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The derivative nonlinear Schrodinger (DNLS) equation is the canonical model for the dynamics of nonlinear
waves in plasma physics and optics. We study exact solutions describing rogue waves on the background of
periodic standing waves in the DNLS equation. We show that the space-time localization of a rogue wave is only
possible if the periodic standing wave is modulationally unstable. If the periodic standing wave is modulationally
stable, the rogue wave solutions degenerate into algebraic solitons propagating along the background and
interacting with the periodic standing waves. Maximal amplitudes of rogue waves are found analytically and

confirmed numerically.
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I. INTRODUCTION

Fundamental models for the dynamics of waves in fluids,
plasmas, and optical systems are written in terms of integrable
systems such as the nonlinear Schrédinger (NLS) equation,
the derivative nonlinear Schrodinger (DNLS) equation, and
their multicomponent generalizations. These models simplify
the complicated dynamics by accounting for only two mecha-
nisms in the wave evolution: dispersion and nonlinearity.

The focusing NLS equation is the most studied model
of this class. Periodic waves in complex physical sys-
tems are modeled by the constant-amplitude waves of the
NLS equation, which are known to be modulationally un-
stable [1]. Related to the modulational instability, rogue
waves (localized waves of large amplitude appearing from
nowhere and disappearing without a trace) emerge on the
constant-amplitude wave background. These rogue waves
are described by the exact solutions of the NLS equation
[2-5].

In the context of the multicomponent NLS models, it was
discovered in Refs. [6,7] that rogue waves only emerge on
the modulationally unstable constant-amplitude wave back-
ground. If waves are modulationally stable in a subset of the
parameter region, no rogue wave solutions can be constructed,
and numerical simulations do not show the occurrence of
localized waves of large amplitude [8].

The concept of modulational instability is introduced to
describe the instability of the constant-amplitude wave with
respect to perturbations of increasingly large periods [1].
If the constant-amplitude wave is unstable with respect to
perturbations of smaller periods but stable with respect to
perturbations of increasingly larger periods, it is said to be
modulationally stable, even though it is still unstable in the
time evolution of the governing model [9]. Note that in [6,7]
the concept of modulational instability was dubbed “baseband
modulational instability.”
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Multiperiodic wave patterns in complex physical systems
are modeled by the periodic standing wave solutions of the
NLS equation. These periodic standing waves are also modu-
lationally unstable [10], and rogue waves in their background
exist as exact solutions of the NLS equation [11,12] and
are observed in numerical simulations [13] and optical and
hydrodynamical experiments [14].

A special relation between the modulational instability of
periodic standing waves and the existence of rogue wave
solutions was discovered in [15]. If the unstable spectral band
intersects the origin in the complex spectral plane tangentially
to the imaginary axis, the corresponding rogue wave solution
degenerates into a propagating algebraic soliton on the peri-
odic standing wave background. Similarly, it was shown for
the sine-Gordon equation [16] that rogue waves are localized
in space-time for modulationally unstable librational waves
but degenerate into propagating algebraic solitons for modu-
lationally stable rotational waves (which are still unstable with
respect to perturbations of shorter periods).

The purpose of this work is to study rogue waves in
the DNLS equation, which models long weakly nonlinear
Alfvén waves propagating along the constant magnetic field in
cold plasmas [17,18]. Rogue waves on the constant-amplitude
wave background were constructed recently in Ref. [19]. Here
we investigate the properties of the rogue waves arising in the
background of the periodic standing waves.

The precise characterization of modulational instability of
periodic standing waves in the DNLS equation was completed
in our previous work [20], where we implemented the alge-
braic method of nonlinearization of Lax equations after the
previous works in [21-25]. Compared to the previous studies
of periodic standing waves in the DNLS equation in [26-29],
the results of [20] gave a full picture of three possible types
of periodic standing waves. The first type is modulationally
unstable with two figure-8 unstable bands, the second type
is modulationally unstable with one figure-8 unstable band,
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and the third type is modulationally stable (in fact, stable with
respect to perturbations of any period).

The main outcomes of this work are summarized as fol-
lows:

(1) The periodic standing waves with two figure-8 unstable
bands admit two rogue waves localized in space-time.

(i1) The periodic standing waves with one figure-8 unstable
band admit one rogue wave and two algebraic solitons propa-
gating along its background.

(iii) The periodic standing waves with no unstable bands
admit four algebraic solitons and no rogue waves.

Our main results are in agreement with the previous obser-
vations in [6,7] and in [15,16] that the space-time localization
of rogue waves on the constant-amplitude and periodic stand-
ing wave background is possible if and only if the background
wave is modulationally unstable (once again, unstable with
respect to perturbations of increasingly long periods). There
is currently no mathematical proof of this result for a general
integrable system.

The regular way to construct the rogue wave solutions
on the background of the periodic standing waves is to use
the Darboux transformation. Darboux transformations for the
DNLS equation (1) are well-known after the previous works
in [30-33]. Applications of the Darboux transformation to
generate breathers on the background of constant-amplitude
solutions can be found in [34]. Darboux transformations
are also useful to add solitons in the mathematical analy-
sis of the existence of solutions to the initial-value problem
[35].

We use the Darboux transformation with the nonperiodic
solutions of the Lax equations associated with the periodic
standing waves of the DNLS equation. Although the algebraic
method from [20] only gives periodic solutions of the Lax
equations, the nonperiodic solutions can be explicitly char-
acterized in terms of integrals of the periodic standing wave
solutions, as we show here. Since the computations are long
and technical, our presentation includes only main results and
numerical visualizations, whereas computational details are
given as Appendixes.

J
=2iA* 4+ Ay |?

Vi, 2= <

The standing wave reduction of the DNLS equation (1)
takes the form

V(x, ) = ulx + 2ct)e*”, (5)

where b and c are real parameters, and u satisfies the second-
order equation:
S i Py + 2%~ 4 — 0
— +i—(u|u ic— —4bu = 0.
dx? dx dx
The second-order equation (6) is integrable with the following
two first-order invariants:

d du
2i L_t—u - u—u —3|ul* — 4clu* = 4a
dx dx

(6)

)

=203 + Ay, + [V 129)

In addition to numerical visualization of rogue wave so-
lutions (either localized in space-time or propagating as
algebraic solitons), we also compute maximal amplitudes
of the rogue waves. These maximal amplitudes are impor-
tant for future experiments with the rogue waves on the
periodic standing wave background. Some progress in the
analysis of maximal amplitudes for more general quasiperi-
odic solutions of the DNLS equation was recently obtained
in [36]. Other recent studies of quasiperiodic solutions of
the DNLS equation can be found in [25] and also in
[37,38].

The paper is organized as follows. Section II reviews the
construction of periodic standing waves based on our previous
work [20]. We show in Sec. III that Darboux transforma-
tions with the periodic eigenfunctions of the Lax equations
transform the class of periodic standing waves into itself.
Section IV reports on rogue waves obtained after Darboux
transformations with the nonperiodic solutions of the Lax
equations. Section V concludes the paper with a discussion
of future directions.

II. PERIODIC STANDING WAVES

We consider the DNLS equation in the following normal-
ized form:

iV + Yo + (Y 1PP), = 0, (1

where i = /—1 and ¥ (x,t) : R x R — C. As is shown in
[39], the DNLS equation is a compatibility condition ¢,, =
@1 of the following Lax equations:

G =UW, M), ¢ =V, Ao, )
where
_i2
U1 = (_’f& i‘;/é) )
and
209 4 Ay, — (Y 12Y) @)
2int — X2 |yr)? '
{
and
dul? 6 4 2
2| —| — |ul® = 2clul* —4(a+2b)ul* =8d, (8)
dx

where a and d are real parameters. As shown in [26] (see also

[20]), the standing wave solutions of the differential equations

(6)—(8) are related to four pairs of roots of the following
polynomial:

P() =28 —2eA8 + 2% a + 2b+ ¢?)

+ 2%[d — c(a + 2b)] + b*. 9)

In the remainder of this section, we review details in the
construction of periodic standing waves based on our previous
work [20].
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A. Eigenvalues and eigenvectors of the Lax equations

The roots of P(A) given by (9) determine the eigenvalues
of the Kaup-Newell (KN) spectral problem

o =U(u, Mg, (10)

for either periodic or antiperiodic eigenvectors ¢ = (p, ¢)7
related to the periodic potential u. Eigenvector ¢ arises in the
separation of variable

P(x, 1) = 2P p(x + 2ct, 1), (11)

where ¢ is a solution of the Lax equations (2) associated
with the standing wave i of the DNLS equation (1) given
by (5) and o3 = diag(1l, —1). Therefore, the eigenvector ¢ of
the KN spectral problem (10) also satisfies the time-evolution
equation

@+ 2c@c + 2ibozp =V (u, M)g. 12)

The roots of P(A) arise either as complex quadruplets or
double real pairs or purely imaginary pairs [20]:

(1) If P(A) admits a quadruplet of complex roots
{A1, A1, —A1, —A1}, then the standing wave u and the eigen-
vector ¢; = (p1, q1)7 for the eigenvalue A are related by

u=rp+rg. (13)

(i1) If P(1) admits a pair of double real roots {A;, —A}
with two linearly independent eigenvectors ¢, = (p1, q1)"
and ¢ = (§;, —p;)" for the same eigenvalue A;, then the
same expression (13) holds.

