann-Hilbert problem (2.42) has a unique solution

subject to the boundary conditions P* — I as |k| — oo in their domains of analyticity.
Proof. Suppose (2.42) has two solutions P*, P*. Then we have that
P pt=p P

Multiplying both sides by (P~)~! from the left and by (P*)~' from the right we
obtain
PHPH) = (P)7 P (2.45)

Since Riemann Hilbert problem is regular, det P%, det P* are nonzero in their domains
of analyticity. Left hand side of (2.45) is analytic in C,, while right hand side of (2.45)
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is analytic in C_. Hence, they are equal to each other on the real line. This means
that they are equal and analytic in C. Due to the boundary conditions P* — I as
|k| — oo and Liouville’s theorem, both sides are equal to I in C, which means that
Pt = Pt and P~ = P~. Thus, solution to the regular Riemann-Hilbert problem
(2.42) is unique. O

The solution of the Riemann Hilbert problem (2.44) can be written by using Plemelj
formula. Suppose that I' is a line dividing the complex plane to Dy, D_ and f
is continuous on I'. Also suppose that ¢ is sectionally analytic in Dy, D_ and is

vanishing at infinity. If ¢, — ¢_ = f on I, then Plemelj formula yields

) = 271m'/pgf(—€3gd5' (2.46)

The regular Riemann-Hilbert problem (2.44) satisfies all the conditions stated above
with ¢, = Pt —I,¢_ = (P7)"' =1, and f = (P7)"!A. Since P* is analytic
sectionally (P* on C; and P~ on C_), I'is R and (P~)"'A is continuous on I' we
have that

(P =1 = 5 oy P e,

P*—I= 5 s oy ,3+1$d5
These are solutions of the regular Riemann Hilbert problem (2.44) with det P* # 0
in C subject to the boundary conditions P* — I as |k| — oo in C..
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Chapter 3
Completeness of eigenfunctions

In this section we present a complete set of eigenfunctions for the Zakharov-Shabat

spectral problem (1.2). The corresponding result is given by the following theorem.

Theorem 1. The set of eigenfunctions {®, q@} defined by (2.13) is complete, i.e. every
f(x) € L*(R) can be written as follows:

fla) = [ |ekota. k) + d(k)d(a, k)

dk, (3.1)

where é(k),d(k) are given by

) = 5o [0 @RSy, d(R) =~ [0 Rl W)y, (32

where we use adjoint eigenfunctions {1, @E*} defined by (2.37)
To prove the above Theorem 1 we proceed as follows:
o Introduce special functions R*, R~ that consists of eigenfunctions ¢ and gg

o Integrate R™ + R~ using contour integration to obtain completeness relation

for the set of eigenfunctions {¢, ¢}.

o Compute inner products between eigenfunctions and adjoint eigenfunctions.
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Let us introduce matrix functions

R (x,y, k) == X (w, k)diag|6(y — x), —0(x — v)] (x") ™ (v, k), (3.3)
R (2,9, k) == X" (2, k)diag|[0(z — y), —0(y — 2)| (x7) (v, k) (3.4)
where y* are
X"=|M N|E, (3.5)
X =[N M|E, (3.6)

, >0
0(x) =
0, z<0
Proposition 3.1. Let x* be defined as in (3.5), (3.6), then the following is true
dety™ = a, (3.7)
detx™ =a. (3.8)
Proof. We obtain from (3.5) that

det xy* = det [M N} -det £ = det [a]/\7\+ be?ikr N} -1

a]/\f\l + beQikle N1
CL]/\?Q + b€2ikxN2 NQ

= (l]leQ + be%kleNg — (CL]VQNl + b€2ik$N2N1)
= a(]leg - ]/V\gNl) = adet {]/V\ N} =adet J, = a,

= det

where we used (2.7) and (2.20). Proof for (3.8) is analogous. O
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Lemma 3.2. Let R* be defined as in (3.3), (3.4) and suppose that det x* # 0. Then

the set of eigenfunctions {¢, QAﬁ} satisfies the following completeness relation:
1 1 - 1- ,
o =)oy = o [ |~ K)F (5. k) = —dla. by (. )|k, (3.9)

Proof. Due to large-k asymptotics of (2.12) of M, N, M ,]/V\ we have the following
boundary conditions for y*
(2, k) — E.

Thus, we have the following asymptotics for R* in Cy as |k| — oo:
R (2,y, k) = diag|0(y — 2)e*), —0(x — y)e* 0] = p¥ (2,9, k),

R (x,y, k) = diag|0(z — y)e* ), =0y — 2)e* 0] = p~ (2,9, k),

which are bounded in C. as |k| — co. Let Ci be semi-circles of radius R in C..
We define two contours: one is [—R, R] UC}% in C,, the other is [-R, R] UCj in C_
as shown in Fig 3.1. Let us begin with integrating R (z,y, k) on the closed contour
[—R, R|UC}. By Cauchy theorem, since R™ (k) is analytic in this closed contour, we
have the following

R* k)dk = 0. 3.10
S e, B @) (3.10)

We can rewrite the integral from (3.10) in the limit R — oo as follows:

/ R+ (z,y, k)dk + lim [ R*(x,y, k)dk = 0.
R

R—oo JOR+
Using the limiting asymptotics R* — p* as |k| — co we obtain that

/ R (x,y,k)dk = — lim diag [@(y — 2)e* ) _g(z — y)eik(x—y)}dk.
R

R—oo cg
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Im(k)

FIGURE 3.1: Contours of integration for R*.

