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The NDNLS* and BO equations

The Benjamin-Ono equation in normalized form is given by
us+2uuy + H(uxx) =0, u(x,t) :RxR =R,
and the nonlocal derivative nonlinear Schrodinger equation can be written as
iy = Uy + ou(i+ H)([u)?)x, u(x,t):RxR— C.

The BO equation (Benjamin 1967, Ono 1975) and the NDNLS™ equation (Pelinovsky
and Grimshaw 1995) can be used to describe physical phenomena such as deep
water waves and internal waves in a stratified fluid. The NDNLS™ equation can be
used to model the continuous limit of the Calogero-Moser-Sutherland particle system
(Abanov et al. 2009).
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Periodic travelling waves

The BO and NDNLS* equations admit periodic travelling wave solutions, which can
be written in Hirota bilinear form as

. foo(f f=1+4ek?
vix.t) = i0xlog 3 =1 <f - fxf) , {f, 4 ehers

for the BO equation, and

_of) = e gix—ct) _ . __igd(x—ct)

u(x —ct) = fx—cf)’ ux—ct)y=e Flx—cl)’

f(x —ct) =1+ e*¢=¢, g(x —ct) =~y(1 + &%),
f'(x —ct) =1+ ek&+e, g'(x —ct) =77 1(1 + e*e+¥),

for the NDNLS* equation.
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The NDNLS* and BO equations

Solitons in the BO and NDNLS™ equations have been studied previously (Matsuno
and Kaup 1997, Matsuno 2001). For both equations, a completeness relation for
eigenfunctions linearized at the soliton solution was established and used to
investigate linear stability with respect to small perturbations.

We aim to derive a completeness relation in Lf,e, space for eigenfunctions of the BO
equation linearized at the periodic travelling wave using the Hirota bilinear form,
based on previous work (Matsuno and Kaup 1997, Spector and Miloh 1994). We will
apply these results to perform the same task for the periodic travelling wave solution
of the NDNLS* equation.
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What is a completeness relation?

A completeness relation in a Hilbert space # means that any vector in the space can
be represented as a linear combination of elements of a basis.

Example

The Fourier basis {€"™} <z forms a basis for the Hilbert space Lf,e, in the sense that
any f(x) € Lf,e, can be represented by

f(x)=>_ane™, ap=(f,e™).
nez

The equality is in the sense of Lf,e, convergence, i.e.

N

f— Z aneinx

n=—N

lim
N—oco
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Applications

We can use a completeness relation to decompose general elements of our Hilbert
space into known functions.

Definition (Linear Stability)

If we perturb a solution u to a partial differential equation by a small perturbation v,
expand, and drop higher order terms in v, we get a linear equation in v. If the norm
of v does not grow over time, we say that the solution u is linearly stable.
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Linear stability of the BO constant solution

We can use the Fourier basis {€™} <7 to examine the linear stability of the constant
solution of the BO equation in L3,.

Take the solution & = 1 of the BO equation. Taking a small perturbation
v(x,t) e L,%e,, we perturb U by v to get u(x,t) = 1 + v(x, t). Substituting u into the
BO equation, we obtain

Vi +2(1 + v)vx + Hvy = 0.

We can make a change of variables and Iinearize.to get v; + Hvyx = 0. Using our
Fourier basis, we can write v(x, t) = > ., Va(t)e"™. Plugging this into the linearized
equation, we can solve for vu(t):

Vn(t) = va(0)e"™ = [va(D)ll iz, = [IVa(O)ll 3, -

Therefore, the constant solution is neutrally stable.
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Lax system and spectrum

Recent work has rigorously established the Lax spectrum for the periodic travelling
wave solution of the BO equation (Gérard and Kappellar 2020, 2021, 2022).
Additionally, the Lax spectrum and solutions of the Lax system for the periodic
travelling wave of the NDNLS* equation have been recently established (Chen and

Pelinovsky 2025).