(iii) If P(A) admits two pairs of purely imaginary eigenval-
ues {iBy, —iBi, if>, —if>}, then the standing wave u and the
eigenvectors ¢ = (py, —ip;)’ and @ = (p2, —ipy)" for the
eigenvalues A| = i) and A, = if}; are related by

u=ipipt +ipaps. (14)

B. Complex Hamiltonian systems

Eigenvectors ¢, = (p1, ¢1)7 and ¢, = (p2, ¢2)7 of the KN
spectral problem (10) with eigenvalues X; and A, satisfy a
finite-dimensional complex Hamiltonian system, which is in-
tegrable [25]. This complex Hamiltonian system is equivalent
to the Lax equation

d
—WV =[U, V] (15)
dx
where U is obtained from U (u, 1) in (3) with u given by either
(13) or (14). The 2-by-2 Lax matrix W is given by

Wy Wp
U= s 16
(‘1'21 ¥ (16)
where
22 22
W, = —j— 1P191  AP292
! W2 A2

apt Aaph
W =A + ,

22— 22
Mg Mg
W,y = —x( + .
22— 22

2
22 =22

Entries of the Lax matrix W can be rewritten in terms of u by

Uy, = i e A2<c + l|u|2> + b}
(A =22 =)L 2
v A _Az N idu 1 up?
= U+ —— — —ulu|” —cu|,
T el a2
v —A g ida 1_| 2
= — —— — <ulu|" —cu|,
T2 - 2dx 2
so that
P
det W = —W7 — W)W, = () , (7

(12 =237 (22 — 13)°

where P(1) is given by (9). Eigenvalues 1| and A, arising in
the poles of W must be chosen from the roots of P(1).

Let the four pairs of roots of the polynomial P(A) in (9)
be denoted by {£X;, £A,, £A3, £X14}. The polynomial can be
factorized by its roots:

PO) = (A —A)(A* = 23) (A = 23) (3> —13). (18)
Comparison of (9) and (18) yields the relations
A A A3 AT =2,
(A +2) A3 +23) + A3+ a3l =a+2b+ 2,
MAL (A3 +A3) + 2305 (AT + A3) = ac + 2bc — d,
3G = b,

19)

which allow us to express parameter (a, b, ¢, d) in terms of
{1, A2, A3, A4} explicitly:

a=—3[(h +212)° — (A3 + A4)°]
x [( = 22)* = (A3 — A9)*],
b = AiAaAzhy,
0T+ 0 +43),
—L0F -3 =R 03 - B3+ )
x (A =23 =23 +43).

(20)
c

d

C. Characterization of the periodic standing waves

Explicit solutions for the periodic standing waves satis-
fying (6)—(8) are obtained after using the polar form u(x) =
R(x)e™™ with

Z—i:—]%—%Rz—c 1)
and
dR\* d 1 ¢ ¢ 4
<E) +F+ER +§R

—|—R2(02 —4h— ‘5’) +2ac—4d =0. (22)

The transformation p = %Rz brings (22) to the form

dp 2
<d_) + 0(p) =0, (23)
by
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where
=p* +4cp® + 227 — a — 8b)p?
+ 4(ac — 2d)p + > (24)

0(p)

Let the four roots of the polynomial Q(p) be denoted by
{u1, up, uz, us} so that

Q(p) = (p —u)(p —u)(p —uz3)(p —us).  (25)
Comparison of (24) with (25) yields
up +up +uz +uy = —4c,
Uiy + ujus + uyly + upuz + Upug + Usy
=2(2¢* —a— 8b), (26)
uyuru3 + ujuous + uuszug + upuzus = 4(2d — ac),
U UaUzUs = a°.

The roots {uy, ur, us,us} of Q are related to the roots
{EA1, £Ap, £A3, £X4} of P due to (20) and (26). It was shown
in [26] and more recently in [20] that the relations are ex-
pressed by

up = =3 — Ao+ Az — Ae),
Uy = —3(hi — Ay — A3 + M)’
| ) 27
us = —3(A1 + 22 — Az — Aq)7,
Uy = =20 4 Ao + A3 + Ay

Two families of periodic standing waves are obtained from the
quadrature (23) with (25).

1. Four roots of Q are real
Assume the following ordering for the four real roots of Q:
ug <uz < upy < up. (28)

Periodic solutions to the quadrature (23) are expressed explic-
itly (see, e.g., [40]) by

(u1 — ug)(up — ug)
(U2 — ug) + (uy — up)sn?(vx; k)’

where positive parameters v and k are uniquely expressed by

o(x) =us + (29)

1
V= 5\/(u1 — u3)(uz — uy),
(30)

_ N — ) (s — ug)
V@ —u3)(uy — ug)

The periodic solution p is located in the interval [u,, u;] and
has the period L = 2K (k)v~!. The solution (29) with (30) is
meaningful for p = 1R* > 0 in two cases:

M=M= +if, h=M=a+if (G

and
A =B, rM=1if, A =if3, M=ifs. (32)

The roots ordered as (28) satisfy the more precise ordering

ug Suz <0< up <uy (33)
in the case of (31) and
0<uy Suz <up <uy (34)

in the case of (32). Note that in the case of (34), another
periodic solution is obtained from (29) by exchanging u; with
uz and u, with uy:

(2 — u3)(uz — uy)
(up — ug) — (u3 — ug)sn?(vx; k)’

px) = up (35)
where the values of v and k are the same as in (30).

In the case of (31), if «y, as, By, B> are all positive, it
follows from (27) that

o = L\/_(v —uy + /—uz),

oy = 2\/—(x/—u4—«/ u3),
(36)

B = —=(Jur + Jua),

\/_

B2 = —(\/Ml — Vi),
f
sothat 0 < ap <y and 0 < B, < B
In the case of (32), it follows from (27) that

1
—74JZ+JZ+¢£+¢ZL

B2 = —=(—u1 — Juz + Juz + Jus),

f (37)

(Vur — Juy — Juz + /ug),

7
Bu = zf(f+f Vuz + /us),
so that B> < B4 < B3 < Bi.

2. Two roots of Q are real and one pair of roots
is complex-conjugate
Assume that the two real roots are ordered as u, < u; and

the complex-conjugate roots are given by usz 4 = y £in so
that
0<up <y, ug =y —in. (38)

Periodic solutions to the quadrature (23) are expressed explic-
itly (see, e.g., [40]) by

uz =y +in,

uy —up)[l —en(ux; k
)y 4 G2 ZenGexil
1464 (6 — Den(ux; k)
where positive parameters &, i, and k are uniquely expressed

by

Vi —y)* +n?

SV ey
(40)
=1 — y)*+ 21l — y )2 + 11,
and
1 i —y)u —y)+ 1’ W@
VI =y + 21l — v)* + n?]

The periodic solution p is located in the interval [u;, u;] and
has the period L = 4K (k) ~". The periodic solution (39) with
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(40) and (41) is meaningful for p = %Rz > 0if

M=t = +ip, A3 = ips, A=ifs (42)
with the following relations:
1
o) = 5\/V)/2+’72—%
_l’_
B = 2\/—(\/_ Vi),
. (43)
Bs = ! + 5 Wi = )
2 VY -y Y2
Bs = ! Vur — ).

2NV —y 2«/_

where oy 2 0, 1 2 0, and 4 < Bs.

III. DARBOUX TRANSFORMATIONS

Darboux transformations for the DNLS equation (1) were
constructed previously in [30-33]. Here we use the exact
formulas for the onefold and twofold Darboux transforma-
tions. The validity of the transformation formulas is verified
in Appendixes A and B.

Let v be a solution of the DNLS equation (1) and let ¢ be
a solution of the Lax equations (2) for the potential ¥ with a
fixed value of A. If ¥ is the standing wave solution in the form
(5), then the solution ¢ can be expressed in the form (11).
We denote eigenvectors ¢; = (pi, q1)" and ¢, = (p2, g2)7
for eigenvalues 1| and A,, respectively.

Darboux transformations generate new solutions to the
DNLS equation (1) in the form

U(x,t) = a(x + 2ct, 1)e*?" . (44)

The following three basic Darboux transformations will be
used:

) If Ay
given by

=B, and q; = —ip;, then the new solution is

i=— pl[u+21ﬂ1 }3"”’. (45)
Pl Di

(i) If 12 = iB12 and g1 2 = —iP) 2, then the new solution

is given by
N Bipip2 — Bapapi \° 2i(Bf — B3)p1p2

hi=|—7—"—"7"7-—"—"—) lu+ —"""—|. 406)
Bi1p2p1 — BaP1p2 B1P1p2 — B2p2pi

(iii) If A; € C with Re(A;), Im(A;) # O, then the new so-

lution is given by
. <)_\I|Pl|2 -|'/\1|41|2>2 " 2i(Af — A1) p1da 47
Alpil? + Ailgi|? Mipil?+ Mg | |

Bia(b — Bt — BY) +2dB} +

[ + 5126 +a— ) + B]p + B (b — cB} — B)0?

Here we consider eigenvectors of the KN spectral problem
(10) found from the complex Hamiltonian system (15). We
show that the Darboux transformations with these eigenvec-
tors produce new solutions of the DNLS equation that are
translated versions of the same periodic standing waves.

Comparing expressions for W, and W;; yields the follow-
ing relations for the squared components of the eigenvectors:

5 1 1(.du » 5
)\.lplzm E la—|u| u +()\,1_C)M .
(48)

1 du
2 2 2 _
b = | 5 (15 P) + 63 - 0]
whereas comparing expressions for Wy; yields
i 1
Mg = 5 [b —cAf 4+ - -,\§|u|2]. (49)
AP =23 2
By using the polar form decompositions

u(x) = R(x)e?™,

pi(x) = Py (x)e*, (50)
q1(x) = 0 (x)e 20W
and the phase equation (21), we can rewrite relations (48) and
(49) in the form
Pt = L[ LAR s o+ (M-SR
BT 24 8% T g 2)7 )
(51
M@= | LR g @ + (3-SR
T2 02 24dx 87 2R 27|
and
1
PO = ——— [b —cAf+ A - —/\%RZ] (52)
AT =23 2

The periodic standing waves are given by either (29) or (39)
for p := %Rz. Depending on the parameters (a, b, c, d), the
roots of P(}) include either pairs of purely imaginary eigen-
values or complex quadruplets.

