ON A COUNTABLE SEQUENCE OF HOMOCLINIC ORBITS
ARISING NEAR A SADDLE-CENTER POINT

INMACULADA BALDOMA, MARCEL GUARDIA, AND DMITRY E. PELINOVSKY

ABSTRACT. Exponential small splitting of separatrices in the singular perturbation
theory leads generally to nonvanishing oscillations near a center—saddle point and
to nonexistence of a true homoclinic orbit. It was conjectured long ago that the
oscillations may vanish at a countable set of small parameter values if there exist a
quadruplet of singularities in the complex extension of the limiting homoclinic orbit.
The present paper gives a rigorous proof of this conjecture for a particular fourth-
order equation relevant to the traveling wave reduction of the modified Korteweg—de
Vries equation with the fifth-order dispersion term. The main technical difficulty in
the proof is to obtain estimates of the exponentially small terms in the complex plane
between the two symmetric pairs of singularities.
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1. INTRODUCTION

Homoclinic orbits arise in dynamical systems at the intersections of stable and unsta-
ble manifolds (also known as the separatrices) associated to a saddle equilibrium point.
They represent spatial profiles of traveling solitary waves in nonlinear dispersive wave
equations from which spatial dynamical systems are obtained in the traveling reference
frame. Existence of a homoclinic orbit connected at a saddle point is a generic phe-
nomena in a planar Hamiltonian system if there exists a center point near the saddle
point.

The phase space of many spatial dynamical systems has the dimension higher than
two, in which case the equilibrium point may admit a center manifold in addition
to the stable and unstable manifolds. For such a saddle-center point, intersection
of the separatrices is not generic and homoclinic orbits do not generally exist. The
corresponding traveling solitary waves are not fully decaying since their spatial profiles
approach the oscillatory tails spanned by orbits along the center manifold.

It is rather common in analysis of solitary waves to consider an asymptotic limit when
a higher-dimensional spatial dynamical system with a saddle-center point formally
reduces to the planar Hamiltonian dynamical system with a homoclinic orbit. This
leads to the main question of the singular perturbation theory if the homoclinic orbit
persists under the perturbation. The standard answer to this question is negative
because the exponentially small splitting of the separatrices generally occurs due to
the singular perturbations.

First examples of the exponentially small (beyond-all-order) phenomena and the
relevant asymptotic analysis can be found in [I3], 16, 27, 29| B33 44]. Rigorous mathe-
matical analysis and the proof of the existence of oscillatory tails near the saddle-center
point in four-dimensional spatial dynamical systems was later developed in [36, [47].
The oscillatory tails are present if a certain constant (called the Stokes constant) is
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nonzero, the proof of which usually relies on numerical computations. The numerical
data in [4§] for a particular model of the fifth-order Korteweg-de Vries (KdV) equation
suggest that the Stokes constant is generally nonzero but may vanish along bifurcations
of co-dimension one if another parameter is present in the spatial dynamical system.

Compared to the standard setting of the non-vanishing oscillatory tails in the beyond-
all-order expansions, a rather novel mechanism of obtaining a countable number of true
homoclinic orbits was proposed in [3]. The mechanism is related to the location of sin-
gularities of the truncated homoclinic orbit in a complex plane. If there is only one
symmetric pair of singularities in the complex plane nearest to the real line, then the
Stokes constant is generally nonzero and no true homoclinic orbit persists in the singu-
lar perturbation theory. However, if there exist a quadruplet with two symmetric pairs
of singularities at the same distance from the real line, then the singular perturbation
theory exhibits a countable set of true homoclinic orbits as the small parameter goes
to zero.

The theory from [3] was illustrated on a number of other mathematical models
involving nonlocal integral equations [2], lattice advance-delay equations [, 4], and
differential advance-delay equations for traveling waves in lattices [19] 20l 37, [38]. The
spatial profiles of solitary waves in such models must generally exhibit oscillatory tails
(in which case, they are usually called generalized solitary waves or nanoptera), see
analysis in [21], 23] and numerical results in [22] 38, [50]. However, the tails miraculously
vanish along a countable set of bifurcation points if the singular limit admits a real
analytic solution with a quadruplet of complex singularities nearest to the real line.
A similar idea for homoclinic orbits in symplectic discrete maps has been discussed in
[24] some time before [3].

Despite a number of examples supporting the conjecture from [3], no mathematically
rigorous proof was developed in the literature. The purpose of this paper is to give
a proof of this conjecture for the simplest four-dimensional dynamical system with a
saddle-center equilibrium point.

1.1. Main model. Let v, € R be parameters and consider the fourth-order equation
for some u € C*(R,R),

€2u//// + (1 2)u// —u4+ u2 4 2,}/“3 = 0. (1)
If € is a small parameter, then the formal limit ¢ — 0 yields the second-order equation
u’ —u+ut+2yut =0 (2)
with (0,0) being a saddle point of the planar Hamiltonian system
u = w,
{ w =u—u? — 2yud. (3)

The second-order equation ([2)) appears in the traveling wave reduction of the modified
Korteweg—de Vries (KdV) equation
In In

92t 2_77
ar TG, TG,

9n

@ =0, (4)
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where n = n(x,t) is real and § is a parameter. Traveling waves of the modified KdV
equation @) correspond to the form n(z,t) = n.(x — ct) with the wave speed ¢ and the
wave profile 7, found from the third-order equation

' (x) = cn(x) + 2nen(x) + 68n2n.(x) = 0. (5)
If ¢ > 0, the scaling transformation 7.(x) = cu(y/cz) and integration of (5)) with zero
integration constant for solitary wave solutions yields equation with v := fe.

If v > 0, there exist two families of periodic solutions and two solitary wave solutions
of equation , see, e.g., [14, B5]. If v < 0, there exists only one family of periodic
solutions and only one solitary wave solution of equation , see, e.g., [42]. This also

3

follows from the phase portraits for the dynamical system ({3]) on the phase plane (u, w)
shown in Figure (1| for v =1 (left) and v = —0.1 (right).

FIGURE 1. Phase portraits of (3) for v =1 (left) and v = —0.1 (right).

The fourth-order equation is the traveling wave reduction of the modified KdV
equation with the fifth-order dispersion term, also known as the Kawahara equa-
tion [32],

on ., On 20n P 0
where « is another parameter. Traveling waves of the form n(z,t) = n.(z — ct) sat-
isfy the fifth-order equation, which can be integrated once with the zero integration
constant. The scaling transformation 7.(z) = cu(y/c(1 — €2)z) yields (1) with v := S¢
and €2 found from the equation

0, (6)

82

(1 —e2)2
This is always possible for small ¢ if ac is small.
For g = 0, the Kawahara equation (@ has been one of the main toy model of the

shallow water wave theory to study periodic oscillations arising at the exponential tails
of the solitary wave profiles, see recent works [I5], B1) 46]. Since the true homoclinic

= QC.
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orbits are known not to exist for 5 = 0 |29, 44], the main motivation for our study is to
show the existence of a sequence of true homoclinic orbits in the modified Kawahara
equation for 8 # 0.

The homoclinic orbit of the second-order system with v = 0 is known in the
exact analytical form:

3 9 (T
up(z) = 2sech <2> :

It has double poles on the imaginary axis with the nearest singularities at x = +mi. If
~v # 0, the double poles split into pairs of simple poles and the splitting is different for
v > 0 and v < 0. The homoclinic orbit for v = 0 is continued in the exact analytical
form for every 14 9v > 0 as

3
to(@) = V1I+9vycosh(z) +1 (7)

For v > 0, the double poles nearest to the real axis split along the imaginary axis as
simple poles at

1
T = 4w £ rarccos | —— |,
( L+ 97)
with four independent choices of signs. For v € (—%, 0) the double poles split off the
imaginary axis as simple poles at

1
VIES ®

again with four independent choices of signs. This is precisely the case which fits the
theory from [3] and coincides with Example 1 in [3]. The numerical data on Figure
1 in [3] already provide a convining evidence of the existence of a countable sequence
{en(7)}nen for every v € (—3,0) such that ,(y) — 0 as n — oo with the homoclinic
orbits persisting in the full equation for ¢ = ¢,(y) and with u(z) being close to
uo() in (7).

Hence, in what follows we are only interested in the case v € (—%, 0), when the only
homoclinic orbit with the profile ug is available in the form . For completeness, we
mention that another homoclinic orbit exists for v > 0, see the left panel of Figure [I]
and its (negative) profile is given by

x = +im + cosh™

io(z) = 3
Yol® __\/mcosh(x)—l'

The simple poles of g are located at the imaginary axis at

1
r = +iarccos | —=—== | + 2min, n € Z.
1+ 9y

For v <0, 5y is singular on real line and hence is neglected.
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1.2. Main result and the method of proof. The main result of this paper is the
following.

Theorem 1.1. For any v € (—%, 0), there exists Ng € N large enough and a sequence
{En}nzNo Of the form

o 1 1 1
a= g h — cosh™ ————
En = — [ + n(’) <logn>} , where « = cos R (9)

such that equation (1)) with € = &,, has a homoclinic orbit to the origin in R*.