Using the fact that diag {H(y — 2)e* ) _f(z — y)eik(x_y)} is analytic in C,, the

relation above can be rewritten by integrating this quantity on the real line:
/RRJF(:U, y, k)dk = /Rdz'ag [G(y — x)e*W0) gz — y)eik(x’y)}dk.
Analogously, for R~ (x,y, k) we have
/RR’ (x,y, k)dk = /Rdz'ag [9(:(: — y)et=2) _g(y — :c)eik(x’y)}dk:.

Adding above integrals to each other we have the following

/]R (R+(az, y, k) + R (z,v, k))dk: = /Rdz'ag [eik(y’x), —eik(x’y)}dk =271d(x — y)os.
(3.11)
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Now, to conclude a closure relation, we just need to rewrite R™, R~ using defini-
tions (3.3), (3.4)

R*(x,y, k) = X" (x, k)diag[1,0](x ") " (y, k) — 0(x — y)x ™ (x, k) (x ") (v, k)
and
R (x,y,k) = —x " (z, k)diag[0, 1](x )" (y, k) + 0(x — y)x " (2, k) (x )" (v, k).

Since on the real axis both x(x, k) and x~ (x, k) are fundamental solutions of system

(2.1), x* and x~ are linear combinations of each other so that
X (2, R)(X) T k) = X (e, k() Ty R).
Therefore, the left hand side of (3.11) is
/R<R+(x,y, k) +R‘(x,y,k:)>dk (3.12)
= [ X ) diagl1.0]0C") ™ (9. k) = X (o, kdiag[0, 1) (x) 7 (. k)

To simplify the latter equation, we use solutions of adjoint equation in Lemma 2.8

and Corollary 2.7. Since x" is a solution to equation (2.1), then (x*)™' is a solution

of the corresponding adjoint equation (2.38).

- 1]/\7\* ikx 115*
()= [ ‘ ] = [‘;q}k] : (3.13)

17 7%, —iks
a]\/[ e

We claim that

To confirm (3.13), let us multiply it by its inverse from the right

N* ika NS N AT 2ika
=1/ 4\ 76 ik ik _} N*M N*Ne
<X ) <X ) o |:1\Z*e—ik:c] [Me Ne } o a |:]/\Z*Me—2ika: M*N ’ <314)
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Using (2.39) and (2.40) we see that (3.14) is now

X)) == o TNl

1IN*M 0
a

Substituting second and fourth equations from (2.36) in the above, we can see the

following

1 [aM*M — be~2*=N*M 0 _1 a 0 _,
a 0 aN*N — be2ke N* N 0 a '

Thus, the claim (3.13) has been proved.

Analogously, we can prove that

(O = {N] - [Z] - (3.15)

Substituting (3.13), (3.15) (3.5), (3.6) into (3.12) we obtain a closure relation (3.9). [

Lemma 3.3. The sets of eigenfunctions {¢, ¢} and the adjoint eigenfunctions {1*, 0"}

are orthogonal according to the following orthogonality conditions

/&*xk@axymx:mm@ww—km (3.16)
/¢ (z, k)osd(x, K')de = —2ma(k)o(k — k'), (3.17)
/w (, k)3 (x, K )dz = 0, (3.18)
/w (2, K)oz, K')dz = 0. (3.19)

Proof. Let us prove (3.16) as an example. Firstly, we write the equation (2.1) for
o(x, k')
¢w(x7 k/) - —ik,03¢($, kl) + Q(U)¢($, k,)
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Multiply the above by ¢*(z, k) and integrate over R

/RzZ*(x, K)o (2, k) da = —ik’/RzZ*(m,k)aggb(x,k’)d:U

+ [ 4" (@ HQ@o(r, K)dx. (3.20)
Integrating by parts the left hand side gives us the following
~ ~ T—r-+00
[ 8 @k k) da =[5 (@ K)o, k)
R T——00
~ [ i Ko, K )da. (3.21)
R

Since ¥* is a solution to the adjoint equation (2.38), we have the following
Ui, k) = ik (2, k)os — " (2, k)Q(w).

Inserting this into the integral on the right hand side of (3.21) we obtain that

T—+00

[ 9@ R)nla K)o = |3 (@ K)o, k)

“

Substituting the above back into (3.20) we have that

Tr—r—00

ik (x, K)oy — O (x, k) Q(u) | d(x, k) dx.

T—-+00

{@E*(x,k)gs(x,k')] ik /R O, ) osd(x, K )dz = —ik! /R 0", K)oso(z, k),

T—r—00

which can be rewritten as

T—r+00

0 (ol )

— ik — &) /R D (z, k)osd(x, K )da. (3.22)

T—r—00
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The left-hand side of (3.22) can be simplified as follows

N T—>+00 . ., ]E—too _ ) , T—+00
l:w*(x’ /{:)(;5(1:, k/)] _ |:N*ezkxM6—zk m] _ |:N*Mez(k—k )z 7
where we can use last equation of (2.36) to obtain
> T—r+00 _ . _ . , T—r—+00
[¢ﬁ(x,k)¢(x,kq ::{(aﬂi*——be‘mkrﬂ4*)ﬂ4e“k‘k)m
T——00 T——00
_ . _ . , T—+00
_ |:(CLM*M . be—szxM*M> ez(k—k )z
T—r—00
Using equalities from (2.39) we finally find the following
~ T—r+00 . R
G Rl K)| = al) |
T—>—00 T—>—00
Substituting it back to (3.22) to get
~ . , T—+00
ik — ) / 0z, K)osd(z, K)dz = a(k) [e“’f-k )e (3.23)
R T——00

Lastly, we can use generalized formula for o(k — &'):

. , 1 T—+00
2k — k') = / eith=K)2 gy —

{euk—qu
i i(k — k)

T——00

From which we see that (3.23) yields (3.16). The orthogonality relations (3.17), (3.18)
and (3.19) can be proved using analogous strategy. O

Proof of Theorem 1 follows from Lemma 3.2 and 3.3 and is explained below.