A. Onefold transformation (45) for the periodic wave (29)

Let us consider the case (32) for the periodic wave (29)
with 0 < ug < usz < up < up. Four pairs of purely imagi-
nary eigenvalues exist. Without loss of generality, we pick
one eigenvalue A; = if;. It is shown in Appendix C that
the new solution can be expressed in the form p := %|12|2
with

b=

(b+cB?+ Bt + B2p)’

(53)
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For the periodic wave (29), this expression reduces to the form

(v1 — v3)(v1 — v4)
(v1 — v3) + (v3 — va)sn?(vx; k)’

px) =v — (54)
where the values of v and & are the same as in (30), and the
new roots 0 < vq < v3 < v < v are given by

v = 2l + Vi + s — Jug),
v = H(Jur + Vux — s+ Juz),

vy = (Vi — iz + Juz + Jua)?,
vy = (=i + uz + Juz + ua).

The new solution (54) is obtained from the periodic so-
lution (29) after u;,34 are replaced by v;»34 and the
transformation v; <> v4 and v, <> vs is used. The new peri-
odic solution has four pairs of purely imaginary eigenvalues
{#iB1, +iBy, +ips, £iBs) related to vy 234 by (37) after the
transformation (55). It is easy to verify that the location of
the purely imaginary eigenvalues is invariant under the trans-
formation (55) with B] = ,8] and 32,3,4 = —,32,3’4 if 2\/1)_4 =
— i + /il + Jii + Jiiz > 0.

The new periodic solution (54) satisfies the same differen-
tial equation (23) with (24) having parameters a, b, ¢, and d
related to eigenvalues {£iB;, ifB,, £iB3, ip4} by (20) and
to turning points v; 34 by (26). Since Bl = B; and 52’3,4 =
—B2.3.4, it follows from (20) and (26) that

(55)

¢=c¢, b=—-b, and a=a+4b. (56)
Thus, the onefold Darboux transformation (45) transforms
one periodic solution (29) of the differential equation (23)
with given parameters (a, b, ¢, d) to another periodic solu-
tion (54) of the same equation with different parameters
(a+4b, —b,c,d). The new and old solutions are related
to the same four pairs of purely imaginary eigenvalues
{£iB1, £iB, +ifBs, +ifs}. Note that the transformation b =

—b also follows from a comparison of (44) and (45).

B. Twofold transformation (46) for the periodic wave (29)

Let us now pick two eigenvalues A;, = if;, in the case
(32) with 0 < uy < u3 < up < uy. The new solution (46) can
be reduced after long symbolic computations to the form p :=
L1412 with
>1al* wit

(u1 — uz)(up — us)
(uy —u3) — (uy — up)sn?(vx; k)’

p(x) =u3 + (57)

The expression (57) is obtained from the expression (29)
by means of the transformation u; <> u, and u3 <> u4. This
transformation generates the same periodic wave (29) but
translated by a half-period:

plx+ Kk

up(uy — u3) — u3(uy — up)sn*(vx + K (k); k)
(uy — u3) — (uy — up)sn(vx + K(k); k)

u (s — ug) + us(uy — up)sn*(vx; k)
(uz — ug) + (uy — up)sn?(vx; k) = P,

where we have used formulas

cn(x; k)

dn(x; k)’
dn®(x; k) = 1 — k*sn®(x; k),
en’(x; k) = 1 — sn’(x; k)

sn(x + K(k); k) =

together with the definition of k in (30).

This recurrence of the periodic solution (29) after the
twofold transformation (46) can be explained as follows. It
follows from (55) that

S+ VT = i+ T,
S =V = i~ T,
S5+ T = i+ i,
S~ Vi = i~ .

A composition of two transformations (55) restores the orig-
inal roots u; 2 3 4:

uy = 1 (JV1 + /02 + 03 — S5,
uy = $(JU1 + /U2 — /U3 + ),
s = (Y01 — Y02 + /U3 + 032,
s = 1 (=1 + /02 + Vs + J02)*,

Similarly, parameters (a, b, ¢, d) are invariant after the com-
position of two transformations (56):

(a,b,c,d)+— (a+4b, —b, c,d)
— (a+4b+ 4(—b), —(=b),c,d)
=(a,b,c,d). (59)

(58)

As a result, the new solution (57) satisfies the quadrature (23)
with the same values of parameters (a, b, ¢, d) as in (24).

C. Twofold transformation (47) for the periodic wave (29)

Let us consider the case (31) for the periodic wave (29)
with uy < 3 < 0 < up < 1. Two complex quadruplets exist.
We pick one eigenvalue A; from the two quadruplets. It is
shown in Appendix D that the new solution (47) can be written
in the form p := %|ﬁ|2 with

(u1 — u3)(up — u3)

(uy — uz) — (uy — up)sn(vx; k)’ (60)

p(x) = u3 +

which is the same as (57). Thus, the twofold transformation
(47) with the complex quadruplet produces the same result
as the twofold transformation (46) with two purely imaginary
eigenvalues.

D. Onefold transformation (45) for the periodic wave (39)

Let us consider the case (42) for the periodic wave (39)
with 0 < up < u; and u3 4 = y £ in. There exist two pairs
of purely imaginary eigenvalues and a quadruplet of com-
plex quadruplets. Without loss of generality, we pick one
eigenvalue A3 = if3. It is shown in Appendix E that the new
solution (45) can be written in the form p := %lmz with

(01 — 0)[1 — en(ux; k)]

= - , (61)
14646 — Den(ux; k)

plx) =10+
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where the new roots 0 < ¥, < ¥; and 934 = 7 =+ ifj are given

by
B = i(m+m+\/2(m+y))2,
t= ¢ (Vi + Vi = 2T+ )’ o
va—%(ﬁ— Sz 2 )
o= 5 (Vi — Vi~ 207 - ),

the values of u and k are the same as in (40) and (41), and
5 V(01 = 03)(0) — 174). 63)
V(B2 — 03)(D2 — Ta)
Note that the new periodic solution (61) coincides with the pe-
riodic solution (39) after u; 3 4 are replaced by 9 5.3 4 and ¥
is exchanged with 9. We have also confirmed the validity of
the transformation (56) for the case of (61). Thus, the onefold
Darboux transformation (45) transforms the periodic solution
(39) of the differential equation (23) with given parameters
(a, b, c, d) to another solution (61) of the same equation with
different parameters (a + 4b, —b, c, d).

E. Twofold transformation (46) for the periodic wave (39)

Let us pick now two purely imaginary eigenvalues A3 4 =
iB3 4 in the case of (42). The new solution (46) can be reduced
after long symbolic computations to the form p := %|12|2 with

u; — ur)[1 —cen(ux; k
S il L k. L) R
[1 —en(ux; k)] + 6711 + en(ux; k)]
which is the periodic wave (39) after the transformation u; <
uy. The latter transformation yields the same periodic wave
(39) but translated by a half-period:

(1 — up)[1 + en(ux; k)]
1+ cn(ux; k) + 86711 — en(ux; k)]
g el el
1+6854 (6 — Den(ux; k)

where we have used the relation cn(x + 2K(k);k) =
—cn(x; k). Thus, the twofold transformation (46) applied to
the periodic solution (39) produces a translation of the same
periodic solution (39). This is explained again by the fact that
the composition of two transformations (56) in (59) returns
the original parameters (a, b, ¢, d) of the quadrature (23).

Pe+2K (k™ =ur+

F. Twofold transformation (47) for the periodic wave (39)

Finally, we pick eigenvalue 1| from the complex quadru-
plet in the case (42). It is shown in Appendix F that the new
solution (47) can be written in the form p := %|12|2 with

uy — up)[1 —en(ux; k
PR (ur —up)[ - (px; k)] ’ 65)
1 —cn(ux; k) + 611 + cn(ux; k)]
which is the same as (64). Thus, the twofold transformation
(47) with the complex eigenvalue produces again the same
outcome as the twofold transformation (46) with two purely
imaginary eigenvalues.

IV. ROGUE WAVE SOLUTIONS

Here we construct rogue wave solutions to the DNLS equa-
tion (1) by using Darboux transformations with the second
solution of the Lax equations (2) for the same eigenvalues
given by roots of the polynomial P(A). The first solution of
the Lax equations is periodic for these eigenvalues, whereas
the second solution is generally nonperiodic. We use transfor-
mations (45) and (46) if P(A) admits pairs of purely imaginary
roots, and transformation (47) if P(X) admits quadruplets of
complex roots.

It is known from [20] that two pairs of purely imaginary
roots of P(A) are related to the stable spectrum in the lin-
earization of the DNLS equation (1) at the periodic standing
wave solution (5), whereas a quadruplet of complex roots of
P(}) is related to the modulationally unstable spectrum. In
full agreement with the modulational stability analysis, we
show that the new solutions related to two pairs of purely
imaginary roots describe algebraic solitons propagating on
the background of the periodic standing wave, whereas the
new solutions related to a quadruplet of complex eigenvalues
describe rogue waves localized in space and time on the back-
ground of the periodic standing wave.

From a technical point of view, we construct the second
solution to the Lax equations differently for the purely imagi-
nary roots and for the complex roots. Similar differences were
previously discovered for the periodic traveling waves in the
sine-Gordon equation [16].