We prove this result by analyzing the stable and unstable invariant manifolds of the
origin in R* and measuring their distance at a suitable cross-section of R*. To this end,
we rewrite the fourth-order equation as two second-order equations. By introducing

fu) :=u*+2y® and v:=u"—u+ f(u), (10)
equation becomes the system
v =u+v— f(u) (11)
V' = —gv f(u)(ut v — fu) + () (W)

The phase space of system is written in the variables (u,v/,v,v") € RY. Moreover,
this system has the first integral
u/ 2 u2
G(u,u',v,0") =(1 — 52)% -5+ F(u)

(12)
+ &? [u’(v’ +u' = ff(u)u) —

(u+v— fu)?
2 )

with ; A
F(u):/ f(v)dv:u——l—ﬂ.
; 3 2

We notice that the origin in R? is a saddle-center equilibrium point of the fourth-
order system with associated eigenvalues ( —1,1,ie72, —2'8_2) of different scales.
Therefore, the stable and unstable manifold associated to the origin have dimension
one and, thus, they are just trajectories of the dynamical system.

Since system is autonomous, in order to find homoclinic connections, it is nec-
essary that there exists a time parameterization of the stable and unstable invariant
manifolds, denoted by

(u (@), () (2), v*(2), (v")'(2)), *=u,s
(which also depend on the parameters € and ), such that
(w"(0), (u")'(0),v"(0), (v*)'(0)) = (u*(0), (u")'(0),v*(0), (v*)'(0))-

In a general setting two curves do not intersect in a four dimensional space, however
system is reversible with respect to the involution

U (u, v, 0,0") = (u, —u', v, —0") (13)
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whose symmetry plane is
= {(u,u,v,v) €R*: ' =0, v =0}. (14)
In other words, if (u(z ) '(z),v(x),v'(z)) is a solution of system ([L1)), then the function
defined by V(u(—x),u'(—z),v(—x),v'(—z)) is also a solution. In particular
u¥(x) = u"(—x), v¥(x) = v (—x)

and therefore «*(0) = ©"(0) and v3(0) = v"(0).

As a consequence, a homoclinic orbit exists if the unstable curve to (0,0,0,0) as
xr — —oo intersects the symmetry plane II. Indeed, if such intersection occurs, then
the unstable curve to (0,0,0,0) as z — —oo is reflected by the involution to the stable
curve to (0,0,0,0) as x — +o0.

It can be seen that the perturbed invariant manifolds can be approximated by the
homoclinic orbit for the unperturbed problem ,

(u(z), u'(z), v(z),v'(2)) = (uo(), up(),0,0)
with ug given in (7). Then, we define the section
Y= {(u,v,v,v") eR*: ' =0}. (15)

We observe that the homoclinic orbit (u(z),u'(z)) = (uo(z),0) of the second-order
system with ug computed in (7)), satisfies u((0) = 0 and it intersects transversally
the section ¥ with (v,v") = (0,0).

Next theorem gives an asymptotic formula for the distance between the stable and
unstable manifolds of the origin in R* at X.

Theorem 1.2. There exist two unique solutions (u",v") and (u®,v®) of system
such that (u")'(0) = (v*)'(0) = 0 and

xEer(u“(x), v (z)) =0, lim (u®(z),v(x)) = 0.

r—r-+00

Moreover, there exists a constant © € R, © # 0, such that
u*(0) —u*(0) =0
v"(0) —v°(0) =0

@) = 00 =~z (50 (2) +0 (1))

Theorem [I.1]is a direct consequence of Theorem

Proof of Theorem [1.1] Since the system is reversible it is enough to obtain a point
in the unstable manifold which intersects the symmetry plane IT in . Since

(u"(0), (u")'(0),v*(0), (v")'(0)) € &
it is enough to look for values of ¢ such that (v")"(0) = 0.
By reversibility,

(w(0), (u")(0), v"(0), (v")'(0)) = (u*(0), = (u*)'(0),v*(0), = (v*)'(0)).
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and therefore

2070) = (0 0) = 07710 = =5 (s (2) +0 () )

Since © # 0, the values of ¢,, are found from roots of

. [« 1
S <g> +O (\logsl) =0
which yields @ U

The main steps in the proof of Theorem are explained in Section [2l The proof
of each step is deferred to Sections and Appendices [AHC|

1.3. Exponentially small splitting of separatrices. Theorem fits into what is
usually called exponentially small splitting of separatrices. This phenomenon occurs
in dynamical systems which have a hyperbolic behavior whose invariant manifolds are
exponentially close with respect to a small parameter of the system. Here we review
the literature on the topic and explain the main tools to deal with the exponentially
small phenomenon.

The exponentially small splitting of separatrices was first pointed out by Poincaré
(see [43]) and nowadays it is well known that appear in many analytic models with
multiple time scales and a conservative structure (Hamiltonian, volume preserving) or
reversibility. The first rigorous analysis of this phenomenon was not achieved until the
80’s in the seminal work by Lazutkin on the standard map [34], who proposed a scheme
to prove the exponentially small transversality of the invariant manifolds of the saddle
equilibrium point this map possesses. A full proof of this fact was obtained in 1999 by
Gelfreich [25].

The approach proposed by Lazutkin (detailed below in this section) has been im-
plemented in multiple settings in the past decades such as area preserving maps
[17, 39, [40] and integrable Hamiltonian systems with a fast periodic or quasiperiodic
forcing [18] 26], 45], 8]. Note that the approach is extremely sensitive on the analyticity
properties of the model and therefore “implementing” it in different settings is, by no
means, straightforward. Strongly related to the present paper are those dealing with
volume preserving or Hamiltonian Hopf-zero bifurcations. This was first addressed in
[111, 12, 5], [6l, [7], and has later been applied to the breakdown of breathers in the Klein-
Gordon equation (which can be seen as an infinite dimensional Hopf-zero bifurcation)
and in the invariant manifolds of Lz in the restricted planar 3 body problem [9, [10].
Note that the exponentially small splitting of separatrices phenomena can be analyzed
by other methods such as the so-called continuous averaging method [49].

Let us explain the main steps of the approach proposed by Lazutkin applied to Hopf-
zero bifurcations. Note first that the unperturbed separatrix is analytic in a complex
strip centered at the real line. Then, in all the mentioned works and in the approach
explained below, one makes the strong assumption that, at each of the boundary lines
of the strip, the separatrix has only one singularity. Then, an asymptotic formula for
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the distance between the perturbed invariant manifolds can be obtained following these
steps.

(1) Choose coordinates which capture the slow-fast dynamics of the model so that
it becomes a (fast) oscillator weakly coupled to an integrable system with a
saddle point and a separatrix associated to it.

(2) Prove the existence of the analytic continuation of suitable parametrizations
of the perturbed invariant manifolds in appropriate complex domains. These
domains contain a segment of the real line and intersect a neighborhood suffi-
ciently close to the singularities of the separatrix.

(3) Derive the inner equation, which gives the first order of the original system
close to the singularities of the separatrix. This equation is independent of the
perturbation parameter.

(4) Study two special solutions of the inner equation which are approximations
of the perturbed invariant manifolds near the singularities and provide an as-
ymptotic formula for the difference between these two solutions of the inner
equation.

(5) By using complex matching techniques, compare the solutions of the inner
equation with the parametrizations of the perturbed invariant manifolds.

(6) Finally, prove that the dominant term of the difference between manifolds is
given by the term obtained from the difference of the solutions of the inner
equation.

This approach and all the aforementioned references rely on several hypotheses one
has to assume on the model. In particular, as already said, one must assume that,
at each of the boundary lines of its analyticity strip, the time-parameterization of the
unperturbed separatrix has only one singularity. This assumption is rather strong and
it is known to be non-generic (see [3,24]). In particular, the model ([I) with y € (—3,0)
we consider in this paper does not satisfy this hypothesis since the separatrix has two
singularities at each of these lines.

As far as the authors know, no proof of exponentially small splitting of separatrices
for separatrices with multiple singularities with the same imaginary part existed until
now. The reason is that to analytically extend the invariant manifolds to complex
domains one needs to estimate quite sharply certain oscillatory integrals and this is
not so straightforward when one has several singularities with the same imaginary part.
In the present paper we propose a new approach which relies on considering “auxiliary
orbits” of the model. The approach is rather flexible and we expect to be applicable
to a wide set of models withany number of singularities with the same imaginary part
(see Section [1.4] below).

Let us explain the main steps in the proof of Theorem [1.2] comparing them with the
classical Lazutkin’s approach explained above. The singularities of the unperturbed
separatrix closest to the real axis are those given in .
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(1) Choose coordinates which capture the slow-fast dynamics of the model. In the
present paper the coordinates in suffice. Note that this system possesses a
first integral (see (12))).

(2) Prove the existence of the analytic continuation of the time-parametrization of
the perturbed unstable invariant manifolds in an appropriate complex domain
(see (24))). This domain contains a segment of the real line and intersects a
neighborhood sufficiently close to the singularities of the separatrix with neg-
ative real part (see (§])). Analogously, extend the perturbed stable invariant
manifold up to the singularities with positive real part. This is done in Theo-
rem 2.2

(3) Consider an auxiliary solution of which belongs to the same level of the
first integral and that can be defined in a lozenge shaped complex domain which
contains a segment of the real line and domains e-close to all four singularities of
the unperturbed separatrix (see (27))). This is done in Theorem [2.3] Note that
this solution does not belong to neither the stable nor the unstable invariant
manifold. Instead of measuring the distance between the stable and unstable
invariant manifolds at a given section, we will measure the distance between the
unstable manifold and the auxiliary solution and between the auxiliary solution
and the stable manifold.