Proof of Theorem 1. To justify (3.2) we multiply (3.1) by ¢*o3 and integrate over R

/R?Z*@,k)agf(y)dy: /R & (y, K)o /R [E(h)(b(y, h) + d(h)d(y, h)}dhdy
= [ 5K [ ch)oty, hdhdy + [ 5 (. k) [ d(h)é(y. h)dhdy
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= /R /R Uy, k)ose(h)é(y, h)dhdy + /]R /R U (y, k)osd(h)o(y, h)dhdy
:/Ré(h)/qu*(yak)ai’)(b(y,h)dydh-i-/RCZ(h)/R(E*(y, k)osd(y, h)dydh,

Using (3.16) and (3.18) we can rewrite the above as
[ K)o f )y = [ ehj2ma(k)s(k — h)dh = 2ma(k)e(k).

which is equivalent to the expression for ¢ in (3.2). To prove the expression for d the
same procedure suffices with the exception that (3.1) needs to be multiplied by ¢*o3
and (3.17) and (3.19) are used. O

Let us illustrate that (3.9) is the completeness relation between eigenfunctions
{¢, ¢} and the adjoint eigenfunctions {¢*, ¢*}. Inserting both integrals from (3.2)
into (3.1) we obtain the following

s =, ([m [, 0 oas ] ot

g L e bas )]t k))dk

/([ 2ma(k k)o(, k)dk]USf()
- f 5 >$<x,k>dk]agf<y>)dy
/ ( ara(h) W )0 R)dk / Tk w*<y,k>$<x,k>dk>agf<y>dy

— [ 8a = )ososf )y = [ 8z —y)fw)dy = J (@),

where the completeness relation (3.9) has been used. Thus, (3.9) represents the de-

composition of an identity operator.
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Chapter 4

Completeness of squared

eigenfunctions

In this section we present a complete set of squared eigenfunctions for the Zakharov-
Shabat spectral problem (1.2). The corresponding result is given by the following

theorem.

Theorem 2. The set of squared eigenfunctions {Z,Z~} defined by (4.43) is com-
plete, i.e. every f € L*(R) can be written as follows:

() :/R C(K)Z ™ (x, k) + D(K)Z* (2, k)

dk, (4.1)

where
. 1 B " 1 N
Cb) =~y L2 Wy, D) =55 [ 07 B)f()dy, (12

where we use adjoint squared eigenfunctions {Q+, Q™ } defined by (4.19)
To prove Theorem 2, we proceed as follows:

« Construct adjoint squared eigenfunctions by expressing variation of scattering

data in terms of variation of potential.
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« Construct squared eigenfunctions by expressing variation of potential in terms

of variation of scattering data.

o Obtain a completeness relation and orthogonality conditions for squared eigen-

functions.

4.1 Adjoint squared eigenfunctions

In this section perturbation of the potential du in the spectral problem (2.1) is used
to define the adjoint squared eigenfunctions. We consider a perturbed solution of the
NLS equation (1.1) in the form:

u(x,t) + ou(z, t), (4.3)

where u(z,t) is a solution of NLS and du is its perturbation.

Substituting u + du instead of u into
O, = —ikos® + Q(u)?P, (4.4)
and writing ® + 0P, Q(u + du) = Q + 0Q) we obtain

(® + D), = —ikos(P + 0P) + (Q + Q) (D + IP)
= —ikos® — iko30® + QP + Q6D + QD + (5Q)(6D)
= (—ikos® 4 Q®) — ikosd® + QI + 6QP + (6Q)(6P)
= &, — ikosd® 4+ QD + 6QP + (0Q)(ID).

Neglecting quadratic term Q0P yields

(6®), = —iko30® + Q5P + (5Q)d, (4.5)
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where

0 Ju
5Q:[—5u 0]

is a variation of potential.

Proposition 4.1. Let ® be a solution to spectral problem (2.1) subject to boundary
conditions (2.15), then solution to (4.5) is

xT

60(2) = @(x) [ ®7(1)5Q(y)D(y)dy. (4.6)

— 00

Proof. Recall that ®(z) = J_(z)E. This implies that ®(z) — E and é®(z) — 0 as

x — —o0. We solve (4.5) by method of variation of parameters. Thus, we write
0P (z) = ®(x)C(x). (4.7)
Inserting (4.7) into (4.5) we obtain the following
e, C+ oC, = —iko3®C + QPC + 6QP,

where we use (4.4) and obtain
C, = 50D,

Since ®~! exists, we can apply it here to have
C, = 2710Q0,
which if we integrate leads to
Cla)= [ @7y, 1)3Q)B(y. K)dy,

returning to (4.7) we obtain (4.6). O
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Lemma 4.2. Let 0D be defined as in (4.6) and let ® and ¥ satisfy boundary conditions
(2.15)-(2.16), then we have the following

5= [ :’O U (2)5Q(2)d(x)de, (4.8)

o5 = [ :X’ O (2)5Q(x) V() dx. (4.9)

Proof. Recall that ® = US and ¥(x) — E as x — 400, therefore &(x) — ES and
d®(z) — E(6S) as + — +o00. Hence, applying the limit of 2 — +o00 to the solution
(4.6) we have the following

+o00
E(6S) = lim 0®(z) = ES/_Oo d(2)0Q(z)®(z)dx

T——+00

Cancelling exponential parts we continue as follows
+o00
4SS = S/ O (2)6Q(z)®(z)dx
+oo
e / ST (2)0Q ()P () dar
+o0o
— 557! / U (2)6Q (2) () d

-/ :O U (2)0Q(2)D(x)dx.