A. Periodic wave (29) with A, being purely imaginary

Let A; =i € iR be an eigenvalue of the KN spectral
problem (10). We use the decomposition (5) and (11) with the
eigenvector ¢; = (p1, q1)T, where ¢, = —ip; and p; satisfies
the linear system

L =iB2pi + Biup (66)
ox
and

8p ap . 7]
N, P A 2ibp, = _’(Zﬂf + /312|”|2)p1 — 2Biup

at 0x
+ B ity — |ul*u)p;. (67)

This system follows from the Lax equations (10) and (12) due
to the reduction ¢; = —ip; for Ay = iB;. The second, linearly
independent solution &; = (p1, §;)T of the system (66) and
(67) can be written in the form
. 1 . 1
P=pixi—5— Q=qxu+5-, (68)
2q 2p
where y; is assumed to be a real-valued function of x and
t. Wronskian between the two solutions is normalized by
plcj_l —pig1 = 1. If gi = —ipy and yx; is real, then §; =
—ip.
Substituting (68) into (66) and (67) written for p; and using
the same equations for p; yields the following equations for
X1

aXl i/gl ( -2

o = 2 F — ipy) (69)
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and
9 9 j
IXU L 5 9K _ B
ot ox  2|pif*
- %(ﬁxp% + ). (70)
2|pil

In particular, we confirm that the function x;(x, 7) is real.

(&t — upy) (lul® +287)

J

axi __2B1(B1 = B3)alc+ BT) —d = 2(cBi + Bi +b)o — Bip’]

By using the decomposition (50) and the representations
(51) and (52), we deduce from (69) that

i _ BB — B)[a —2(c +267)p — p°]
ox 2(b+ B2 + B+ B20)

where we substituted A, = if, for another purely imaginary
eigenvalue. Similarly, we deduce from (70) that

) (71)

ot (b+cB? + Bt + B2p)’

where we have used (21), (23), and (24) in order to express
u,. Equations (71) and (72) are compatible with i, = X1y if
and only if the right-hand side of (72) is constant because p
depends on x only. It is shown in Appendix G that substituting
(20), (29), and (37) into (72) yields the following simple
equation:

dx1
S = 2P - B). (73)
from which we obtain

@0 =c+ka+ )+ 26187 - ). (T4
where ¢ € R is an arbitrary constant of integration,
N Tl CE G %
4Kk Jo (b+cB2+ B+ B2p)’

is the mean value of % over the period L = 2v~!'K (k) of the
periodic wave p, and f is the L-periodic function with the zero
mean. The function x; remains bounded on the (x, t) plane
along the line

ki (x + 2ct) + 2B (BT — B3)t =0, (75)

where we have recalled the transformation (11). The func-
tion xi(x,t) grows linearly in |x| + |¢| — oo in the direction
transversal to the line (75).

Recall that the eigenvector ¢; = (pl,ql)T defines the
transformed periodic wave in the form Y (x,t) = uy(x +
2ct)e*? with

=2

e = —21 [u +2ip) @}egl‘b’. (76)
P P1

By using the second solution ; = (py, §1)! given by (68),

we define a new solution to the DNLS equation in the form

Y(x,t) = f(x + 2ct)e*™ with

) A
- |:u +2iB, %}egib’. 77)
1

To illustrate the two solutions u, and iz, we consider the
periodic standing wave (29) with the particular choice of

M1=2, Mzzl, u3=0.5, M4=0.
This choice corresponds to parameters
7 7 1
a=0, b=———, ¢c=—-, d=-
256 8 8

) (72)

(

in the quadrature (23) with (24). In particular, parameters
satisfy c? —4b > 0[20].

Two periodic waves p exist for the same values of pa-
rameters: the sign-definite wave in [up, 4] is given by (29)
and the sign-indefinite wave in [uy4, u3] is given by (35). The
sign-definite wave has the period L = 2v~'K(k), whereas the
sign-indefinite wave has the double period L = 4v~'K (k).
The sign-indefinite wave is smoothly represented in the origi-
nal variable R in the form

2uruz cn(vx; k)
Vity — uzsn2(vx; k)

Figure 1 shows the plot of p and py := %|utr|2 versus x.
Panel (a) shows the transformation of the sign-definite wave
(29) and panel (b) shows the same for the sign-indefinite wave
(78).

As is explained in Sec. III, the transformed wave p, in
(76) is different from a translation of the original wave p. In
particular, p has turning points u; » 34, but the transformed
wave p, has turning points v 34 given by (55). For the
sign-definite wave, p changes between u, = 1 and u; = 2,
whereas p; changes between vs ~ 0.02 and v; ~ 0.31. For
the sign-indefinite wave, p changes between uy = 0 and u3 =
0.5, whereas p changes between v, & 0.73 and v; ~ 2.44.

Figure 2 shows the surface plots of p := %|12|2 (a,c) and the
contour plots (b,d). We always use the choice ¢; = 0 in (74).
The red line on the contour plots shows the line x + 2ct = 0,
whereas the black line shows the line (75).

The new solution in Fig. 2 describes propagation of the
algebraic soliton along the direction (75) on the background
of the periodic standing wave propagating along the line x +
2ct = 0. The background periodic wave is given in the limit
|x| — oo, where

R(x) =

(78)

=2
lim o= —p—;[u + 2iﬁ1‘?:|€_8ibl =uy,  (79)
[x1|—00 P P1

which coincides with (76). The maximum of the algebraic
soliton is located at x; = 0, where

=2
lim & = — 21 |:u — 2iﬁ1@]e8"b’. (80)
P1

For the sign-definite periodic wave (29), it is shown in
Appendix H that the algebraic soliton reaches its maximal
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2.5

Py

(b) -6 -4 2 0 2 4 x 6

FIG. 1. The periodic standing wave p (red) and its transformed version p, (black) vs x for the sign-definite wave (29) (a) and the sign-
indefinite wave (78) (b).

value given by For the sign-indefinite periodic wave (78), similar compu-
tations give

~ 1 2

We have computed pmax =~ 8.85, which coincides with the We have computed pmax = 5.14, which coincides with the
numerical values in Fig. 2(a). numerical values in Fig. 2(c).

5 4

ey
T

2+

A

-10 -5 0 5 10 X

FIG. 2. New solutions to the DNLS equation in variable p which describe propagation of an algebraic soliton on the background of the
periodic standing wave: solution surfaces (a), (c) and contour plots (b), (d) for the sign-definite wave (29) (a), (b) and the sign-indefinite wave

(78) (0), (D).
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-20

0 10 20 X

FIG. 3. New solutions to the DNLS equation in variable p obtained after the onefold transformation of the periodic wave (29) associated

with the eigenvalues i, (a), (b), i8; (c), (d), and iS4 (e), (f).

Figure 2 corresponds to the case of A, = if;. Figure 3
presents similar results for the sign-definite periodic wave (29)
when the onefold transformation is used with the eigenvalues
Ay =ifs (a), (b), A3 = iB3 (¢), (d), and A4 = if4 (e), (f). For
the sign-definite periodic wave (29), the transformed wave
(76) is the same for A; and X,; it is still located between
v4 & 0.02 and v3; =~ 0.31 but it is translated by half-period
between the two cases. For the same sign-definite periodic
wave (29), the transformed wave (76) is the same for A3
and A4; it is located between v, ~ 0.73 and v; ~ 2.44 but
it is translated by half-period between the two cases. Note
that B ~ 1.1, B, = —0.6, B3 ~ —0.1, and B4 ~ —0.4. The
algebraic soliton is largest in the case of the largest eigenvalue

B1 and smallest in the case of the smallest (in absolute value)
eigenvalue B;. In fact, it is a depression wave in the case of ;.

The maximal values of p are computed similarly to (81)
and (82). They correspond to 2[312,2,3,4 for each eigenvalue
AMp23a = l',31,2,3,4, where ,81’2,3'4 is obtained from ,31’2’3,4 after
Ju, is replaced by 3./u; as in (81) and ,/u3 is replaced by
3,/uz as in (82). As a result, we obtain Py = 5.14 for i,
Pmax ~ 1.61 for if3, and Pyax =~ 3.90 for ify, in agreement
with Fig. 3.

Figure 4 presents the new solution to the DNLS equation
(1) obtained with the twofold transformation (46) for p; and
p>. Here we take one eigenvalue as A; = if; and the other
eigenvalue being A, = if; (a), (b), Az = iB3 (¢), (d), and Ay =
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FIG. 4. New solutions to the DNLS equation in variable p obtained after the twofold transformation of the periodic wave (29). One
eigenvalue is i8;, whereas the other eigenvalue is iB, (a), (b), i83 (¢), (d), and iB4 (e), (f).

iB4 (e), (f). The second solution @; = (py, §i )T is defined by
(68) with x; given by (74). We always take ¢; = 0 in (74) so
that the algebraic solitons propagate along the corresponding
lines (75). The line x 4+ 2ct = 0 is shown by the red curve and
the two lines (75) for the two eigenvalues are shown by the
black curves in Figs. 4(b), 4(d) and 4(f).

The new solution describes interaction of the two algebraic
solitons on the background of the transformed wave obtained
with the twofold transformation (46) for p; and p,. As was
established earlier, for A; and A,, the background wave is the
same as the original sign-definite wave (29) but translated by a
half-period with oy € [uy, u]. For A and either A3 or A4, the

background wave corresponds to the sign-indefinite wave (78)
with py € [ug, u3]. In the latter cases, the second algebraic
soliton is almost invisible in Figs. 4(c) and 4(e). We have
checked by taking nonzero c; in (74) that the two algebraic
solitons become visible when they overlap at a point on the
(x, 1) plane away from the origin. However, when we take
c1 = 01in (74) for both eigenvalues, the two algebraic solitons
overlap at the origin.