(4) Derive the inner equation (see (42))), which gives the first order of the original
system close to the singularities of the separatrix. Note that the same inner
equation appears close to all four singularities in (8|).

(5) Study two special solutions of the inner equation and provide an asymptotic
formula for the difference between these two solutions of the inner equation.
This is done in Theorem 2.8

(6) Close to the singularities with negative real part, by using complex matching
techniques, compare the solutions of the inner equation with the parametriza-
tion of the perturbed unstable invariant manifold and the auxiliary solution
(analogously close to the singularities with positive real part and the auxiliary
solution and the parameterization of the stable invariant manifold). This is
done in Theorem .10

(7) Prove that the dominant term of the difference between the unstable manifold
and the auxiliary solution is given by the term obtained from the difference of
the solutions of the inner equation close to the singularities with negative real
part (analogously for the stable manifold and the auxiliary solution close to
the rightmost singularities). This is done in Propositions and . Joining
the two asymptotic formulas provides the difference between the stable and
unstable invariant manifolds.

1.4. Further directions and applications. Although we have addressed a very par-
ticular model, the fourth-order equation , which is relevant for traveling waves of
the modified Kawahara equation @, the statement and proof of Theorem can be
extended to other dynamical systems with the saddle-center points.
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One example where a sequence of homoclinic orbits appears in the singular per-
turbation theory was considered in [I]. The limiting second-order equation is given
by

U3

"

u u—|—1+7u2 =0, (16)
with a parameter v > 0 and it appears as the standing wave reduction of the focusing
nonlinear Schrodinger (NLS) equation with a saturation term. If v = 0, the homo-
clinic orbit is given by ug(x) = v/2sech(z) with the simple pole singularities along the
imaginary axis at

=Y g
However, for every v > 0 it was proven in [I, Theorem 2.2] that the nearest singularities
to the real line appear as a quadruplet in the complex plane. Hence, the numerical
approximations in [1l Section 3| showed the existence of a countable sequence of true
homoclinic orbits when the limiting second-order equation is perturbed by the
fourth-order derivative term.

This example is rather striking since the term u3/(1 + vyu?) with v > 0 does not
change the number and types of the critical points in the dynamical system on the real
line, but only change the number and types of singularities in the complex plane.

Another example appears in the cubic—quintic NLS equation

u’ —u+u(1+ 3yu?) =0 (17)
with another parameter v € R. The homoclinic orbit is given by
2
uo()

~ I+ VIt167cosh(2r)

The simple pole singularity for y = 0 at x = % splits vertically along the imaginary axis
for v > 0 and horizontally for v < 0 with the square root branch point singularities.
In the latter case, we have a quadruplet of square root singularities in the complex
plane which lead to a sequence of homoclinic orbit if the second-order equation is
perturbed by the fourth-order derivative term.

For both models and , the singularities in the complex plane are more
complicated than poles and involve branching points, see [I].

The analytical proof of Theorem can be extended from fourth-order dynamical
systems to other finite-dimensional dynamical systems. It is nevertheless an open
direction to extend the analysis to the infinite-dimensional dynamical systems such as
the differential advance-delay equations. Such situations with the saddle-center points
and the quadruplets of singularities in the complex plane are well-known in the context
of traveling solitary waves in diatomic Fermi-Pasta-Ulam (FPU) systems [19 B7]. If
the center manifold is still two-dimensional and the stable and unstable manifolds are
infinite-dimensional, we conjecture that a similar sequence of true homoclinic orbits
exist in the singular limit of the diatomic FPU system, in agreement with the numerical
results in [22], 38, 50]. However, the proof of this conjecture is left for further studies.
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2. DETAILS OF THE PROOF

We devote this section to prove Theorem First in Section [2.1| we provide an-
alytic properties of the unperturbed solution . Then, in Section we study the
analytic continuation of the perturbed solutions in suitable complex domains and we
also analyze the auxiliary solution. In Section [2.3] we give exponential upper bounds
for the difference between two solutions for the stable and unstable invariant manifolds
at a given transverse cross-section. To provide an asymptotic formula for this differ-
ence we analyze the first order of the perturbed solutions close to the singularities of
the unperturbed solution. This is done in Section by means of an inner equation
and complex matching techniques. Finally, in Section we obtain the asymptotic
formula for the difference between two solutions for the stable and unstable invariant
manifolds.

Notations. We will use the notation ’ and 9, to indicate the derivative with respect
to z. In addition, when defining functional operators, we usually omit the dependence
of some known functions such as ug on =x.

2.1. Properties of the unperturbed solution. The first step in the proof of Theo-
rem is to analyze the analytic properties of the unperturbed solution ug introduced
in ([7). This is contained in the following lemma, the proof of which can be found in

Appendix [A]

Lemma 2.1. For~ € (—%,O), the function ug in has the following properties:
o At the line Sx = 7 ug has exactly two singularities at

1
Ty =+a+m, «a=cosh' —— 18
- 1+ 9y (18)
and at Sx = —m ug has singularities at the conjugate points T+
e wug is real analytic in C\{zx + i2km, Tx — 12k7 }ren.
e In a neighborhood of x4, ug satisfies
up(z) = = +0O(1) as z — xy,
T — T4
with
1
(19)

41 = F——.
+1 m
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e The second derivative of ug has exactly eight zeros, a:;-t, j = 1,2,3,4 with
|%ij| < m of the form
xf = +ib, vy = +a, vy = +a+im, i =4a—in
with -
b€<§,7r), a > a, ac (0,a).

2.2. The outer scale. The second step in the proof of Theorem is to look for
parameterizations of the one-dimensional stable and unstable invariant manifolds in
the system ((11)). We parameterize them as solutions of equation by fixing the
initial condition at > defined in ([15).

We analyze the invariant manifolds by a perturbative approach close to (ug, 0) where
ug is the solution of (2)) introduced in (7)) that satisfies u((0) = 0. To this end, we write

U = Ug + 57 v =1,
which yields the following system

['15 = fl[€77ﬂ7
{ Lon = Falé,n), (20)

where the linear operators are defined by

(B oo
and
{ Fi [57 77] =-n+ (1 + 67u0)€2 + 27537 (22)
Fol§,ml = f'(uo + &) (wo + &+ 1m0 — fuo + &) + f"(uo + &) (ug +&')?,

with f defined in ([10)). Now, since
T]/ — u/// _ u/ + f/(u)ul’
the first integral becomes

G(&,¢ n.1 ) 21(1 — &%) [(ug)? + 2upg’ + (¢')°] - t [ug — 2uo€ — €] + Fug +€)

2 2
22| (v + &) (0 + i+ € = fuo + ) +€) (23)
S €~ o+ )],

which is constant along solutions of .

The following theorem, whose proof is given in Section |3 provides two solutions
of which decay exponentially as &x — +o0o and Rx — —oo respectively. They
correspond to the parameterizations of the invariant manifolds. Moreover, we prove
that they can be analytically extended to the so-called outer domains defined as

D" =1z e C: |Im(z)] < —tanORe(x —2_) +Imx_ — ke},

24
D ={z e C: |Im(z)] <tanfRe(z —x,)+Imx, — re}, 24
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where 0 < # < atan (3%), with « defined in ([18)), is a fixed angle independent of ¢ and
k > 1 (see Figure . Observe that Do"* % = u,s, reach domains at a rke—distance of
the singularities x = x_ and x = x, of ug respectively.

[ U
—T_ — KE

FIGURE 2. The outer domain D"*" introduced in (24)).

Theorem 2.2. Fiz 0 < 6 < atan (%) There exists ko, 9 > 0, such that, if € € (0, &)

and Kk > Ko, then there exist real-analytic functions (£*,n*), * = u,s, defined in the
domain D"* which are solutions of satisfying

lim (&",7") = (0,0),

lim
Rr——o00 Rr—o00

(587 775) = (07 O)
and
8, 85(0) =0,  G(E*,0.%, 1", dum*, ) = 0,

where G is the first integral introduced in (23)).
Moreover, there exists My > 0, depending only on 0, kg, cq, such that & and n*,
* = 1,8, satisfy the following estimates.

e For xz € D™* N {|Re(y)| > 2a},
€ (2)] < MyZe P it (a)] < MyePe ™

and

10.£%(x)] < M1526_|§R$‘, |0.m*(x)| < M, e2e~ =l
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e Forx € D* N {|Re(y)| < 2a},

2
C@ S e
| —x_|3le —Z_}lz — xy[3|lo — 74|
2
" (z)| < 5 —Mf Slo — 7, |5
| —z_|3|le —ZT_Ple — 2y [P|lo — T4
M1€2
0.E" <
| acg (CL’)| = |:L,_$_|4|x_j_|4|aj—:L‘_,_|4|l’—f-|-|47
M1€
|02 (2)] < - e
’ [z —z_Ple —T_Ple — 2y Ple — T

Finally,

&) =¢"(—2),  7(x)=n"(-x)
or, in other words, the unstable curve is reflected by the involution V¥ in to the
stable one.