Proceeding similarly as © — —oo, we obtain (4.9) O

The formulae (4.8), (4.9) represent the variations of the scattering data S(k) due to
variation of the potential §Q). Let us write each entry of §S and §S~! from (4.8)-(4.9)
below.

Entries of 4.5:

5o — / T 0 60Q6dr,  da = / T B 50ddx,
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_ +oo ~ +0oo
- / 5 60Qddr, b= / B0Qbd.. (4.10)
Entries of 651

5a = — / " 0 600dr,  ba—— / " 56Qudz.
_iooo Y Y _ _+O§o
- —/_ >*6Qddr, o= —/_ &*6Quda. (4.11)

Remark 4.3. The formulae (4.10), (4.11) suggest that b,b are given by products of
eigenfunctions which are not analytic in the same region of C, whereas a,a are given
by products of eigenfunctions, which are analytic in the same regions of C, namely
Cy for a and C_ for a. Since our aim s to obtain adjoint squared eigenfunctions
that are analytic in either of the half-planes, we want variation of scattering data to

be expressed in terms of product of eigenfunctions that are analytic in C, or C_.

Lemma 4.4. Let p and p be defined as

. = (4.12)

Q|

Also let dp,dp be variations of p, p, then we can express variation of scattering data

gj > (4.13)

Uit g _ | ive]
~3h ] dsin

in terms of variation of potential in the following way

where

0 = (4.14)

Proof. Taking variation of p we obtain:

5p = 5(b) _ dba—oab 1(a§b - béa)
a

a? a?
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_ ;Q(a /_ ;oo 3 6Qbdx + b /_ ;Oo ¢*5Q$dm>
- ;( K T a8 60 0dr + [ ;OO bd)*aczwx)

(e}

- a12 /_ j(a& + b )6Qipdx (4.15)

To proceed further we take the inverse of (2.17) to get ®~1 = S71¥ ! which can be

rewritten as

* — Tk +B *
Cf W R v (4.16)
¢* _ _b¢* + aw*
Using (4.16) in (4.15) we get
1 +oo — Tk * — T T, /,% -
op= 5 [ (al-b0" + )+ b(ai + b)) 6Quda
1 o0 _ ~
==/ (@ayy™ + bbyp™)dQydx,
where we can use (2.18) and obtain
1 +o0 ~
op = = Y OQdr, (4.17)

where @,1*, 1 are all analytic in C_. Analogously, by taking variation of p and

following the same procedure we have that
. Tophee o
55 = _?/m B 6Oz, (4.18)

where a, 12*, ¥ are all analytic in C,. Now rewriting (4.17) in a more convenient form

we get

1ot 0 du lE
6/)_67/—00 [% @Z}?} [—(M O] [&j dx
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1 ftoo b
-5/ [—usou iou] [Zj dx
1 +00 ~ ~
==/ (V] ho0u — Y3ihrdu)da

_1< QPT&Q ou >
@\ v ] |oa] /7

which is equivalent to (4.13) with (4.14) Performing the same with (4.18) we obtain

55 L < ~0its| |du >
p= 9 0o 9 _ )
a V31 ot
which is equivalent to the second equation in (4.13) with (4.14). O

The entries of QO are a products between Jost solutions to the Zakharov-Shabar

system (2.1) and their adjoints. Note that superscript "+" denotes the plane of ana-

Y2 =i | e =t T

—y —dy | |er 3]

since by Abel’s identity det U(z) = lim,_,, det U(xy) = det J, det E = 1. Hence,
@Z{ = wg,@‘ = =Y, Y] = —122,17&’5 = zZl, so that we can rewrite QF by using Jost

solutions only
7,2 2
QO =— % , Ot =— %; . (4.19)
Uy (G

lyticity. From Remark 2.9

Ul =

A 71_ 1
Vo e ~ det¥

4.2 Squared eigenfunctions

In the previous section we considered the variation of the scattering data via variation
of the potential of the Zakharov-Shabat spectral problem (2.1). Now we are following

the opposite direction, and the main idea is to take variation of Riemann-Hilbert
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problem (2.42). We see from (2.43) that scattering data b, b are part of the Riemann-
Hilbert problem on the real axis £k € R. In order to extend variation of scattering
data in C4, just as before, we will use some manipulations to transform the Riemann-

Hilbert problem with p, p instead of b,b. To do so, we firstly introduce new matrices

1 0 ) 1t o
. 1/@], F~=(P) [O a]. (4.20)

Ft =Pt

Lemma 4.5. Let F* be defined as above in (4.20) and assume that a,a do not have
zeros in Co UR, then FT are analytic in C4 and can be explicitly written in terms of

Jost solutions and scattering data

— — T
F*=[M Nfa|, F =[N+/a M| . (4.21)
with the following large k asymptotics

F* =1, as|k| = oo inCxy. (4.22)

Proof. We obtain from (4.20) that

10
0 a

Pt =F*
0 1/a

} Pt

1 0
] : (4.23)
Thus, writing (2.42) as
Pt =(P)'G.

Then, using (4.23) we have the following

10 1 0
=F" G,

0 a 0 1/a

Fr=FG, (4.24)

F+

which can be rewritten as
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=l o -
0 1/a| |0 1/a

In the latter we used (2.18), (2.43) and (4.12). Concerning analyticity of F'*, both
are analytic in Cy as long as a,a are nonzero. To find the large k asymptotics, we
should rewrite F'* in the form (4.21). From definition for F'* and P¥ it is easy to see

that first equation in (4.21) is true. For the second one, we proceed as follows:

- -1 -1
10 M 10 My M 10
Fr=(P) | = B I -
0 @ N 0 a N N, 0 a

B S 1 V0 I 01 R O B VeV N O
~detP~ |—=N;y M; | |0 @] a|-Ny M;||0 @

_ | N3/a —M;] _ |Nija My - Fa WT.
—Nij/a My Ns/a M;

where
1 ﬁe—2ikm

. . 4.25
p621kx 1 + ;Oﬁ ( )

Using (2.12), (2.35) we find (4.22).