{ Integrable PDE J<

h

{ Lax System J

h

{Linearized PDEJ

Vi
A

{Squared Eigenfunctions}
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BO: Linearized equations

We can perturb the periodic travelling wave u by some small perturbation g € L,%e,.
Substitution and linearization yields the linearized BO equation,

gt +2(ug)x + H(qx) = 0.
Defining q = vx, we can integrate to obtain the adjoint linearized BO equation,

1/11‘ + 2U¢x + H(Q/Jxx) =0.
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BO: Lax spectrum

The BO equation is a compatibility condition of the following system of Lax equations

ik + Mot — )+ upt =0,
i — 2iNpE + ik, — [Fiuy + H t=0
Vo) IAQy + Yxx [ Iy + (UX)]SO = V.

The spectrum of the Lax system in L,%e, for the periodic travelling wave is given by

c+k c—k
oL ={do} U{0} Ulkntnen, do=-——5—, po=-—75
This system admits two sets of eigenfunctions
Docinet _
o (Nix 1) = eV HNL g =0, A €[0,00),
o)1 — Ko K R\ Do)
L O W VS YA S v 0J-
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BO: Linearized equation solutions

The linearized BO equation admits the following solutions:

A Xt A x, 1),
X — 1o cp,( )‘P//( )

qu(x x, 1) = €722 o F (A x, ey (N X, B),

a(X x, t) = A€ [0.00)

The BO equation has translational symmetries in x and t. A result of these
symmetries are that the following derivatives satisfy the linearized equation:

g1 = Oxu(x —ct), Jcu(x — ct).
The second solution has a term proportional to dxu(x — ct), we can drop this to

obtain g = dyu(x — ct).
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BO: Adjoint linearized equation solutions

The adjoint linearized BO equation admits the following solutions:

A= o
A X ) =
Ui ) P

bi(x x, ) = €722 oF (A x, Dol (A x, B),

+0y- )
o (A x, el (A x, 1),
P X i) A€ [0,00).
Using the relation ¢ = 85 ' g, we obtain the solutions
Y1 =u(x —ct), 5 'dsu(x — ct).
Again, we can omit the term proportional to u(x — ct) in the second solution to obtain

Yo = Oy ' pU(x — ct).
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BO: Orthogonality relations

We examine orthogonality relations between solutions to determine coefficients for
use in the completeness relation. We have the following results:

{<Cll(k’"')71/1/(/“”))%r = (qu(kn), Yu(km))z =0,
or n,meN,

{qi(kn), vu(km)) 2, = (qu(kn), Yi(km)) 2, = —=dnm,

and
<Q1,¢1>L§er = <C7271/’2>L§er =0,

K

(91, ¥2) 12, = (%2, Y1) 12, = sinhZ o’

per
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BO: Completeness relation

Proposition (Completeness relation in L.,

The functions 1y, vy, 11 and o form a basis in Lf,e, in the sense that any element
f(x) € L,%e, can be uniquely represented by a superposition of elements in the basis:

f(x) = _(@ampi(kn; ) + byby(kn; X)) + Co + C1e1 + Cotpp, X €T,
neN

where the coefficients are given by

k k
an= 5 (qu(kn),fiz, ., bn=o_(qkn),f)z , neN,

1 1 .
¢ =—— sinh® ¢(q, iz, =% sinh® o, fiz,,»

and co = ;- ((au(0), )15, 6:(0) + (@(0). iz, ¥u(0)).
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BO: Completeness relation

Substituting our coefficients into our relation, we obtain

f(x) = 21; 55 f(y) (Z(QIl(kn; Y)i(kn; x) + qu(kn; y)yu(kn; X))

neN

+ 2 1005 )e(0: X) + (0: ) (0: )]

% sinh? ¢ [~ Qa(y)11(X) + Gy (y)wz(X)]> v

Therefore, the completeness relation holds if and only if

> (aqu(kn; x)bu(kn; y) + qu(kn; X)yi(kn; y)) + 1(CI/(O; X)u(0; y) + qu(0; x)(0; y))

neN

2T

b2 sinh? o(an (X)02(y) — (1)) = So(x —y), xyeT
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NDNLS: Linearized equation

The linearized NDNLS™ equation can be obtained by perturbing the periodic
travelling wave u by a small perturbation q € L,%er, followed by substitution and
linearization. This yields

iqt = Qo + o[u(i + H)(qU + ug)x + q(i + H)(|ul?)].