To prove Theorem we analyze the difference

A = (A An) = (£" =& n" = 7). (25)
However, since its difference is exponentially small, to obtain an asymptotic formula,
we would need to analyze this difference in e-neighborhoods of the singularities z = x...
Note that Theorem does not provide the analytic continuation of (€%, 1°) to points
re-close to x_ (and same happens for (£",n") and z ).
Instead of performing the analytic extension of the invariant manifolds in the xe-
neighborhood of the points x1, we rely on auxiliary functions (£, n***). These func-
tions will be solutions of the same equation and will also belong to the same energy

level with respect to G as (&"%,0,£™%, n"*, 9,n"*). Then, the analysis of the difference
(25)) will be deduced by the differences

Au — (A£u7 Anu) — (é'u _ gaux’nu _ naux>’
A = (AC, A) = (€ — €™ — ).
The following theorem, whose proof is given in Section [4] provides the existence of
the functions (£, 7*™) in the domain

D ={xeC: |Im(z)| <tanfRe(xr —z_)+ 7 — ke}
N{xeC: |Im(zx)| < —tanfRe(x —2z,)+ 7 — Kke}
with x,6 > 0. The domain is shown in Figure [3]

(26)

(27)

Theorem 2.3. Let 0 < 0 < arctan (g) There ezists ko, g9 > 0, such that, if e € (0, &)

and Kk > Ko, then there exist real-analytic functions (£, n*) defined in the domain
D2 which are a solution of and satisfy

axé-aux((]) — 0 and G(é-aux7 aé-aux, 773411)(7 mnaux’ x) — 0
where G is the first integral introduced in (23)).
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o o aux
°
et D?
° L]
T o

FIGURE 3. The auxiliary domain D™ introduced in (27).

Moreover, there exists My, depending on 0, ko, ¢ such that, for x € D™,

(o)l < e .
7= o Flz 7Pz — 2: Pz — 74P
)] < M _
T Flz 7 Flz — 2;Flz 75 F
- M,e?
08 < T e e — ey e Ea
Mse
|6xnaux(x)

| < - —
|z —2_Ple —T_Ple — 2 Ple — TP
In addition (£2*(x), n*™(x)) = (& (—x), ™™ (—x).
2.3. Exponentially small estimates. The next step in the proof of Theorem [1.2]is
to analyze the differences A", A® defined in (26). Since (£*,7%), x = u,s, aux are all

solutions of , we can conclude in the following lemma that the differences A* are
solutions of a linear system in the following domains

Et ={reC: |Im(z)] < —tanfRe(z —z_) +Imaz_ — ke, Rz > Ro_},

28
Egut,s: {xGC: ’Im(x>| Stan@Re(w—x+)+ImI+—/€8,§RxS %x,}, ( )

(see Figure . Note that these domains, with 6 such that 0 < # < atan (%), satisfy
E°U* C DO M DA = s

Lemma 2.4. The functions A* = (A&, An*), x = u,s, in (206) are defined in the
domains E"* in (28)) and are solutions of the linear system

{ L1AL = M [A§7 AU]; (29)
EQAT/ = NZ [A§7 Agl’ An]v
where
{ MI[AE, Anl(z) = —An(x) + a(z)Aé(z), (30)
No[AE, AL Anj(x) = b(z)Ad(x) + c(z) A" + d(x) An(x),
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Ty
[ ]

€T

L]

\ Eout,u
K

=

FIGURE 4. The intersection domain E"*" introduced in (28)).

for some functions a, b, ¢ and d, which satisfy that, for x € E2"*,

M 2
la(z)| < e
T2 =7z — sl 53]
Ms
b <
P P T A TS
Ms
<
@ < Pl —E Plr =22 Pl =5
M.
d(2)] < 3

[z —z_Plz —T_Ple — 2 Plr — 27
for some constant Mz independent of € and k.

To obtain the exponentially small estimates for the difference A, we use the existence
of the first integral G(&,&',n, 7', z). The first integral gives us an extra relation for the

components of the difference A, which allows us to get rid of analyzing A&.

The following lemma is straightforward taking into account Lemma and Theo-
rems 2.2 and 2.3

Lemma 2.5. The functions A* = (A&, An*), x = wu,s, defined in satisfy

(—ug(x) +m(x)) AL + (ug(w) + n(x)) AL + p(x)An + q(z)An" = 0
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for some functions m, n, p and q, which satisfy that, for x € E2"*,

miz)| < e -

o=@ [le —7_[le — oy Ple — .
M. 2

n(z)] < |x—:1c_|4|a:—f_|44|i—x+|4|x—E+|47
M 2

Mo < o = Fle =, P~
M. 2

R e T PN T

with My > 0 a constant independent of € and k.

By using Lemma , we reduce the system of two second-order equations (29)) to
a third-order system imposed on A( = A&, An and An'. The following lemma is
obtained directly from Lemmas [2.4] and

Lemma 2.6. The functions AC* = 9,AL*, An*, x = u,s, are defined in E°"“* in
and are solutions of the linear equation

{ LiA¢ = Ni[AG, A, An], (31)
EQAn = M[Ag, Aﬂ, An/]’
where
- ugy
Ug
and

~

No[AC, An, Arf] = 8(@)AC + d(z) An + e(w)Ary,

for some functions 7, 8, t, €, d and €, which satisfy that, for x € EO"*,

{AMAaAmA#y——An+ﬂ@A<+ﬂ@An+ﬂ@Am

N M;e?
7)< e,
T—2 Pl —7_Ple =5 Ple = %]
~ M5€2
5()| < _ =
T2 Pl =7 Ple — o Plr =]
~ M-
()] < — —,
Tz lle 7|t —aslfe = 7]
N M;
<
R P P N
. M,
d <
) < e P — s Pl —eaPle — 7o P
M 2
e(x)| < o

[z =z Ple =7 Plr -z Ple -7
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with Ms a constant independent of € and k.

By using Lemma [2.6] we provide an asymptotic formula for A* at x = 0. Note that,
by Theorem and 2.3 AC*(0) = 9,A&*(0) = 0 (and that AE(0) can be obtained

by Lemma once the other components are known). Therefore, in order to prove
Theorem 1.2} it is sufficient to look for an asymptotic formula for An*(0) and 9, An*(0).

Assume for a moment that An* satisfy
LoAn =0
(that is, assume that ¢ = d=¢= 0). Then, An* would be of the form
An(z) = Cle® + Che <. (33)
We introduce
p_=x_—ike and py =xL —ike (34)

with 24 = +a + 7 and « defined in Lemma 2.1 We observe that, by Theorems
and Theorem [2.3) An" is defined at p_,p— and An is deﬁned at py, pr. Evaluatlng

An" in (33) at * = p_ and x = p_, using that e= and e —“= are of size e~ £, one
obtains that C}' and C§ must satisfy
Cl = An“(p__)e_§ + h.o.t. and Cy = Anu(p_)elp?_ + h.o.t.. (35)

An analogous formula follows for Cf , changing p_ by p..

Now, the equation for An*, x = u,s, in . ) has a right hand side (30]) with nonzero
c, d e and therefore one has to proceed more carefully than in the arguments above.
The following proposition gives the needed result.

Proposition 2.7. The functions An*, x = u,s, introduced in are defined in E°"*
given by and are of the form

An*(z) = Cle® + Cle™  + R (x) (36)

where
e The constants C5 and C3 satisfy

o The functions R* satisfy that
RUp)=0, R'(p)=0, Rp)=0, R(@)=0,  (38)
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and that, for © € B,

M, L3y u u
5 HE (104 +103)

* M, Ligz u u
0 R (2)] < —2e¥ (ICF] + | C31)

R*(2)] <

for some constant independent Mg > 0 independent of € and k.

Note that the properties of C} are a direct consequence of evaluating at v = p*

and x = pT and the properties of R*. That is, to prove Proposition boils down to
prove the properties stated for the functions R*. This is done in Section [7]

By Proposition proceeding as for , we have that indeed, CY'5 is of the form
in and analogous formula are also true for C7,. As a consequence, of this analysis
and using also that, by Theorems [2.2] and

* k[ —— 1
|An*(p2)], |An*(px)| < M@,

we have that .

However, in order to prove the asymptotic formula in Theorem [I.2], we need to perform
a more accurate analysis of the functions n* (and £*) around the points py and px.
This is done in the following subsections by means of the inner equation (Theorem [2.8)
and complex matching techniques (Theorem .

2.4. The inner scale. We perform the change of coordinates to the inner variables.
We consider the new variables

z=¢ Nz — 1) (40)
and, recalling the definition of c4; in (19)), we define the functions
3
€ €
¢(z) = —&(zs +e2),  Y(2) = —n(zs +£2). (41)
Ci1 C4+1

Recall that v < 0 and therefore ¢%,7 = —1. Applying the change of coordinates to
equation (20) and letting ¢ — 0 we obtain the limiting inner equation,

o @
with . o
(B2 (43)
and
Mo, 0] = —¢ — S¢? — 247,
{ o, 0] = —6 (L +¢)” <w +2(2+ ¢)3> —12(2+¢) (—L +0.9)°. (44)
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This equation is reversible with respect to the symmetry
(0, 0) = (=0, =), 22— —z (45)
We analyze this equation in the inner domains (see Figure [5)
D;:;n ={zeC: |[J(z)| > tanOR(z) + K},
DZf ={zeC: —zc¢ D;’;n},

for 0 <@ < 7/2 and Kk > 0.

FIGURE 5. The inner domain Dj’™ introduced in (46).

The following theorem, which is proved in Section [5], provides an asymptotic formula
for the difference between the two solutions of the inner equation.