]
Proposition 4.6. Let 6F* be variations of F*, then
_ 1 (z,§)
! = — [ —22d 4.2
(OFF)@) = 55 [, e % (4.26)
where
M(z,8) = F~(2)dG(z,§)(FF)'(z),  €€R (4.27)

Proof. Take variation of F'™ in (4.24) to have the following

SFt =6F G+ F 6G=6F (F ) 'F" 4+ F 4G,
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Multiplying both sides by F'™ we have
SFHFY) L =6F (F ) '+ F6G(FH)™,
rewriting which we obtain
SFH(FT) ™ —6F (F ) ' = F6G(F")™".
By applying Plemelj formula (2.46) for F*, F'~ we get (4.26) as desired. O

To consider large-k asymptotics for F* we need to analyze asymptotics of P*.
Expanding solution to Riemann Hilbert problem as below
1

1
PEf =1+ -Pf(x)+ O(k2

. ) (4.28)

allows us work with spectral problems, since entries of P* are Jost solutions.

Lemma 4.7. Let P* be expanded as in (4.28), then

xT Qd
pe_ L[Falbdy 129)
2 u J luly) Pdy
10/ 2d
oL Jooo luly)Pdy L (4.30)
21 u J uly) Py
Proof. Substitute (4.28) into first equation of (2.4) to obtain the following
Lot : + + Lot
k(Pl)x:—Z(O'gpl _P103>+Q+kQP1
From which we have the following equations
P, = QP
(PF). = QF; )
Q = i[os, ).
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Let’s write P;” in a matrix form

(4.32)

This allows us to use second equation in (4.31) and obtain relations between u and

entries of P;", which are

Py =2
P =3 (4.33)
(P21 = 3.
Then, solving first equation in (4.31) we have the following
Py =+ 7 |u(y)|*d
(P )1 = 5 [2 [u(y)[*dy (4.34)

(Pi)a2 = 5 [ |uly)*dy

Now substituting (4.33), (4.34) into (4.32) we have (4.29) as needed. In a similar way
one can prove (4.30). O

Corollary 4.8. F'* can be expanded as

o | i s lul*dy + OGz) o+ 0(3%)
s+ O) Lt i Jo ™ Julfdy + O(zz)

Proof. We can write expansion of P*

1
Pt=T4+
2k

oo luly) Pdy u
u J2 July) Py

+0<132>.

From (3.7) it is obvious that det P* = a. Now, calculating determinant in 2 x 2

matrix PT we can find expansion for a

2

(14 2 T ) R LS ) Ju® (1)
“= (1 tom 1wl dy) (1 * 9k /_oo )y ) + 55 + O3z
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+o00 1 T
—1+ﬂ uly)l’ dy+2k, u()Pdy+0 (1)

Substituting expansions of P and a in (4.20) we have expansion of F'* as needed. [J

Lemma 4.9. Variation of potentials at O(3) are

du=—21 [z, €)d
b Jo Tha(a, ) .
ou = —% Jr Ha1(z, §)dE.
Proof. For simplicity, let us write expansion of F'* as follows
= 1+O(%) ﬂ—i_o(%)
s TOGe)  1+0(;)
Taking variation of the above we have
e[ OB o)
E+o() o)
Now, substituting the above expansions into (4.26) we have the following
oL oL
= - (k;) ) 2zk: + . (k2) (4.36)
2ri Jr §—k U4 0(%) O(1)

We can also rewrite the left hand side of the above as follows

27m/ ()n 7, §)ds

1
- _2m'k; /Rmx’ §de+0(3)
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1 Je i (z,8)d€  Jp Tha(z, §)dE L0 <1)
2mik | fp o (2, §)d€  fp Toa(z, §)d€ k?
combining it with (4.36) we obtain (4.35) as desired. O

Lemma 4.10. Given Il(x,&) is defined as in (4.27) we have the following

0 6p
op O

M= ot (4.37)

Proof. Firstly, we take variation of (4.25) and rewrite it to get

0 5156721'1{1

E = e—ikrag — e*ikm 0
0 eik‘z

Now, substituting equation for 6G into (4.27) we have the following

0G =

-1

55
= F 0 ~p ~
op Opp+ pop

dpe

where

0 op
op 0pp+ pop

_py [P 9] g0 57
0 a dop 0pp+ pop

=FE EY(FH)

(P, (4.38)

where we used definitions of F* in (4.20). Let us rewrite P* in a matrix form

explicitly. Before that, for the sake of simplicity of the proof, let’s define the following

1 0
H, = Com= Y
0 0 0 1

matrices
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Then, we proceed as

M*
N*

P —

] =H\J' + HyJ ' = Hy = + HyJ M T g7t

= (H,+ HyJ 1 J)J = = (Hy + HyJ T ESE™Y) T
= (H, + HLESEY)J .

By taking inverse of the above we obtain

(P)t'=J_ (H + H,ESE™H)™!