B. Periodic wave (29) with A; in a complex quadruplet

Let A; € C\iR be an eigenvalue of the KN spectral prob-
lem (10). We use the decomposition (5) and (11) with the
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eigenvector ¢; = (p1, ;)" satisfying the linear system

ap1 .
—— = —iA{p1 + Auq),
ox
(83)
a(’II 2 —
— = A —A ,
ax IAMq1 1Up1
and
api ap
— +2¢c— +2ib
ar Ty TEPD

= i( -4+ A%|“|2)P1 + 203ugy + A (i, — lul*u)q,
(84)
9q1 9q1

The second, linearly independent solution @; = (p1, ql)T of
the system (83) and (84) can be written in the form

N q1
PP R
) (85)
N D1
h=qx1+ ———>,
P12 + |q11?

where y; is a complex-valued function of x and . Wronskian
between the two solutions is normalized by p14; — p1gq1 = 1.

Substituting (85) into (83) and (84) written for @; =
(p1,41)" and using the same equations for ¢; = (py, q;)"
yields the following equations for x;:

T4 2% ipg, axi _ 211 = A)p1di + O — 2)(upi + ig) (86)
o 0x ox (PP + 11 )?
=i(2A1 — Aflul?) g1 — 2A3apy + A (iitx + |ul*@)p;. and
|
91 dx1 1 . _ 2 72 2, 72 2 3 73\( =2 | ~2
L2t = Dipig (A= )[2(2+ X)) — w1+ 28 = (upt + i
ot ax (|P1|2+|(I1|2)2[ Q1( 1 1)[ ( 1 1) ( 1 1)( 1 ql)
+ O = A)[i(wep? — 0q3) — lulP(up? + ag?)]]- (87)
Substituting (51) and (52) into (86) yields
axi  M[p?+2(c—2i7)p —a] = 20u + 2)(b— cif + A1 — A1p) &8)

dx A0+ ADUp1 P + 1g112)?

Regarding (87), it must again be constant. It is shown in
Appendix G that

9 _
% =222 = 12). (89)

We obtain from (88) and (89) that
x1(x, 1) = ¢+ kix + f(x) + 241 (A7 — A])t, (90)

where ¢; € C is an arbitrary constant of integration, k| is
the mean value of % over the period L = 2v~'K (k) of the
periodic wave p, and f is the L-periodic function with the
zero mean. The line equation

k(x4 2ct) + 227 (Af — A})t =0 1)

is now complex-valued, hence it defines two straight lines
on the (x, t) plane. If the straight lines have different slopes,
they only intersect at (x,¢) = (0, 0) and this implies that the
function x (x, ¢) grows linearly as |x| + [f| = oo everywhere
in the (x, ) plane. Consequently, the new solution obtained
with the Darboux transformation (47) at the second solution
@1 = (p1,§1)7 given by (85) displays the rogue wave lo-
calized on the transformed periodic wave. The transformed
periodic wave is obtained with the Darboux transformation
(47) at the first solution ¢, = (p1, q1)".

To illustrate the two solutions, we consider the periodic
standing wave (29) with the particular choice of

uy = 2, U = 1, uz = 0, Uy = —0.5.
This choice corresponds to parameters
17 5 1
a=0, b=—, C=——, d=——
256 8 8

(

in the quadrature (23) with (24). Again, we preserve the con-
straint ¢ — 4b > 0.

Figure 5 shows the periodic standing wave p (red) and its
transformed version py (black) after the twofold transforma-
tion (47) with @; = (p1, ¢;)”. In agreement with (60), the
transformed wave is a half-period translation of the original
wave. Moreover, the same translation is true for both quadru-
plets in (31).

Figure 6 shows the rogue wave p on the background of the
periodic standing wave p in (29) with the same parameters
as in Fig. 5 after the twofold transformation (47) with ¢; =
(1, G1)T . Panel (a) corresponds to the quadruplet with A; and
panel (b) corresponds to the quadruplet with 1,. Although the

2 p |
1.5¢
! ptr
0.5}
0 ‘ ‘ ‘
-2 -1 0 1 X 2

FIG. 5. The periodic standing wave p (red) and its transformed
version p (black).
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FIG. 6. New solutions to the DNLS equation in variable p, which corresponds to the rogue waves on the background of the periodic
standing wave. Panels (a) and (b) correspond to (29) after the Darboux transformation (47) with @, = (p, ;)T for eigenvalues A; and A,,

respectively.

surface plot in Fig. 6(b) does not show localization of the
rogue wave on the scale displayed, we have checked that
the real and imaginary part of Eq. (91) give two different
lines intersecting at (0,0), but the slopes of the two lines are
close to each other. As a result, Re(x ) and Im(x ) are bounded
along two different directions, hence the rogue wave p is still
localized in space and time.

It is shown in Appendix I that the maximum of the rogue
wave occurs at the point (0,0) if c; = 0 and it is given by

Z)max = (2\/14_1 + \/u_2)2 (92)

for eigenvalue A and

Pmax = /i1 — /uz)? (93)

for eigenvalue A,. We have pn.x & 14.66 for eigenvalue A,
and Pmax =& 3.34 for eigenvalue A,, which agree with the nu-
merical values in Fig. 6.

2
ﬂ p
15+
Py

1t
05"

0

20 -10 0 10 X 20

(a)

C. Darboux transformations for the periodic wave (39)

We end this section with an example of the periodic stand-
ing wave (39) for the particular choice

uy =2, u=0 y=02 n=0.1.
This choice corresponds to parameters
a=0, b=0.036, c¢=-06, d=0.0125

in the quadrature (23) and (24) satisfying 2 —4b > 0. The
expression (39) with u; = 0 can be written as

1 4+ en(ux; k)
1484 (8 — Den(ux; k)’
The solution (94) is sign-indefinite since p € [0, u;].

Extracting the square root analytically yields the exact expres-
sion

p(x) =u b %94

B V2ui8en (3 px; k)
\/8cn2(%,ux; k) + snz(%,ux; k)dnz(%ux;k)

95)

The period of the periodic wave is L = 8K (k).

2 T ‘
1.5¢
1t
05}
0
-20 -10 0 10 X 20

FIG. 7. The periodic standing wave p (red) and its transformed version p (black) vs x for the periodic standing wave (94). Panels (a) and
(b) correspond to the eigenvalues A3 = if; and A = «; + B, respectively.
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FIG. 8. New solutions to the DNLS equation which corresponds to the propagation of an algebraic soliton on the background of the
periodic standing wave (94). Solutions are obtained by the transformation (77) with the eigenvalues A3 = i3 (a,b) and A4 = iB4 (c,d).

The periodic wave (94) corresponds to the configuration
(42) with one complex quadruplet {11, 1, —A;, —A;} and two
pairs of purely imaginary eigenvalues {+if3, £if4}.

Figure 7(a) shows the plot of p and p := %lulr|2 versus x
after the transformation (76) for the eigenvalue A3 = if3. The
transformed wave for the eigenvalue A4 = if,4 is a half-period
translation of p, for the eigenvalue A; = ifs. Figure 7(b)
shows p and p, after the twofold transformation (47) with
the complex eigenvalue A = o) + iB;.

Figure 8 shows the surface plots of p := %|12|2 (a), (¢)
and the contour plots (b), (d) after the transformation (77)
associated with the eigenvalues A3 = if3 (a), (b) and Ay = if4

(¢), (d). The red line on the contour plots shows the line
x 4+ 2ct = 0 and the black line shows the line (75). We can
see that the algebraic soliton propagates along this direction
and is modulated due to interaction with the periodic standing
wave.

The maxima of algebraic solitons are given by

2
s = S (W~ VB EUSAE E) L 06)

where the upper sign is for the eigenvalue A3 = if; and the
lower sign is for the eigenvalue A4 = ifB4. For the parameters
in Fig. 8, we have excellent agreement with pn.x & 6.66 for
A3 = iﬂ3 and ,bmax ~ 2.76 for A4 = i,B4.

FIG. 9. New solutions to the DNLS equation obtained by the twofold transformation with the two eigenvalues A3 = i3 and A4 = iB4. Two

algebraic solitons propagate along the lines shown by black curves.
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FIG. 10. New solution to the DNLS equation in variable p ob-
tained by the twofold transformation with the quadruplet A, = o) +
iB;. A rogue wave is formed on the background of the periodic
standing wave (94).

Figure 9 shows the result of the twofold transformation
(46) associated with the two eigenvalues A3 = i3 and A4 =
iB4. The background wave is the same as in Fig. 7(b), that is, it
is a half-period translation of the periodic standing wave (39).
Two algebraic solitons propagate along the lines (75) shown
by black curves in Fig. 9(b) together with the line x 4+ 2ct = 0
shown by the red curve.

Finally, Fig. 10 shows the result of the twofold trans-
formation (47) associated with the quadruplet of complex
eigenvalue A; = «; +if;. The surface plot of p indicates
that the rogue wave is fully localized on the background of
the periodic standing waves. This is explained again by the
fact that the real and imaginary parts of the complex-valued
equation (91) give two lines intersecting at the only point
(0,0). The maximal amplitude is given by the formula (92)
with Pmax = 8.

V. CONCLUSION

We have studied the rogue waves and algebraic solitons
arising on the background of periodic standing waves in the
derivative NLS equation. By using comprehensive analysis
and numerical visualizations for selected parameter values,
we showed that the modulationally stable periodic standing
waves support propagation of algebraic solitons along the
background, whereas the modulationally unstable periodic
standing waves are associated with the rogue waves localized
in space and time. Although only very few numerical experi-
ments were displayed, our analysis ensures that the conclusion
extends to all periodic standing waves of the DNLS equation
(both sign-definite and sign-indefinite). We have also derived
the exact expressions for the maximal amplitudes of the rogue
waves and the associated algebraic solitons.