Theorem 2.8. Let 0 < 0 < 7 be fived. There exists ko > 1 big enough such that, for
each Kk > Ko,

(1) Equation has two real-analytic solutions (¢%* %*) : Dg:;ﬂ — C?, x=u,s,
which, for every z € D;:;n, satisfy

[0%%(2)| < s % ()] < Mz

21> 2>
for some M7 > 0 independent of k. Moreover, they satisfy that, for z € D;y’;n,

(@%"(2), ¥™(2)) = (9" (=2), =¢"*(=2)). (47)
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(2) The differences Ag®(z) = ¢%(2) — ¢°5(2), AvO(2) = " (2) —*5(2) are given

by
AP(2) = O™ (=1 + x1(2))
Ay°(z) = @™ (1+X2( ) (43)
0.A¢"(2) = (=14 X1(2))

0. AY"(2) = —iOe " (1 + Xa(2))

for z € Rit = Dg’;n ’DZ’E1 N{z iR,z < 0}, where © € R is a constant, and
X1, X2, 5{1, X2 are analytic in z and satisfy that, for z € Reﬁ,

|xl<z>|s|M7,8, |><2<z>|s%, i) < M 2 el < M

=T

for some Mg > 0 independent of k.
(3) The constant © satisfies © # 0 if and only if there exists zy € R}fﬁ such that

A¢°(2) # 0.

Theorem 2.8 does not ensure that the first-order constant © is non-zero. This is
stated in the next proposition, whose proof is deferred to Appendix

Proposition 2.9. The constant © € R introduced in Theorem [2.§ satisfies © # 0.

Once we have obtained the solutions of the inner equation and analyzed their differ-
ence, the next step is to “measure” how well they approximate the functions obtained
in Theorems and[2.3] This is done through what is usually called complex matching
techniques.

We first define the matching domains where these differences are analyzed. Let
O<v<landO <6 <0 <0 <7, where ¢ is the angle introduced in . We
denote

p— = —ike +x_, xy = —ike — e’ f o, Ty = —ike +e’e £z

and
. i
3 =—ike—e"e " +x,.

Py = —iKE + T4 xy = —ike +e’e M f oy x

Notice that p; = —p_, 2f = —2], 2 = —x,, where we have denoted by Z the complex
conjugate of z. We define the matching domains as

tch - +,match T
—,match — — ,match
01,000 — P—y L1 %2, _Dal,gg,,j = P+ Ty, X (49)

,match

that is, D, Iélaffh as the triangle with vertexs p_,x7, x5 while Dy’y " is the triangle

with vertexs —p., xf, :B; (see Figure @
We also introduce

() = LM w ), 0 (w) = G (e @ - ),

e e (50)
)= L e — ), @) = B0 - a)
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—,match T o % 'm—\
.
01,02,v 1

JANLIAN % 7.

FIGURE 6. The matching domain D, r;at:h introduced in

and

go_,aux<x> _ %gbo,s(gfl(x . ZC,)), n(i,auX(x) — %wo,s(gfl(x o ZL',)),
53_,&ux<x> _ Cg_l(bo,u(&,fl(x - er)), 7,If)i_auX(x) _ %wo,u(gfl(x o er))

The following theorem, which is proved in Section [ provides estimates between
(2%, nY*) and (€%, 1*) with « = u, s, aux in the corresponding matching domains.

Theorem 2.10. Let 0 > 0, kg be fized as in Theorems[2.8,[2.5 and 0 as in Theorem|[2.3.
Take 0 < 0, < 0 < 6; < atan (&) and v € (0,1).
We introduce the functions

(662, ont) = (€' = &2 n" = "),
(663, 0my) = (& — €4 m° =),
(5€aux aux) — (faux _ giaux’ 77aux . ni,aux) .

Then there exist k1 > ko and a constant Mg > 0 such that for all kK > k1 and x €

(51)

D
562 (0. 1683 (o) |62 0)] < Mool
10,56 ()], |0:3€%. ()], [0 )|§Mg|log5||x_2—;;|3
53 0)| 897, (). 572 (0] < Mol loge] =
0,60 ). [0.07 ()], |0,0m2(2)] < Mol logel ——

v — et
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2.5. The asymptotic formula. Now, to prove Theorem [I.2]it only remains to provide
an asymptotic formula for the constants C7 and C3. This is done in the following
proposition, which is proved in Section [2.6| From now on we take

k = c|loge] (52)
for some suitable constant ¢ > 0 to be chosen later.

Proposition 2.11. The constants CT and C3 introduced in Proposition satisfy

= ﬁ (0+0 (1))
oy = ﬁe (@ +O (@))
= (00 (1)
05 = —ﬁe’? (@ +O (“O—lgd» |

Evaluating at * = 0 the formula for A* in together with Propositions
and lead to the asymptotic formulas

An'(0) = ﬁez (29 o’ (%) o <| 10;8\))
1 o . o 1
9. An"(0) = W‘f : <_2@Sm (Z> o (I 10g6|>)
An®(0) = —ﬁf’z (2@ o8 <%> o (I 101;6|)>
1 . e 1
0, A1°(0) = _WG : (295”1 <Z> 0 (|10g8|>) ’

where « is the constant introduced in ([18]).
To complete the proof of Theorem we recall that An = An" + An® and that

by the symmetry properties in Theorem and of ", n®, n*™ one has that, for
r e DI™NR

An'(x) = n"(x) =™ (x) = n*(=x) =" (=2) = —An(—x)
and therefore An"(0) = —An*(0). This completes the proof of Theorem [1.2]

Remark 2.12. Notice that we could argue by symmetry that An*(x) = —An"(—z) and
skip the constants Cf 5 of our analysis. However we have preferred to keep all constants
in order to emphasize that the method does not depend on the symmetries of the system.
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2.6. Proof of Proposition[2.11] To prove Proposition[2.11] the first step is to provide
an asymptotic formula for An"(p_), An*(p=) and An*(py), An*(p5).

Lemma 2.13. Let v € (0,1) and consider the points x = p_ and x = p_ introduced
in (34) with k as in (52)) and c € (0,1 —v) .
Then, the functions An", An® in satisfy

Cc_ 1

Ant(p ) = e

7o) = 5 (040 (1)

_ c_1 _ 1
Ant(p-) = ——e "

o) = e <@+0<\log6!))’

and

S(po) = S !

() = e (040 (7))

S (—— Cr1 4 1
A (pe) = e (@+O(Ilogel>)’

where c41 and © are the constants introduced in and Theorem respectively.

Proof. We provide the proof for An"(p_). The other formula can be proven analogously.
Note that An" can be written as

An'(a) = n"(w) = 02" (@) + 02" (@) = 2" (@) + 02" (2) — (@)

= S (T ) ot o) - o)

where n”*, x = u, aux are defined in (50), (51)), Ay° is the function analyzed in The-
orem (recall the inner change of variables ) and on%, on*™ are the functions
introduced in Theorem [2.10, Then, it is enough to use the asymptotic formula

and the estimates in Theorem [2.10, Indeed, using that p_ — z_ = —ike, we obtain
1-v
C-1 — €
Ant(p_) = Oe " (1 Ol ——=
10 = G (01 x(-im) +0 (7))

o C_1 k 1 & 61_V
B (@w(uoger)“ O(\loga|3)>

and therefore, from e = ¢7¢ < 7!, we obtain the result. Notice that
Anf(z) = 0™ () — n7™ (@) + 71" (2) — ) (@) + 1% (2) — ()
Ct1 -z aux S
= S (T2 ) o) - b0 o)

so the result for An® follows analogously as the one for An". O
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To complete the proof of Proposition m, it suffices to solve the linear system (37)).

Indeed, we have that, the linear system for C}', can be rewritten as

I (C?) (e E Ao
er 1 )\&% e’ s Ai(po) )

Thus, using that e 'i(p_ — p_) = —e'27, that p_ = z_ — irxe and Lemma

u_g _iE— 1
e G )
u_C;l izE_ 1
= (00 (1))

Proceeding analogously for C7, we obtain

s Gl - L
=% (0+0(1n))
s _ Gl L
=2 (00 ().

Since cx1 = £(+/]y]) 7" is given in (19), this completes the proof of Proposition E

2.7. Notation and preliminaries. Here we set some standard notations used in our
work and to provide (and prove) a general result improving the classical fixed point
equation. We will use the following notation and conventions:

e For g.h : € C — C, a function defined in a complex set 2, we will say

that |g(z)| < |h(z)| if there exists a constant M such that for all z € Q,
l9(x)] < Mlh(z).
Let X be a Banach space endowed with the norm || - ||x. We will use the
notation B(p) C X for the closed ball of radius ¢ centered at the origin of X,
namely

Blo) = {x € X : |x|x < o}
From now on, kg, e > 0 will be fixed; kq is as large and we need and g7 > 0 is as
small as necessary. All the constants appearing in the results are uniform with
respect to € € (0,g9] and k > Ko. Moreover, when we say in the statement of
a result, that € is small enough (resp. & is big enough) we mean that we are
choosing g > 0 small enough (resp. kg big enough) such that the statement
hold for £ € (0,e0] (resp. Kk > Ky).

We present now a result which is a consequence of the Banach fixed point theorem.

We will use it several times along the work.