- - - 1 _ A 1
10 0 0] |[e7®k= a —b| |ek= 0
=J_ + . .
00 0 1 0 ek | 1y a 0 etk
- . - T . —1
10 0 0 a —be 2k
=J_ + A
00 1| |pe2ik= a
- - - -1
0 0 0 1 0
=J_ + . =J_ .
00 be2ikzr g ) [bem’” a]

! 0] , (4.39)

R
U _p€2ikx 1/6 _p€2ikx 1/

where we used (2.13), (2.18) and (4.12). Performing the same manipulations with P*

we have
1 _ﬁefQika:

E®~ (4.40)
0 1/a

(P+)_1 — [

Inserting (4.39), (4.40) back into (4.38) we have

1 1 5p 1 1 —pe2ike
neopt| Y O g |? Pt pe
_peQ”mc 1/a|l |0 @ dp Opp+ pdp 0 al |0 1/a

Efl 1 _ﬁe—Qik‘z
0 1

Ed!

Ed!

P o]Elo 5p

—peikr 1 dp dpp+ pdp
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0 0 p 1 —p
—oE | E E'E P e E PlE-1| Eo
—p 1 op Opp+ pdp 0
1 0[|0 5 1 —p 0 6p
= p P q)—l:q) P q)—l’
—p 1| |dp dpp+ pép| |0 1 op 0
which concludes the proof. O

Lemma 4.11. Perturbation du of spectral problem (2.1) is expressed in terms of dp

as follows
)
M - 71T /R (Z@f’ §)op() + 27 (z, 5)5ﬁ(£))d€, (4.41)
where . i
Z" = _?Nﬂ . Zt= [_gbl??] . (4.42)
— 201 — 20}

Proof. Writing (4.37) explicitly results in

g o e [0 ap) et | _ [ @) o o

62 &o] [0p O |67 3] |debp 6205 |G &3
G1070p + 10500 h136p + $1d30p| T Tl
|02010p + 20500 G2030p + G2050p] [Ty Tl

Combining this with results of Lemma 4.9 we have the following

Su=—— [ (Bi63p -+ 010307 dé.
5=~ [ (5:6100 -+ 020107 d.

from which (4.41) follows directly. O
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Note that from linear relation between ® and ®~! we have

[djz ?;] o [qx q}r: [qﬁz —q%]'
o1 P G2 P2 —p2 P

Using the above we can rewrite (4.42) as follows

o —¢3
_12] . Zt= { 1] : (4.43)

7 —
; b5

Lemma 4.12. The sets {Q", Q7 } and {ZT, Z~} introduced in (4.19) and (4.43) sat-

isfy the following completeness relation if a,a # 0:

o=t =1 [ | g2 @O0 00 + 2 w00 o) (140

Proof. For completeness relation, we adopt both formulas connecting variation of
potential and variation of scattering data: (4.17)-(4.18) and (4.41). Then, we obtain

5u(x) . + + ou
Lu(:r)]:W/R < [ >+Z 8o )<Q ’[5“] >]d§
_ 71T/]R Z (x 5)2%5)/]1@9 ®¢) [ E ;]
|: y)} dy] df
(v)

+Z7( wf
)]
u(y)

. . N du(y)
+/Ra2(§)Z (2,627 (y,§) léu(y)] dy] d§

(2.8)

’(:v,f)Q’(yf)

1 1
- %/R [/Rcﬂ(g)
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u(y)
L L (g mome [

1
a?(£)

(2, ) (1. €) [5ZEZ;] )dyd&

(x T + ou(y)
/ /]R (a2 (&) &) (y,6) + (5) (2, &) (v, f)) d§ [5u(y)] dy,
which implies (4.44) 0

Lemma 4.13. The squared eigenfunctions {Z+,Z~} and the adjoint squared eigen-
functions {QF, Q7 } satisfy the following orthogonality relations:

(7 (2,€), 2 (x,€)) = 7@*(§)(§ = &),
(7 (2,6), 2" (2, €)) = 7a’(£)3(¢ - &),
(7 (@,8), 2 (2,€)) =0,

(O (2,9, 27 (2,8)) =

Proof. For inner products, we substitute (4.41) into (4.17) and (4.18). Then

3o = Qt@ Lo o [1 / (Z-cc 050(E) + 27 0 Nil€) )| o

//( “(2,8)0p(€) + (957§)Z+<x7§,)5ﬁ(§,)>d§'da@
= — A “(x ~(x, & —(x (. & op(&’) 'dr
m2<g>/R/R 0 (2,92 (2,€) (2,92 (x,¢)] [5/3(6,)] d¢'d

_ “(x (x, & ~(z Tz, & x(Sp(f’) !
@ L Loz @ oeoztee)d [W)] 3

Performing the same for §p we have
: op(&)| .
- 7ra2 L Loz @) 0ozt @) d [ J '
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0p(&)| _ n (9PN
[5/7(5)] = B léﬁ@’)] *

(2 (2,6, 27 (,¢)) ,mzl(g)<9_(:z:,f),Z+(x,§’)>]
7”12(5)<Q+< 6) Z_($’€/)> 7ra2(§)<Q+( 6)’Z+($7§/)> '

Hence, we have

with
B(,¢) = [

These relations imply B(&,¢') = 0(€ — &)1, which are equivalent to the four orthogo-

nality relations. O]
Proof of Theorem 2 follows from Lemmas 4.12-4.13 and is provided below.