This work paves the way to an understanding of the rogue
wave phenomenon in the DNLS equation, which is one of
the canonical models for the dynamics of waves in plasma
physics and optics. The recent results complement the study
of rogue waves on the constant-amplitude wave background

[19], maximal amplitudes of hyperelliptic solutions [36], and
modulational instability of periodic standing waves [20]. The
next tasks would involve setting up physical experiments and
confirming the modulational instability of the periodic stand-
ing waves and the maximal amplitudes of rogue waves as was
done in [14] with hydrodynamical and optical experiments. It
is also interesting to understand rogue wave phenomena in a
more general setting of quasiperiodic solutions of the DNLS
equation studied in [25].
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APPENDIX A: PROOF OF ONEFOLD DARBOUX
TRANSFORMATION

For convenience, let us denote the solution of the DNLS
equation (1) by ¥ = u and the solution of the Lax equations
(2) for the eigenvalue A = A; by ¢ = (p1, q1)7. Let T'(u, 1)
be the gauge transformation in the form

(A0 0 A
ren=i(y )+ (5 %) @y
where
Aa=-21 p=-2 (A2)
D1 q1

so that A{D; = 1 and det T (u, ) = A* — A3. We impose the
constraints on 7' (u, A) from the condition that if ¢ is a solution
of the Lax equations (2) with u, then é =T (u, 1) is also a
solution of the Lax equations (2) with a new solution of the
DNLS equation (1), which we denote by #. This condition
yields the Darboux equations:

U, A) = (T, + TU)T ',
(A3)
V() = (L, +TV)T',

where U =U(u,X) and T = T(u, A). By using (Al) and
(A3), we obtain the following system in different powers
of A:
Ay — Mt = M4,
MA] + 21)\,1 = ﬁD],
uDy + 2ih = A,
Dy, + Mu = —Ailt

(A4)

and
iAy|u> = 20 = iA 0] + 204,
Avy + (it + [ul*it) = Ay (i, — |20),
A (iuy — |ulu) — id|ul* = Dy (it — |a* @) + idy|af,
Dy (it + |ul*@t) + ix|ul* = Ay (il + 21*0) — irq]a),
—iDy|ul* + 27u = —iDy || — 224,

Dy + M Giuy — [ul*u) = A (il + |2)70). (A5)
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It follows from (A2) and the Lax equations (2) that
Ay = it + )»11414% + zi)\.%Al,

(A6)
Dy = —hu— AiaD? — 2ix3Dy,
and
Ay =200 — (i, + [u*@) + 4irA,
—2iM3A |ul* 4+ 203 ATu + M A2 (i, — |ul?u),
(A7)

Dy, = —2X3u — Ay (iu, — |ul*u) — 4iAtDy + 2i22Dy|u)?
—203D%0 + hy Di(idi, + |ul*a).

Substituting (A6) into (A4) shows that the first and fourth
equations of system (A4) are redundant, whereas the other two

J

equations produce the following transformation formulas:

The complex-conjugate reduction in (A8) is satisfied if |p;| =
lg1| and A; + X; = 0. Hence, A; = iB; € iR. Selecting q; =
—ip) as in the reduction (14) gives the onefold transformation
formula (45) from system (AS8).

In view of relations (AS8), the first and fifth equations in
system (AS) are redundant. Substituting (A7) into (AS) shows
that the second and sixth equations of system (AS5) are redun-
dant. Finally, the third and fourth equations of system (A5) are
satisfied when we substitute derivatives of (A8) in x and use
relations (A6).

APPENDIX B: PROOF OF TWOFOLD DARBOUX TRANSFORMATION

Let ¢; = (p1, g1)T and ¢ = (p2, g2)7 be two solutions of the Lax equations (2) for eigenvalues A = A; and A = A, satisfying

A3 # 23. Let T (u, 1) be the gauge transformation in the form

Tu)  Ti(h) 2
T(u, )= =A A , Bl
(, 1) <7m) o) =R+ T (B1)
where
(A O (0 B (A0 O
7E_<0 D2>’ 7—1_(C1 O)’ 76_(0 AO ’ (B2)
with
4 = ey — Ao . A3 —A3 (A3 — A7)
)»10[2 — )»20(1 ’ )»10[2 — )\,20(1 ’ )»1(11 — )\20[2
and
Ag=Aridy, ADr =1, a;= 2, ay = EY
P1 P2
It follows from (2) that o for k = 1, 2 satisty the following Riccati equations:
Uy = =il + 2iAFay — Agua}, (B3)
e = =200 + M(idt + |ul?n) + 2idzoy (20 — [ul?) — of [2A0u + AeGiuy — |ul*w)]. (B4)
In addition, we check that
det T(u, 2) = (A* — A7) (A% — 23). (B5)
By using the Darboux equations (A3), we show that the new solution i is expressed by
o = ASu + 2iA,B,, & = D} + 2iC\D,. (B6)
Let T* := T~!det T be the adjugate matrix of T (u, ») and
Fu,u)  Fra(k, u)
T, +TU)T* = . B7
(L +1TU) <-7:21()x, u)  Fan(,u) ®7)

It follows from (3) and (B1) that F;;(A, u) and F»,(A, u) are the sixth-order polynomials in A, and Fj,(A, u) and F7 (A, u) are
the fifth-order polynomials in A. It follows from (B1) and (B2) that for any k = 1, 2,

Tt () = =Tia()o,
To1 (M) = =T (M )ik,

and

T (=) = Tii(he),
To1(=A) = =T (Ap),

Tinxe(hie) = =T x (Ao — Tio(hie) s (B8)

Torx(hi) = =Toox (Mo — Too (Aie )l (B9)
Tio(=Ax) = =Ti2(Ae),

(B10)

Too(=Ai) = Toa(Ag).
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It follows from (B3) that =4, and 3=A, are the roots of F;;(A, u) for every 7, j = 1, 2. For instance, since
Fuii(h,u) = Ton(—id> Ty = AiiTiz + Tinx) — T aTiy + i Tz + Tizw),
we confirm
Fii(Ehi, u) = Tio) To2 i) (—atix — At + 2iAfoy — Aguort) = 0.
Dividing both sides of (B7) by det T and using (B5) yields
Ui, 1) := AUy + MUy,

where the matrices U and U/, are independent of A. Substituting these expressions into the first Darboux equation (A3) and using
U(u, \) = A*U, + AU;, we obtain

M LU, + 23T + Uy + AA(TUL + ToUs + Toy) + A(ToUs + Tix)
=AU + P UT +UTo) + AU To + Ui Ty + WA T, (B11)

The comparison of A* and A> on both sides of (B11) delivers

_ —i 0 _ 0 A%u+2iA2B1 . 0 ]
u2_<0 i)’ ”“(-Dgu—zmzcl 0 —\-2 0)

which confirms the claim in (B6). Also, the coefficients of A2 and A on both sides of (B11) yield four identities,
Aoy = Byii + Ci (Aju + 2iA;B)),
Dy, = —Cyu — By (D3ii + 2iD>Cy),
By, = Ao(ASu + 2iA2B) — u),
Cix = Ao(it — D3t — 2iD>Cy),

(B12)

which can be verified by using the formulas (B2) and (B3).
For the time-evolution equation, let us denote

e (Guu) GO, u
(T +TV)T" = <g21(x,u) gzzu,u))' (BL3)

It is seen from (4) and (B1) that G (A, u) and G (A, u) are the eighth-order polynomials in A, and G»(A, u) and Gy1 (A, u) are
the seventh-order polynomials in A. It follows from (B8) and (B9) that

Tine () = =Tio (e — Tia(p)ot
Tori (i) = =T (i)t — Too (Mg )t

which, together with (B4) and (B10), indicates that +A; and %A, are the roots of the polynomials G;;(X, u) for all i, j = 1,2.
For instance, using

G110 u) = Ti oo (=200 4 i ul*) + Tia Toal =227 + At + [ul*i)] + Ti1, T2
— T Ta[22%u + Miue — [ulw)] — TiaTor Qir* — iXul®) — Tor Tha.,
we confirm
G (Fhi, ) = To) T2 (o) [ 20k (2ing — inglul?) — o [223u + Aeiuy — [ul*u)] =230 + Ag ity + |ul*@t) — e ] = 0.
Dividing both sides of (B13) by det T and using (B5) yields
Vi, 1) =2 + 23V + 220, + AV,

where the matrices V) ; 3 4 are independent of A. Substituting these expressions into the second Darboux equation (A3) and using
V(u, A) = A*Vy + 23V5 4+ A2V, + AV), we obtain

ATVy + (Vs + TiVa) + AN (TaVa + TiVs + ToVa) + 23(TaVi + Tiva + ToVs) + A2 (TiVi + ToVa + Tar) + AM(ToVi + Thi)
=2V + T+ T+ MO0 T + T+ WTo) + BT + T+ Vs To) + VT + W To) + AV To.  (Bl4d)
The comparison of A%, 22, A%, and A3 on both sides of (B14) yields

v (C20) . 0 2A5u+4iAB1 _ (0 2@ v — o\ filal? o
YT 0 2i) 7T \—2Dda — 4iDyCy 0 =22 o) Vo v®)" o —ia?)
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and
(0 1A 0 it — |0
P o ) T il + aPa 0 ’

VI = iju? — 2D,Bii — C,(2uA; + 4iBy),

VI = —ilul® 4 2uCiA; + B1(2D1i1 + 4iC)),

W'D = Ay — ulPu) — 245 (B ul” — Agu) + 2B1 + 2(B1C1 — AoAs)(uA3 + 2iABy),
VI = D (i, + [ul* &) + 2D>Clul* — Aoit) — 2Cu — 2(B1Cy — AgD2)(D3ii + 2iC1 D).

where

Note that the equality for V; can be confirmed in view of (B6) and (B12). Furthermore, the comparison of A2 and X on both sides
of (B14) gives rise to four identities,

iByit, + By |ul*it + iAolul® + Ay = iAolul? — 2D,B Agii — AoC) (2Aqu + 4iBy) + C V!,
iCruty — Cylul?u — iAolul® + Dy = —ido|ul® + 240A>Ciu + ABy (2Dsii + 4iCy) + B, VY,

and
iAgit, — AolulPu + By, = AoV, iAgii, + Aolul*@i + Ciy = AV,

which could be directly verified by using (B2) and (B4). Once again, the time-dependent problem confirms the validity of the
Darboux transformation formula (B6).