Theorem 2.14. Let (X - ||x), (Y, - |ly) be Banach spaces and take any (Xo,yo) €
X xY. Consider F: X xY — X xY an operator, F = (Fx,Fy), satisfying that,
there exist positive constants c,

0 > 3(c + 1)max{||Fx[x0, yo] — Xo||x, [|Fy[X0, ¥o] — ¥o)llv},
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L1, Ly and Ls such that
IFx[x,y] = Fx[X,¥]llx <clly = ¥lly + Lillx — X||x

— - - 53
1By [x,y] = Fy [% Flly < Lallx — Zllx + Lally — §llv (53)
for any (x — X0,y = ¥o), (X — X0, ¥ — yo) € B(0) x B(e) C X x Y. Then, if
1
Ll —+ C(L2 + Lg),LQ + L3 S g, (54)

the fized point equation (x,y) = F[x,y] restricted to B(o) x B(p) has a unique solution.

Proof. We endow X x Y with the norm ||(x,y)||x = max{||x||x, [|y]ly}. We notice
that B(o) x B(o) C X x Y is indeed the ball of radius o centered at the origin.
We first claim that, if (x — X,y — yo) € B(p) C X x Y, then

(x —x0, Fy[x,y] —y0) € B(p) C X x Y.
Indeed, it is clear that
IFy[x,y] = yoly < [Fy[x,y] = Fy[xo,yollly + [[Fy[xo,¥0] — yolly

1
< L L — | <
<ottt grey) <o

where we have used that Ly + L3 < %
Consider the operator

F[X, Y] = (FX (X> FY[Xa y])a FY [X7 Y])a
which has/\the same fixed points that F, and we compute the Lipschitz constant of the
operator F. By hypothesis we have that

IFx[xy] - Fx[X ¥llx < c|Fylxy] — Fy[X ¥l + Lillx — %|x
< cLslly = ¥lly + (L1 + cLa)[Ix — X[|x.
Then, denoting L = max{L; + cLy + cL3, Ly + L3}
1Fx,y] — Fx,yll[lx < LlI(x,y)x

and hence, the Lipschitz constant of FisL< % by hypothesis.
In addition, for (x —xg,y —yo) € B(0o) C X x Y,

IF 5] = (x0,¥0)l1x <[ F . y] = Flxo. yolllx + [ F[xo, yo] = (0. 30) |

<L||(x,y) — (%0, ¥0)llx + [[F[%0,¥y0] — F[x0,¥0]||x
+ ||F[x0, yo] — (%0, ¥0) |l

<Lo+ ||Fx[x0, Fy[x0,¥o0]| — Fx[x0,¥o]||x +

1 C
SQ(LJF?,(chl) +3(c+1)) =e

4
3(c+1)
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Therefore, the map F is a contraction from B (0) C X XY to itself and the fixed point
theorem implies the existence of an unique fixed point belonging to B(p) C X xY. O

3. THE INVARIANT MANIFOLDS IN THE OUTER DOMAIN

Here we prove Theorem with a fixed point argument. Then the first step of the
proof, done in Section [3.1], is to reformulate Theorem as a fixed point problem. In
Section we prove that the fixed point operator is a contraction in a suitable closed
ball of a Banach space.

We prove Theorem for the unstable manifold and we obtain the corresponding
result for the stable manifold taking advantage of the symmetries of the system. Indeed,
by definition of Do"* x € Do if and only if —z € D" and using that the
system is reversible with respect to the involution ¥ in (13|, we deduce that, if (", n")
satisfy the conditions in Theorem [2.2] then

&z) =& (=x),  nz):=n"(-2)
satisfy the corresponding properties.
3.1. The fixed point approach. For given x > 0 and 6 € (0, arctan (%)) we recall
definition ([24]) (see also Figure [2) of the complex domains D°"*". From now on we fix
f and we do not write explicitly the dependence of the domains on #. The role of &,

as we will see, is completely different.
We introduce, for a real-analytic function h : D>°** — C, the norm

|A]|m.e = sup | cosh z|"|h(z)|
zeDF O N{R(z)<—2a}

+ sup @ = 2_[']z — 7_||h(2)|
z€DE O N {R(z)>—2a}

with £, m € R. Then, we define the associated Banach space
Emy = {h: D" — C is real-analytic with ||h/,,, < 0o},
DEpy = {h: D" — C is real-analytic with ||h]|,.¢ + ||I||m.er1 < 00},
and the product Banach space
Ex = D51,3 X 51,57
with the product norm
[(h, ha)[lx = max{ [ lls + [, 115}

We have the following lemma, whose proof is straightforward.

Lemma 3.1. There exists M > 0 depending only on 6, such that, for any k > 0 and
g,h : D" — C, it holds
(1) ]fgg Z £1 Z O, then

17l < M| Allme,  and  [[h]lme < Wﬂhﬂm,b-
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(2) If 01,05 > 0 and ||gllmy.ers ||Pllma.es < 00, then

||gh||m1+m27f1+€2 < HgHmhlehHmz,fr
(3) If ma > mq, £ >0 and ||g|m,s < 00 then

gllmy.e < MI|gllm.e-

In this functional setting, Theorem (for the unstable solution) is a straightforward
consequence of the following result.

Proposition 3.2. Consider the system , that is

['15 = fl [57 ?7]7 £277 = f2[€7 77] (55)

with L1, Lo and F = (Fi, F2) defined in and respectively. There exists Kg, €g
and a constant My such that for ¢ € (0,e0) and k > Ko, system has solutions
(&%, n") € Ex satisfying |[(€%,nY)||x < Mie? and 0,£%(0) = 0.

Remark 3.3. By definition of the Banach space E, since (§*,n") € Ex, il satisfies
the boundary conditions

lim (£"(x),n"(x)) = (0,0). (56)

Rr——o0

Therefore, by Cauchy’s theorem, it is also true for x on R that

lim, (0,6 (2), 0,1" (@) = (0,0).

Then,
lim é(é’u(x)’ awgu(x% Uu($)7 aﬂ?u(m)y ‘T) = 6(07 0,0, O) =0,

T—r—00

with G the first integral defined in , and therefore, for x € D",
é(gu(x)7 amgu(x)v nu(x)ﬂ amnu(x)v JI) =0.

In addition, for x € D2"", we have |x — x|, |v — T1| > M for some constant M > 0

and hence the estimates in Theorem in the domain D" N {Rx > —2a} hold
trivially.

The remaining part of this section is devoted to prove Proposition In order to
do so, we seek a fixed point formulation of in a suitable ball of £,. Therefore, the
next step in our analysis is to look for suitable right inverses of the operators £, and
L.

We start with £;. The homogeneous equation £,£ = 0 has two linearly independent
solutions ¢; and (2, where the odd function (;(z) = ug(z) is a solution due to the trans-
lation symmetry and the even function (5(z) is uniquely defined by the normalization

G(@)G) — G@)e(r) =1, zekR, (57)

which follows from the Wronskian identity. The following lemma gives the second
solution ¢, and it is proved in Appendix [C]
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Lemma 3.4. For a given k > 0, there exists a unique real analytic even function
Co o DI — C satisfying (57). In addition, (2(0) # 0 and ||G||—12 4 |3l =13 < M for
some constant independent of Kk > 1.

Remark 3.5. We notice that (; = uj € DE; 5.

The classical theory of second-order differential equations implies that we can con-
struct right inverses of the operator £; as

L)) = Gla {Cﬁr/ Ca(s ds}Jng {CQ /Q s} (58)

for any given x1, x5, C1, Cy € R. However, we are interested in solutions (£*,n") satis-
fying the boundary conditions 0,£(0) = 0 and the decay behavior (56|). Therefore, we
impose the same conditions on the solutions of £;£ = h and we easily obtain that the
right inverse is formally given by

P = G [ Gneds -G [ at (59)

where the (complex) integration path is, in the first integral, the segment between 0
and x and, in the second integral, corresponds to the path parameterized by s = x + ¢,
with ¢ € (—o0, 0].

In addition, it is straightforward to check that a right inverse of the operator £, can
be formally expressed as

gut[h] — _Eeialx/ e—iaflsh(s)ds + Ee—ialx/ €i€715h(8)d5, (60)
2 oo 2 —o0

where the integration path is the horizontal line s = z + ¢, t € (—o0, 0].

The following lemma describes how the operators G and G act on functions
belonging to D&, 3 and & 5 respectively. Its proof follows the same lines as the ones of
Proposition 4.3 in [28] and we sketch the main steps of the proof in Appendix .

Lemma 3.6. The operators G and GS* introduced in and have the follow-

ing properties.
(1) gf‘“ e} El = Ez ©) g,?Ut =1d.
(2) For any m > 1 and £ > 5, there exists a constant M > 0 independent of € and

k such that, for every h € &, 4,
|G 0],y < MBIme  and (| 2:G7 (]

and

< M| [hllm.e

[

9.G7"[h](0) = 0.

In addition, if h is real analytic, then Gy|h| is also real analytic.
(3) For any m > 1, £ > 0, there exists M > 0 such that for h € &4,

1Gz™ A, o < M lme

Moreover, when h is real analytic, GS™[h] is also real analytic.
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In order to prove Proposition we use Lemma and look for solutions of
belonging to &, satisfying 9,£(0) = 0 as fixed points of the operator

Fo = ( 7o Fi, Gt 0-7:2) (61)
where F; are the operators defined in .

3.2. The contracting mapping. We prove Proposition [3.2] using Theorem [2.14, To
do so, we study F°*(0, 0] (Lemma and the Lipschitz constant of F°" in a suitable
ball B(Re?) C €, (Lemma [3.8).