Proof. To justify the choice of coefficients (4.2) we multiply (4.1) by Q (y, k) and
integrate over y € R. We obtain the following:

/RQ_(y

)y = [0 (.h) [ |CONZ (k) + DUZ* (g, b1 | i dy

k

://C‘(k’)Q (g, k)2~ (y, k') dk dy+//D k) Z* (y, K)dK dy
/é /Q u. k y,k)dydk’+/D (') /Q (y, k) Z* (y, k') dydk’

:/Ré(k’) (7@ (k)6 (k — k)| dk' = ma*( /C 5(k — K')dK’

_ x@®(k)C(k),

where orthogonality relations from Lemma 4.13 were used. This yields (4.2) for C'(k).
In the similar way we justify (4.2) for D(k), by multiplying (4.1) by QF(y, k) and
integrating over y € R. O

Now inserting both coefficients (4.2) into (4.1) we have the following illustration

that (4.44) is the completeness relation between squared eigenfunctions {Z+, Z~} and
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adjoint squared eigenfunctions {Q*, Q™ }:

flay= [, Kﬂl(k) Lo k)f(y)dy> 27 (x.k)
+ (o
ma?(k) Jr

1 L oot +
# 2 o R )

(v, k:)f(y)dy) z+<x,k>]dk

-/ [1 / a%my,k)Z(:c,k)dk] f(y)dy
A

i/R a y, k)Z _(ﬂf,k)+azik)m(y,k)Z*(%k)] dk‘)f(y)dy
oz —y)If(y)dy = f(x),

where the completeness relation (4.44) has been used.
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Chapter 5

Relation of squared eigenfunctions

to the linearized NLS equation

In this section we explicitly show that the squared eigenfunctions of the linear system
(1.2)-(1.3) solve the linearized NLS equation (1.5) and the adjoint squared eigenfunc-
tions solve the corresponding adjoint linearized NLS equation. To do so, we follow

the procedure below:

o Show dependence of squared eigenfunctions and adjoint squared eigenfunctions

on t.

o Show that the time-dependent squared eigenfunctions are solution to the lin-

earized NLS equation.

o Find an adjoint linearized NLS equation and prove that time-dependent adjoint

squared eigenfunctions solve it.

Since in all previous computations, we have set ¢ = 0 and omitted ¢ from argu-
ments of the fundamental solutions ®, ®~!. Let us now augment all expressions by
explicitly writing their dependence on ¢. In particular, the time-dependent squared

eigenfunctions and the adjoint squared eigenfunctions similar to (4.19) and (4.43) are
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denoted as follows:

(64

Proposition 5.1. Let u be a solution of the NLS equation (1.1). Then, variation

(0w, 0w) is a solution of the following linearized NLS equation.:

r du(z,t) _ |0 7
ou(zx,t) 0
where
' 4|ul? 2u?
—2u? 10y — Opy — 4|ul?

is the linearization operator.

Proof. Substitute (4.3) into (1.1) and proceeding as in (1.5) we obtain the linearized
NLS for (0u, 0u):
i0Us + Oty + 20267 + 4|u)?0u = 0, (5.2)

The complex conjugate equation is given by

0 = 10uy + gy + 206U + 4|u|?0u
= —i0T; + gy + 200u + 4|ul?du = 0.

Multiplying the above by —1 we obtain
10Ty — 0lgy — 4|u|?6T — 2u*6u = 0, (5.3)
Combining (5.2) and (5.3) yields (5.1). O
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Theorem 3. The time-dependent squared eigenfunctions Z~® Z+®) satisfy the lin-

earized NLS equation:
LZO(x,k,t) = LZO (2, k,t) = 0. (5.4)

Proof. We will prove the result for Z=®| since the proof for Z*® is identical. For
simplicity, we denote v; = Aﬁ“, vy = &gt). Substituting these into (5.4) and using
(5.2), (5.3) we want to show

[<2Juf2, 0, — Dp — 4lu?] ( “12)
—v

-
[i0r + Oy + 4lul?, 207 ( 012)
£z~ =

Consider the following

2
[z’@t + Ope + 4|ul?, 2u2} ( K ) = i0;(v7) + Op(v3) + 4|ul?(v7) — 2003

2
2

= 2iv1(v1)¢ + 201 (V1) e + 2(v1)2 + 4|ul?v] — 2uv3. (5.5)
Since (Ul) is a solution to (1.2) and (1.3) we have the following
V2

(Ul)x:v - (vlm)x = (_ikvl + qu):E - _”ﬁ(vl)z + Uy + U(U2>xa
(Ug)x = —uv; + ik”UQ

(v1) = —2ik*vy + i|u*v1 + iugvy + 2kuvs.
Substituting the above into (5.5) we have the following

22’2}1{ — 2ik%vy + i|ulv; + iugvg + 2kuv2} + 21}1{ — ik(v1)z + upve + U('Uz)x}

+ 2(—ikvy + uvg)?® + 4|ul*v} — 2uyv;
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= 4k*0? — 2u|*v] — 2uv vy + dikuvivy + 21}1{ — kv 4 ugvs — |u]2v1}
— 2k*0% + 2uv — dikuvivg + 4|ul*v} — 2uv;
= {4k2 —2ul* — 2k* — 2fu|* — 2k* + 4|u|2}vf + {2u2 — 2u2}1j§

+ { — 2u, + diku + 2u, — 4iku}v11}2 =0

2
2

2
Following the same procedure, we have [—2|u|2, 10y — Opy — 4|u|2] ( i ) =0. O

Proposition 5.2. The adjoint linearized NLS equation is written as

o dv(x,t) _ |0 |
0v(x,t) 0
where
o —i0; + Ope + 4|ul? — 212
B 2u? —i0; — Opy — 4|ul?

Proof. Adjoint operator satisfies the following
(Lu,v) = (u, L ).