16/24



NDNLS: Lax spectrum

The NDNLS* equation is a compatibility condition of the following system of Lax
equations:
ipx + Ap+ ugt =0,

gt —uq” +olUp=0,
ior+ Xp + Augt +i(ug — uygt) =0,
iq;" — 2iAG + G + oG (£ + H)(Juf?)x] = 0.
When u is the periodic travelling wave, the spectrum of the Lax system in L,%e, is

given by
o ={Ao}U{o+k(n—1)}nen.
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NDNLS: Lax Spectrum

This system admits two sets of eigenfunctions, given by

_ gi0—oxipe—nyf'(x = cf)
pi(A, x.t)=e fx—cf)’
_ _pei—optipe-nig (X —ct) A€ [o,00)
a (Nx,t) = f(x —cf)
q =0,
and

pu(X; x, t) = —M (’y + i:ig(g(x —ct) - 7)) ,
A

G 0ix) =g (1435000 - 1)) AR\ (uo)
A

g, (XX, t) = f’(x1—ct) <1 + Aizz(f/(X_Ct)_”)'
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NDNLS: Linearized equation solutions

The linearized NDNLS* equation admits the following solution:
wx; x, t) = pi(x x, g (A x, 1), A€ [o,00).

The NDNLS* equation has translational symmetries in x and t, in addition to a phase
rotation symmetry. Thus, there are three corresponding solutions of the linearized
NDNLS® equation, given by

hy = oxu(x —ct), Ocu(x —ct), and hg = dyu(x — ct).

One term in dcu(x — ct) is proportional to dxu(x — ct); we can drop this term for use
in the completeness relation. We define the new function as h..
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NDNLS: Orthogonality relations

Based on previous work (Matsuno 2001), we propose the following solution of the
adjoint linearized NDNLS® equation:

WX x, t) =i\ x, g (A x, t), A€ [o,00).

There also must be three solutions of the adjoint linearized NDNLS* equation
corresponding to the functions hy, ho, and hs; we will denote these by hy, ho, and hs.

We have the following orthogonality relation between the solution w and the
proposed solution w:

N 2
(w(kn), w(km)) 2 = %%m, n,meZ, n,m>o.
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Completeness relation conjecture

Conjecture (Completeness relation in Lf,e,)

We conjecture that the functions w, hy, ho, and hs form a basis in L,%e, in the sense

that any element f(x) € Lf,e, can be uniquely represented by a superposition of
elements in the basis:

f(x) =) _ anw(kn; X, t) + c1hs + Cohz + Cshs, X €T,
N=o

where the coefficient ap = %(v”v(kn), f), and the coefficients c, c,, and c3 will be
determined from the orthogonality relations between hy, h, h3 and the corresponding
functions hy, ho, hs.
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Next steps

2
pers

1. Find the remaining adjoint eigenfunctions corresponding to the discrete
spectrum,

2. Show the proposed solution w and the adjoint eigenfunctions for the discrete
spectrum satisfy the adjoint linearized NDNLS* equation,

3. Find orthogonality relations between adjoint and linearized eigenfunctions for the
discrete spectrum, and

In order to prove a completeness relation in L5,,, it remains to

4. Prove a completeness relation with the appropriate eigenfunctions and
coefficients.

Additionally, we aim to establish a completeness relation in the space L2(R). We
have found a completeness relation for the BO equation in L2(R), but it remains to
apply these results to the NDNLS* equation.
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