Lemma 3.7. There exists a constant by > 0 independent of € and K such that
17210, 0]l < bae™.
Proof. From definition of F,
F[0,0] = (0, f'(uo)(uo — f (o)) + £ (uo) (up)*)-

Since uy € &1, see and Lemma and f(u) = u? + 2vu?, F»[0,0] € &5 C &5
with [|F2[0,0]]l15 < 1 and from Lemma 3.6 the result holds true. O

Lemma 3.8. There exists Cy > 0 such that for all R > 0, if (§,n), (5,777 € B(Re?) C
Ey, then the operator F° in satisfies

~ _ C ~
|Feie m = 7|, < Culln =l + 516 m) = €l

17

- C ~
|onFlenl = oAl < Culln=llis + SlIE ) — €l
~ C ~
|75 tem = F ||, < Sl m - Emllx.

for some constant C = C(R) > 0 independent of € and k.

Proof. Let (€,7), (£,7) € B(Re2). We define ¢y = (£x,m) = (&,7) + AM((&,7) — (£,7)).

Then, using the mean value theorem

File.n)(z) — FilE, 7 (z) = /0 DF[G](x) (€(w) — E(x), n(x) — A(x)) " dA
with

DFi[G(x) = (0eF1G](2), 0, F1[G](x)) = (127u0(2)éx() + 2861 (2) + 67€3(x), —1)

and satisfying

g2 g2 gt 1

< -
loeRlolh S T+ T e S
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where we have used Lemma [3.1] that r is big enough and that ¢ is small enough. Then
by the second item in Lemma and recalling that FP" = G o Fy

|72 ) = FPUIE s < MIFE 1) = Falé il

- C ~
< Mln—nlis+ ?Hf — &l

where M is the constant provided in item [2[ of Lemma 3.6, which is independent on R.
In addition, using again item [2 in Lemma [3.6

~ C =
10 F7 (€, m] = O FT™ €, Ml llha < MIIT = nll1s + 1€ — Ellvs.

K2
With respect to the second component, we define
MEn, & = f'(uo +€) (uo + &+ 1 — flug +&)) + f"(uo + &) (uy + ')

which satisfies M[£, 7, &' = F2[€, n]. We note that [|ug+ &1, [|ug+E4][12 S 1. Then,
computing

85/./\/1[5)\, I, 53\] = 2f”(u0 + f)\)(ug =+ 63\)7

we have that

1
Oer ! < -
H 3 M[€>\777/\75)\”|2,1 ~ <H€)2
In addition
1 1
) ! < ) ! < .
[0y MExmx, Ell20 S (ko) [0 M[Ex; mx, Exll22 S (o)
Then, using the mean’s value theorem as Lemma (3.1} we obtain
~ 1 ~
P28, n] = Rl nllhs S @Il(ﬁ,n) — (&M%,
from which the last bound in Lemma[3.§follows by applying the third item of Lemmal3.6

g

End of the proof of Proposition[3.9. We apply now Theorem to the operator F°Ut,
Indeed, using Lemmas and we take (with the notation in Theorem [2.14))

(XO:YO) = (070)7 CcC= Cla
0=3(Cy + 1)bie? > 3(Cy + 1)||F°™[0, 0] || «

and Ly = Ly = Ly = % Hence the conditions (53)) and in Theorem [2.14] are
trivially satisfied taking s big enough. Therefore, F°" has a unique fixed point which
belongs to B(3(Cy + 1)bi?). This completes the proof of Proposition [3.2] O
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4. AN AUXILIARY SOLUTION

Here we prove Theorem by constructing a real-analytic solution (£*"*,n*"™*) of
equation defined in the domain D™, see and Figure . As we have done in
Section , we fix 0 € (0, arctan (g)) and we omit the dependence on it along the proof.
We will run the fixed point argument similar to that of Section [3] Note however that
we have to modify some arguments in a suitable way so that

e The integrals defining the right inverse of the linear operators £y, Lo have to
be over paths within the new domain D" see and .
e We have to ensure that the solutions belongs to the 0 level curve of the first

integral G given by .

4.1. The fixed point approach. We first define the Banach space where the fixed
point argument is carried out. Given £ > 0, we define for a real-analytic function
h: D2 — C the norm

e = sup |(z —2-)"(z —7) (2 —24)"(x — T4) h()], (62)

zeDavx
with the associated Banach spaces
Ve ={h: D¥ — C is real-analytic with ||h||, < oo},
DY; = {h : D™ — C is real-analytic with ||hl|; + ||//||ex1 < 0o}, (63)
DY? = {h : D™ — C is real-analytic with ||h||, + ¢||?’||¢ < oo}.
Then, we define the product Banach space
YV« =DY3 x DY;

with the norm

1€ Il = max{[l¢lls + 11€']] [1nll5 + elln’lls }-

The counterpart of Lemma for the Banach spaces ) is the following result whose
proof is left to the reader.

Lemma 4.1. There exists M > 0, such that, for any k > 0 and g,h : DX — C, it
holds that

(1) If b5 > ¢, >0, then

M
|Plle; < M[Alley — and ||kl < W\lhllez-

(2) If l1,05 > 0 and ||g]le,, |P]le, < 00, then

lghlles+e. < llglles[Ple, -
We rephrase Theorem as the following proposition.
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Proposition 4.2. There exist ko,e9 > 0 and My > 0, such that, if ¢ € (0,e9) and
K > Ko, the system has real-analytic solutions (£, ™) € Yy satisfying

é(gaux) axgaux7 ,rlaux’ xnaux7 l,) — O’ axgaux(o) — O’
where G is the first integral introduced in [23)), and || (€2, 77|« < Mae®. In addition,
™ (2) = €7(~2) and 1) = ()
To prove Proposition 4.2) we recall that system is

L& =FlEn), L= FlE

with £y, Ly and F = (Fy, F2) defined in and respectively. Therefore, in
order to set up the fixed point equation, we first introduce the suitable right inverses
of the linear operators Ly, £o. We use the fundamental set of solutions (; = u; and the
analytic continuation of (5 (see Lemma . The following lemma specifies another
suitable property for (3, and it is proved in Appendix [C]

Lemma 4.3. The even function (s in Lemma has an even analytic continuation
to D>, In addition, (, € D).

We define now the linear operators

1 hl(z) = Gz /@ s)ds — G /C1

(64)
5 [h)(z) = % / e~ Sh(s)ds + Ye ie_lz/ e "h(s)ds,
2 —ip ip

2

where p = p(0) = ay tan 0 + © — ke with ay = Ra ., the superior vertex of D",
The following lemma gives estimates for the linear operators Gi"*, G&"*. Its proof
follows the same lines as the one of Lemma and it is deferred to Appendix [C]

Lemma 4.4. The operators G and G5 introduced in have the following prop-
erties.

(1) LioGi™[¢] =&
(2) For any ¢ > 5, there exists a constant M > 0 independent of € and k such that,

for every h € Y,
1G2™[h ]He , < M|kl and 10,621 ]Hé—l < M||R]|e.

In addition, if h is real analytic, G¥*™[h| is real analytic.
(3) For any { > 0, there exists M > 0 such that for every h € Y,

1G5 (A, < Me*|[Alle,  [10.G5™ (Al < Me|[All,

When h is real analytic, G3"*[h] is also real analytic.

~_ Now, to set up the fixed point argument we proceed in two steps so that we fix the
G level curve. For the n component, we just impose that it satisfies

n =Gy o Fl&, n).
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Note that, then in particular,

n(0) = G5" o F»[¢, n)(0).
We use this equality to fix G at z = 0. Indeed, as we claimed in , L1 in has

several right inverses

LR = G(z) [Cl - /0 @(s)h(s)ds} — () {02 +/: cl(s)h(s)ds] :

The condition &'(0) = 0 implies that one has to impose C; = 0 (recall that ¢, is an
even function, see Lemma . We choose a suitable (5 so that the solution lies in

G = 0. Indeed, we have
G (—2(0)Ca, 0,7(0),7/(0),0) = 0.

The following lemma ensures that, for a given n and £ in a suitable Banach space,
there exists a unique Cy satisfying this equality.

Lemma 4.5. Fiz R > 0. There exists €y such that for e € (0,eq), there is a function
T : B(Re*) € DY? — C such that, for any n € B(Re?),

G (—G2(0)Z[n), 0,7(0),7'(0),0) = 0 (65)
and
Z[n]| < €.
Moreover, for any n,n € B(Re?*) C DY?Z,

[Zln) = Z[A)1 < *lln = lls-

Proof. The proof follows by an implicit function theorem. Take n € B(Re?) C Vs and
denote 1y = 1(0) which satisfies || < £*. Then, since uy(0) = 0, see (7)), equation (65)
is equivalent

52

0= G(&,&;m0) = —ug(0)&0 — 3(770 +ug(0) + & — f(uo(0) + &) + G(&)

with |G(&)] < |&|2. It is clear that G(0,0;7) = 0, then, recalling that u/(0) # (see
Lemma , the implicit function theorem assures, for € small enough, the existence
of & = & (g;m0), satistying || < 2. In addition, since |0,,&0(g;m0)] < €2, [o(g;m0) —

€o(e370)| < €%[no — 70| for any [nol, 7| < €*. Taking Z[n] = —&(31(0))(¢2(0))~", the
result follows provided [1(0)| < ||9]|s- O

Based on the results of Lemmas [£.4] and [4.5] we look for the functions (£*"*, 7™) in
Proposition |4.2] as fixed points of the operator

aux _ ffux[€7 ] _ _CQ I[ ]_'_giauxofl[g, ]
Fleml = (f;“[g,Z]) - ( o Aol n) (66)

with G, G&"* defined in (64)), (> defined by Lemma and F = (Fy,F2) is given
in (22).
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4.2. The contracting map. The following two lemmas analyze the operator F2"*

defined in )

Lemma 4.6. There exists a constant by > 0 independent of € and  such that
|70, 0] < boe®.