Using (2.24) we write above as

(Lu,v) :/R/]R

—2u? 10y — Ope — 4|ul?| |us

10y + O,z + 4|ul? 2u? ] [ul

: [vll ddt
V2
B /R/]R <i<u1>tvl + (u1)zats + AlulPurvy + 2utugoy

— 201wy + i(ug)vg — (Ug)aeVs — 4|U|2U2U2>dl'dt
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:/R/R(i(ul)tvl+i(U2)tU2>dtd.iE+/R/R((ul)mvl—(UQ)mv2)dxdt

= =2

+/ / (4]u|2u1v1 + 2utugvy — 2uuive — 4|u]2u2v2>dxdt
R JR

Integrating first integral by parts once, and second integral by parts twice we obtain

the following

/R/R ( —dug(vy) — iug(vg)t> dtdx + /R/R (U1 (V1) g — U2(02)m> ddt

+/ / (4\u|2u1'01 + 2utugvy — 2uugve — 4]u\2u202> dxdt
= / / ( i1 (v1)g + ur (V1) e + 4lufurvr + 2uugu,

— 20U vy — Uy (va)y — U (V2)gw — 4|u|2u202> dxdt

uy| [—idy + Oppvy + 4 u vy —20%vy
— / / ddt
R |usg 2uln, — 104y — Opyvo — 4|ul?vy
uy | [—i0, + 0,0 + 4ful? —o?
_ / / tr| | 10+ O+ Aul _ “ dzdt = (u, L),
RJR |y 2u? —i0; — Opy — 4[ul?| |2
which yields the result. O]

Theorem 4. The time-dependent adjoint squared eigenfunctions Q= Q+t®) satisfy
the adjoint linearized NLS equation:

L Oz kt) =Lz, k t) = 0.

Proof. We will prove for Q~® since Q+® case is identical. For simplicity, let’s use the

following notation within our proof w; = ﬂt), Wy = @ét). Now, consider the following

1

—w?
=0, + Oy + 4lul* 2] ( 3) = —i(=wy)s + (—w))ze — Alul*w; + 20wy

o8
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= 2wy (ws); — 2w (Wa)ge — 2(wo)? — 4|ul?wi + 2w w? (5.6)
Since [uq] is a solution to (1.2) and (1.3), then wy, wy satisfy the following
Wa
(wQ)xx = (wa)x = <_ﬂw1 + kaQ)x = —UgWi — ﬂ(wl)z + Zk(wQ)x
(wl)x = —z’kwl + uwsy

(w); = iTw, — 2kTw, + 2ik*wy — ilul*ws
Using this in (5.6) we obtain

2iw2{iuww1 — 2kuwy + 2ik*wy — i\u|2w2} — 2w2{ — U, — u(wy), + ik(MQ)I}
— 2(—aw, + ikws)? — 4|ul*w? + 2w*w?
= U w wy — 4ikTwwy — 4k*w3 + 2|ul*w; — 2w2{ — Tpwy — |ulfwy — k)2U)2}
— 20w} + 2k3w; + dikuw,wy — 4lulPws + 20w
— { o2+ 2u2}wf + { — 4k% + 2|ul® + 2|ul* + 2% + 2k* — 4|U|2}w§
+ { - 2u, — 4iku + 2u, + 4iku}w1w2 =0.
2
Following the same procedure, we have [2u2, —i0y — Opp — 4|u|2} ( w2> =0. O

a2
1
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Chapter 6
Conclusion and future directions

This thesis is centered around completeness of eigenfunctions of the spectral prob-
lem (1.2). In this study, a complete set of eigenfunctions is a basis in the L? space.
We proved completeness of eigenfunctions of (1.2) in Chapter 3. To do so, we in-
tegrated special functions R* and obtained a completeness relation in Lemma 3.2,
then we found orthogonality relations between eigenfunctions and adjoint eigenfunc-
tions in Lemma 3.3. These results lead to Theorem 1, where we provided a proof of

completeness of a set {¢, ¢}.

We extend our study to completeness of squared eigenfunctions in Chapter 4.
First, we perturb our potential by adding a vartiation to it in (4.3). To derive ad-
joint squared eigenfunctions Q% in (4.19), we express variation of potential in terms
of variation of scattering data. Then, by expressing variation of scattering data in
terms of variation of potential we derive squared eigenfunctions Z* in (4.43). We
obtain orthogonality relations between squared eigenfunctions and adjoint squared
eigenfunctions in Lemma 4.13 that helps us to prove completeness of a set {Z~, Z*}

in Theorem 2.

In Chapter 5 we explain a connection between the squared eigenfunctions and the
linearized NLS equation (1.5). Precisely, we manually show that squared eigenfunc-

tions Z* are solutions to the linearized NLS equation in Theorem 3 and that adjoint
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squared eigenfunctions QF are solutions to the adjoint linearized NLS equation in
Theorem 4.

It is crucial to note that throughout the whole thesis we assumed that scattering
data a and @ are nonzero in C, and C_, respectively. Allowing these to have simple
or multiple zeros complicate the problem to the next level. In particular, when inte-
grating special functions R* we see that this creates poles in C, , simple or multiple
depending on the assumption. This means that the completeness relation would have
contribution from residues. In the case of squared eigenfunctions, by looking at the
completeness relation (4.1) we see that simple zeros of a,a are automatically double
zeros because of the exponent of a,a. In this case, we can expect that contribution
from residues would involve derivatives of squared eigenfunctions with respect to k.

The case with the simple zeros of a, a was considered and discussed in [1]. In ad-
dition to continuous eigenfunctions {¢(z, k), (x, k)} for k € R , a new complete set
includes discrete eigenfunctions {¢(x, k;), (E(a:, %])} at the zeros kj, Ich of a,a respec-
tively. For squared eigenfunctions, the complete set {Z~, Z*} is modified by addition

of four additional eigenfunctions at the zeros k;, Ej of a, @, respectively.

In this thesis all our computations were done for the zero background, i.e. the
decay of the potential u to zero. Even though the results of this study are not novel,
we present detailed proofs and thorough explanations that could act as a literature
review and a good foundation for further research. In particular, this thesis may be
used to tackle an open problem on completeness of the squared eigenfunctions for the
potentials at the nonzero background (constant and/or periodic boundary conditions

at r — £00).
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