If we restrict A; » = iff12 and g1 » = —ip;» in (B6), then we obtain the twofold Darboux transformation (46). If we restrict
Xy = A1, g2 = —py, and pr = G, in (B6), then we obtain the twofold Darboux transformation (47).

APPENDIX C: PROOF OF (54)
For A; = if; with B8; € R, we substitute (50), (51), and (52) with Q; = —iP; into (45) and obtain
CPEb= BB+ 50 +a)
PP b4cB+ B+ Bip

Expressing o’ from (23) and (24) for p = %|ﬁ|2, we reduce (C1) to (53), which we can write as N1 /Dj. Substituting parameters
(a, b, c, d) from (20), the periodic wave p from (29), and the eigenvalue g; from (37) into (53) yields

Dy = [(uza —us)(b+ cBi + B} + w1 B7) + (wy — w2)(b+ By + B} + u4/312)sn2(vx;k)]2
= BT (Vi1 + i) (Jur + Jus) (it + Juz)
x [(Vu1 + /13) (it — Juz) + (i — /u2)(Ju3 + /ug)sn® (vx; k)]

Re*ieefgibt . (Cl)

=

and
N = st (uxs ) — w)*{ BT (a + u3) (b — cB7 — BY) + 2dB} + us[b* + B} (2b + a — ) + B}]}
+sn*(vx; k) — w2) (o — us){2B7 (a + uyus) (b — cpi — BY) + 4d B}
+ (uy +ug)[B* + B2+ a— )+ B} + (uz — ua)*{ BT (a+17) (b — cB7 — BY)
+2d B} +w[b* + B2 +a— ) + BY]}

2
= DL+ VIR i+ IR+ )

x [sn® (vx; ) (it — Vu2)(Vits + /) + (Vi = ) (ur + Vu3)]
x [s0%(vx; k) (it — 1u2)(V/1t5 + Jua) (i + Juz + iz — Juz)
+ (Vi — V) (Jur + Juz)(ur — i — s — Ju)’].
Canceling the common factors of D; and ] yields the quotient
o1 (il BT — )i — i) (i + i)
P = gt et i e e T — i) + (it — Vi) + i k)

which is equivalent to (54) with notations in (55).
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APPENDIX D: PROOF OF (60)
Substituting (50) into (47) yields

(RPN, 203 —3)P0 T
AP ]2+ Ar]Q1] AMIPF + A1|O1]
so that
1 2i(22 — 32)P 0, ©
i)z—‘R——_ ( L 1) 'le (D2)
2 AP + A O]

where p := 1|@|?. In what follows, we obtain explicit expressions for |P|?, |Q;|?, and P; Q;.
By substituting (22) into (51) and (52), we obtain

—n 2 — — —
200 P |AT = X3P + 1011 = 4d — dac + 2a(A] + A7) + [4b + 41| — 2¢(A] + A7) |R® — S (A + AD)R?
and
-2 - - —
P a] = R IPIPIOP = 07 — b (] + A7) + b(1 + X7) + A * — el (AT +23) + [l
— Ib(AT + ADR* + L' R? = St (A + A)R? + Hn IR
Combining these two expressions together yields
=22 - _ - _
4P =R AP + 10117 = 8d — 8ac + 4a(r] + A7) + 8|ai|2b[b — (] + A3) + (A + A1)]
+ 82 A1 12 = 8clA1 P (AT + A7) + 8I411° + [8b + 8Ia[* — de (AT + A7) ]R?
— 4|t T2 (AT 4+ AT)R + 8cl A1 PR? — 410 1F (AT + A7) R
— (A +2])R* + 2|1 PR

When a, b, ¢, and d are expressed from (20) and (31), it shows that each term on the right-hand side has a common factor
(A& — A1)>. When the common factor is canceled, we obtain the following compact expression:

- \2 = - 2
Al (o +20) (PP +101P7 = (4 + 27 =23 = 25 + 2101 = 21a)
+2(A + AT 4+ A3 + 23 + 2107 + 21 *)R* + RY
Expressing A; and A, by (31) and (36) and using p := %Rz, we rewrite this expression in the following form:
PO + 202 UP + 10112 = (0 — u3)(p — ua). (D3)
Similarly, we obtain
=912 - . — —
42 P2 = 2P = 1011P) = 8d — 8ac + 4a(3? + 32) — 8|a1 | 2b[b — c(A2 + 32) + (1 + 11)]
— 8|1 |* + 8cla [P(A] + A7) — 8Ia11® + [8b + 8|Aq|* — dc(A] + A7) |R?
+4ba |2 (A + A)R? — 8c|ai PR + 41 P (AT + AT)R?
— (AT +A])R* = 2|M PR,

where each term on the right-hand side now has a common factor (A; + A;)>. When the common factor is canceled, we obtain
the following compact expression:

421 P0x = AP = 1@ P = (1] + 33 =23 = A3 = 212 + 21 )
+2(AT + AT+ A3 4+ A3 = 2[0 7 = 2[)P)RP 4+ RY,
from which we obtain with the help of (31) and (36):
PG = 22 (PP =111 = (p — u)(p — u2). (D4)
By substituting (29) and (30) into (D3) and (D4) and extracting the square root, we derive the following expressions:

(uy — ug)/(uy — u3)(uy — ug)dn(vx; k)
(uz — ug) + (uy — uz)sn?(vx; k)

Al + ADAP 4+ 1017) =

(D5)
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and

(u1 — up)/(ur — ug)(uz — ug)sn(vx; k)en(vx; k)
(uz — ug) + (uy — up)sn?(vx; k)

where o) and B are assumed to be positive. The particular sign in (D6) has been chosen due to the following expression obtained
from (51):

i = ADUP? = 1) = : (D6)

. - dp
i (A = 1) (P =101 = -

which implies that the sign of i(A3 — 22)(|P;|* — |Q;]*) is the same as the sign of sn(vx; k)en(vx; k).
By adding and subtracting (D5) and (D6), we obtain the desired expressions:

2vdn(vx; k) — i(u; — up)sn(vx; k)en(vx; k)
(u2 — ug) + (uy — uz)sn?(vx; k)

201 1PP 4+ A0 =V (un — ua)(uy — ug) (D7)

and

2vdn(vx; k) + i(u; — uy)sn(vx; k)en(vx; k)
(uz — ug) + (uy — up)sn?(vx; k)

20 |Gt [P 4 21101 %) =/ (uy — ua)(uz — ug) (D8)

It follows from (51) that

212 p2 A dR\> _ dR - 1 a
4P at = X3 °PIOT = _2<E) +2zE<(/\% + 2 —c)R— ZR3 + E)

+4d — dac + 2a(A + A7) + [4b+ 4)a | — 2c(A] + A7) [R* — %(/\f + AR

Substituting (20) and (36) and expressing p = %Rz yields

212p2 5 dp\* . 1d
APt - RO} = (ﬁ) =L+ VN — )
~ 1020 = w)(p — ) = (i = F)*(p — 13)(p — us).

To see that the right-hand side is a complete square, we use (36) and write

1

(1 — ug) (o — ug)Z
(1 (2 — ua) + ua(uy — uz)sn?(Wx; k)1 (uz — us) + (uy — up)sn?(vx; k)P’

4 P[a3 - 237 P202 =
where
Z = —(uy — uz)(uy — ug)(y — u2)*(uz — ug)*dn’(vx; k)sn*(vx; k)en® (vx; k)
+ i\/(ul — uz)(uy — ug)(uy — up)dn(vx; k)sn(vx; k)en(vx; k)
x [(u1 + uruz)(uy — ug) + (ug + Juruz)(uy — up)sn*(vx; k)]
X [(uy — Juzuz)(uy — ug) + (us — Jusug)(uy — up)sn*(vx; k)]
+ %(\/—_144 + /=u3)*(u1 — up)*sn*(vx; k)en®(vx; k)
x [u1 (12 — ug) + ug(uy — up)sn®(vx; K)I[(uz — ug) + (uy — up)sn’(vx; k)]
+ L (Jur + V) () — uz)(up — ug)dn® (vx; k)

x [ur(uz — us) + us(uy — up)sn®>(vx; K)1[(uz — us) + (ug — up)sn’(vx; k)1.

Long but straightforward computations yield
Z = 5(Jur + uz)* {2vdn(vx; k)| /ur (uz — ug)en® (vx; k) + /i (uy — ug)sn® (vx; k)]
+i(y/uy — Juz)sn(vx; k)en(ux; K[y — usuz)wuz — ug) + (ug — /uzug) (uy — up)sn*(vx; k)13,

Extracting the negative square root yields the final expression:

_ _ N;
20|t +ADPIO1 = —/ () — ug)(uz — M4)D—j, (D9)

where
N = 2vdn(va; k)[/ug (uy — ug)en®(vx; k) + /uz (uy — ug)sn®(vx; k)]
+i(ur — u)sn(vx; k)en(ux; k) — /usua)(uz — us) + (us — Juztg)(uy — up)sn’(vx; k)]
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and

Dy = /[y (uy — ug) + ug(uy — uz)sn?(wx; k) — ug) + (uy — p)sn2(vx; k)J3.

We chose the negative root by the continuity argument from the degenerate case u; = u, (k = 0), for which the periodic wave
(29) becomes the constant-amplitude solution p(x) = u;. Indeed, it follows from (D5) and (D6) that if u; = u, (k = 0), then

20+ ADIPH = 21|04+ ADIQ1 P = V/(ur — u3)(uy — ug),

which coincides with the expression

2001l + ADPIO1 = —/ (uy — u3) () — uy)

obtained from (D9) with the negative sign. Note that P, = —(; is x-independent in the degenerate case.
Combining together (D8) and (D9) yields

i(3 = IDRPOY  — i/ — 3)(az — wa)dn(ux; k) + i /t3iag (uy — uz)sn(vx; k)en(vx: k)

re XilP? + M0 2 N (uy —u3) (@ — ug)dn(vx; k) + i(uy — up)sn(vx; k)en(vx; k)

Substituting this expression into (D2) yields

uta (uy — u3)(uy — ug)dn®(vx; k) + usug(uy — uz)?sn?(vx; k)en? (vx; k)
pl(uy — uz)(uz — ug)dn®(vx; k) + (uy — uz)?sn?(vx; k)en?(vx; k)]

p(x) =

_up(uy — u3) — u3(uy — up)sn’(vx; k)

(uy — u3) — (uy — up)sn?(vx; k) (1

which is simply Eq. (60).

APPENDIX E: PROOF OF (61)

Substituting parameters (a, b, ¢, d) from (20), the periodic wave p from (39), and the eigenvalue B3 from (43) into (53) yields

p = j;)—i’, (ED)
where
Dy = [(b+cB3 + B3)L+8 + (8 — Den(ux; k)] + 5118 + ur + (18 — up)en(pux; k)]]2 (E2)
and
N; = [B3a(b— cB5 — B3) +2dB5][1 + 8 + (8 — Den(ux; k)I* + [b* + B3(2b +a — c) + B5|[1 + 8 + (8 — Den(ux; k)]
x [ur8 + uy + (ur8 — up)en(ux; k)] + B3 (b — cB5 — B3) w18 + up + (18 — upen(px; k)1 (E3)

After canceling the common factors in D; and N3, we arrive at the expression

A1 B 3 712 A(l — cen(ux; k))
p=1(Vur + Juz \/2(V+\/)/ +n?)) * B e 7 O+ om0

(E4)

where

A= 20y + V7 P+ i) —\ 2y + )+ VP T,

B=M2—\/2M2()/+\/7/2+772)+\/72+772,

C =68 +\/2u1(y VY VYD),
This expression yields (61) with (62) and (63).

APPENDIX F: PROOF OF (65)

The explicit expressions for A;|P;|*> + X;|Q;|* and P;Q; at the periodic wave (39) are obtained similarly to the derivation
explained in Appendix D. By using (39)—(41), (43), (D3), and (D4), we obtain

4[(uz — ¥)* + n*1dn*(ux; k)
[1+4 8+ (8 — Den(ux; k))?

P+ 2P (P + 10117 =
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and
—8(uy — up)?sn?(pux; k)
[1+38+ (8 — Den(ux; k)2

2/ (uz — y)? + n*dn(ux; k)

14+6+ (8 — Den(ux; k)

AP0 — 2P R = 10117 =
which result in

Al + AP+ 1017) =

(FD)

and

V8(uy — up)sn(ux; k)
1464 (5 — Den(ux; k)’
where we have extracted the negative squared root analogous to Eq. (D6). With the help of (F1) and (F2), we come to the required

expressions for the periodic standing waves (39),
2/(uy — y)* + Pdn(uas k) — iv/8(ur — wp)sn(uxi k)

i = ADUP? = 1017 =

(F2)

20| [P+ RO = F3
[A (1P + A1 Q1]7) 155+ G = DenGxi k) (F3)
and
_ 2/ (ur — ¥)? + n2dn(ux; k) + in/8(uy — up)sn(ux; k
2|)L]|()\.]|P1|2+)\.1|Q||2)= 2~V n (u ) (1 2)sn(i ) (F4)
1484 (8 — Den(ux; k)
On the other hand, we obtain from (51) after a lengthy calculation
Y N,
V2MIIA = 3IP0 =~ 3. (F5)
where
Na = dn(ux; k) (Vur + Vu)y/ (w2 — y)* + n?[(8/ur — uz)en(ux; k) + 83/ur + /uz]
i
+ 5 — w0 VBl + 08 — (1+ 8 y? + 02 + en(ux; Dlid — ws + (1= )Yy + 21},
Dy = [1 48+ (8 — Den(ux; k)12 [ua(1 — en(uex; k) + ur8(1 + en(uex; k)17,
where we have extracted the negative squared root due to the same reason as (D9).
By applying (F4) and (F5), we obtain
. i(33 = T)RPOI  —2uwul(us — y 2 + n?ldn(ux; k) + iCur — uz)y/8(/% + P)sn(ex; k)
AP+ 2110112 2/ (ur — y)? + n?dn(ux; k) + iv/$(uy — up)sn(ux; k)
which yields
p(x) = duyup[(uy — y)? + n?1dn?(uxs k) + 8(uy — u2)*(y? + n?)sn’(ux; k)
4wy — y)? + n2ldn®(ux; k) + 8(us — up)?sn?(ux; k)
i 8(1 —en(ux; k) + up(1 + en(ux; k))
1 4cen(ux;k)+8(1 —en(ux; k)
and hence the explicit expression (65).
APPENDIX G: PROOF OF (73) AND (89)
For the derivation of (73), it follows from (20) and (37) that
Bi(d —ac —ap}) = (b+cpi + B1)”
Substituting this relation into (72) yields
dxi _ 2B1(BT — B3)[Bid — ai(c + BD) + 2B (cBi + BT + b)po + Bir?]
= 2
ot (b+cBi+ B + Bip)
2
_ 2818 — BY)[(b+ BT + BI) +2B7(cBT + Bl + b)p + B p’]
(b+cB2+ Bt + B2p)’
=267 (87 - £), GD

which coincides with (73).
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For the derivation of (89), we substitute (20), (51), and (52) into (87) and obtain
ax1 _Ns
—_— =, G2
ot Ds ©2)
where
Ds = (pi* +la1*)?,

4 - - - -
Ns = 2o e + 34 = Tio) (o + e~ 33~ 7)
1
1

+ =
A(Ar+ A1)
It follows from (D5) that

{200 + 23 + 11 [0° +2(c — 247) p — a] 4+ 247 p° + 4(cAT — 2b)p + 4ac — 2ak; — 4d}.

20wy — ug)* (g — ug)(uy — uz)dn? (vx; k)

D: =
? M 2(V=tt3 + /=113 )?

(G3)
On the other hand, it follows from (29) and (36) that

N — 2i(ur + )y — ug)(uo — ug)[Jur + Juz — i(/—uz + /—u4)]
: (V=u3z + /—u)Jui + Juz + i(/—uz + /—u4)]

X [u2u3cn2(vx; k) + u4(uzsn2(vx; k) —u3) —uy(ur — u3sn2(vx; k) — u4cn2(vx; k)]

_ 2i(Jur + /)y — us)(uy — us)*[Jur + Juz — i(/=ut3 + /—us)]
(V=u3 + /—u)[Juy + Juz + i(/—u3 + /—us4)]
_ 2i(ur + Ju)(uy — usz)(uy — ua)(ur — us)?
(V=u3 + /—u)Jui + Juz + i(/—uz + /—u4)]
A simple calculation for As/Ds via (G3) and (G4) yields (89).

(uy — uz)(—u3z + ug)
(ur — u3)(ua — ug)

() — M3)|:1 + snz(vx;k)i|

[Vur + uz — i(v/=uz + v/—ug)ldn*(vx; k). (G4)

APPENDIX H: PROOF OF (81) AND (82)
We select ¢; = 0 so that x;(0, 0) = 0 in (74). Resorting to (20), (29), (37), and (50)—-(52), we have
p1(0,0)
p1(0,0)
—iptp'(0) + 3B7p*(0) + 2p(0) (3B} + 2¢B} + b) — aB}
- ‘ V2oO)[b+ cB? + B} + Bp(0)]

which yields (81) since p(0) = uy, p'(0) =0, and p = %|ﬁ|2.
Since the expression (H1) applies to other purely imaginary eigenvalues, we can replace p(0) = u; and B; with p(0) = u3
and B3 in (H1) and obtain (82).

20, 0)] = |u(0,0) — 2ip,

, (H1)

APPENDIX I: PROOF OF (92) AND (93)
We select ¢; = 0 so that x;(0, 0) = 0 in (90). We obtain from (47), (50), and (85) that

2i(32 = 23)P1(0, 0)0: (0, 0)

|i2(0, 0)] = |R(0) + PO 0L+ 0 0. 0L Im
It follows from (D7) and (D9) that
20|21 [P0, 0) + 211Q1(0, 0)*] = v/(ur — uz)(ur — ug) (12)
and
2|41 (A1 + A)P(0,0)01(0,0) = —\/(ul — uz)(uy — ug). I3)

Substituting A from (36), R(0) = +/2u;, and relations (I2) and (I3) into (I1) yields (92).
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Repeating computations for eigenvalue X, in (36) yields

2|22l [A2|P2(0, 0)* + 22| Q2(0, 0)*] = /(uy — u3)(uy — ug) (14)

and

2|22l (k2 + 22)P2(0, 0)02(0, 0) = —/(uy — u3)(uy — ug), I5)

which yields (93).
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