Lemma 4.7. There exists Cy such that for all R > 0, if (§,n), (E, n) € B(Re?) C Yy,
the operator F*™ in satisfies

~ _ C ~
|t = FEn||, < Collm—ills + 516 m) = €Dl
~ _ C ~
(€] = 0 FE 1| < Colln —7lls + S 11(&m) = (€Ml
. C ~
| Ften = Fgn| < Sl m = Emllx.

C ~
0760l - A, < SllEm - €l

5

for some constant C' = C(R) > 0 independent of € and k.

The proofs of Lemmas [£.6] and [£.7 using Lemmas [£.4] and [4.5] follow exactly the
same lines as Lemma 3.7 and 3.8 and are left to the reader

As in Section [3], the Lipschitz constant for F7*** obtained in Lemma [4.7]is not smaller
than one. To overcome this problem we use Theorem to establish that F*** has
a unique fixed point (£*, n*) belonging to the ball B(3(Cy + 1)bae?).

Let 5‘“" 7™ be such that

(@) = (=), Ta) = ()

It is clear that (€2, 7™%) € B(3(Cy + 1)bye?) provided the auxiliary domain D i
symmetric with respect to {fz = 0} and {3z = 0}. Therefore, by uniqueness of the
solution of the fixed point equation (&, ni Fax[¢ p], in the ball B(3(Cy + 1)bye?), in

order to finish the proof of Proposition we only need to argue that (fa“", ) is
also a solution of this fixed point equation. For that we emphasize that

J,—_-aux[gaux "'aux]( ) — Fiiux[gaux’ naux](—llf).
Indeed, from definition ,

FE™ 7 (2) = Fi [5aux,nw]<—x>, ol 77 (2) = Folé™, ) (—2)

and from definition of G2 Ga™< and Lemma [4.3 E, denoting h(z) = h(—z), we
easily prove that

1R () = G (h) (). 5" [h)(w) = G5"*[h](—x).

In addition, it follows from definition of G and Lemma [4.5] that Z[772>] = Z[n™>]
provided

é<€07 Oa Mo, 77(/)7 0) = 6(507 07 Mo, _7767 O)a v&)’ Mo, 77(/] € R.
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This completes the proof of Proposition [4.2]

5. THE INNER EQUATION

Here we prove Theorem [2.§ with item [I] proved in Section [5.1] and item [2] proved in
Section 5.2

5.1. The solutions of the inner equation. Given £ > 0 and an analytic function
f 1Dy, — C, where Dy" is given in (46)), consider the norm

Iflle=sup [“f(2)], (67)

seppin
and the Banach spaces
Xo=A{f: D;:;n — C; f is a real-analytic function and || f]|, < oo},
DX, ={[: D;:;n — C; f is a real-analytic function and || f|; + || f'|lex1 < oo}
We also define the product space
X, = DXs x Xs
endowed with the norm

16, )l = max{Iglls + [1¢'[l, [1v[ls }-

The proof of the following lemma can be found in [4].

Lemma 5.1. Gwen analytic functions g, h : Dg:;n — C, the following statements hold
for some constant M > 0 depending only on 0,

(1) [ffl Z 62 Z O, then
M
hlles—e: = 7 Aller-
(2) If 1,05 > 0, and ||glle,, |R]le, < 00, then
lgPlleves < llgllesl[elles
(3) If h € Xy (with respect to the inner domain ng’;n), then 0,h € Xpyq (with respect
to the inner domain D;éizﬁ), and
10:Rlle2 < M |||
The first item in Theorem [2.8] is now rewritten as the following proposition.
Proposition 5.2. Consider system , namely
LYo = e v],  Ly[Y] = T e, )] (68)
with £, L defined in [{A3) and J™, J3* in [44)). There exists ko big enough and a

constant M7 > 0 such that for k > kg, equations have solutions (¢*%,y%") € X,
with [[(¢%%, ¥*4)[[x < My,
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As in Sections [3] and , the suitable right inverse of the linear operators £, £ are
given by the linear operators

e =5 [ Wi L[ onas

o 22 ) o
. L L (69)
5 [h](z) = Z_i/_ooe h(s)ds — % /_ooe h(s)ds.

The following lemma provides bounds for the linear operator gifg. Its proof is straight-
forward from Proposition 5.2 in [28] (see also [4, 9, [12]).

Lemma 5.3. Consider k > 1 big enough. Given £ > 2, the operators G* : X, o — X,
and Gi* + X, — X, are well defined and the following statements hold.

(1) G o L[] = L0 G[A) = h, i = 1,2.
(2) For any € > 4, there exists a constant M > 0 independent of k such that, for
every h € &,
G A,y < Ml
1067 [A|,_, < M| 7]

(3) For any ¢ > 1, there exists a constant M > 0 independent of k such that, for
every h € &,

We use the integral operators in in order to obtain solutions of with certain
decay as |z| = oo (within D", x = u,s). Indeed, such solutions must be fixed points
of the operator

2, < MIIAle-

B = (G o 7765 0 ), ()
where the operators Ji*, 7o are those introduced in (44)).

The following two lemmas give properties of the operator 7™ when analyzed in the
Banach space Xy, = DX3 x X5. The proofs of these two lemmas are straightforward

using the definition of J® and J3* in (44)), see (70)), and Lemmas [5.3]and [5.1]

Lemma 5.4. There exists a constant bs > 0 independent of k such that
17710, 01 < bs.

Lemma 5.5. There exists C3 > 0 such that for all R > 0, if (¢,), (5, VZ) € B(R) C
Xy, the operator F™ in satisfies
in inf - / C e
|71, v1 = 706,91 < Callv = w'lls + 5 116,%) = (& D)l

. L~ o~ C ~ ~
az‘/t-in[QS? ¢] - az./_"in[QS, w] 4 S Cs’W - w/HE) + 2 H(¢7 w) - (¢7 77Z])“ina

K

. o~ C -
|726,01 - 706,91 < S160) = @ D),
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for some constant C' = C(R) > 0 independent of k.

We use again Theorem to conclude the existence of a fixed point of (¢,v) =
Fm[¢, ] belonging to B(3(Cs + 1)bs) C X. This fixed point is the function given in
item [1| of Theorem Moreover, by construction it satisfies the stated estimates and
they are real analytic functions. The symmetry is a consequence of the reversibility of

equation (42) with respect to

5.2. The difference between the solutions of the inner equation. To complete
the proof of Theorem [2.8 we analyze the differences

AQ(z) = 6""(2) = ¢"(2),  AUO(2) = ¥ (2) — 4%(2),
for z € jo;:r with
Ry = Dyt 0 Dy (1 {z € iR and S(2) < 0}

Given an analytic function f : Rien;: — C, we define the norm

[ flleexp = sup "Zzeizf(z)’
2€RNT
and the Banach spaces

Zrow = { £ RYE = € I fleeww < 5}

DZ e = { R C [ fllees + 1 lenp < 00}
We will consider the product Banach space
Zyexp = DZgexp X 20 exp
and denote by || - ||xexp the associated norm:

1, %)l = max{{[$llo.cxp + ¢ lo.cxps ¢ llo.exp}-

It can be easily seen that, if f € X, and g € Zy,exp, then fg € Zy 1y, exp and
1 gllestaes < 1l 19

The second item in Theorem can be rewritten as the following proposition, which
will be proved in the rest of this section.

Proposition 5.6. There exist © € R and ko, Mg > 0 such that for k > ko, Ag®, AY° €
D2Zyexp and they satisfy

IAG" + O™ [|1.exp + [10:4¢" — 1O |1,exp < Ms[O,
189" — O™ |1 exp + [|0:A9° + iO€™ 1 .exp < M5O

Since both the stable and unstable solutions satisfy equation , applying the mean
value theorem, one can see that the functions A¢®, Ay satisfy a linear homogeneous
equation of the form N

{ LA = Pi[A¢°, Ay,

LA = Po[Ad, A, 1)



40 INMACULADA BALDOMA, MARCEL GUARDIA, AND DMITRY E. PELINOVSKY

where £i* = —92, L1 is the operator introduced in and Py, P, are defined by

{ P1[AG°, AYO)(2) = ain(2)Ad’(2) — AYO(z), (72)
Pa[Ad?, AY°](2) = a1 (2)A¢°(2) + ag(2) AYO(2) + ags(2)0.A¢°(2),

where, introducing ®°* = (¢%* 1%*), x = u,s and defining N as the functional such
that the operator Ji"[¢, ] in can be written as

20,9 = Nlg, v, 0.4],

a; j is defined as
6 R
an(s) =~ 5+ / Dy (003 (2) + o(B04(2) — ©0(2)]do,
0

1
() = [ DIN[EY(2) + 0(8°%(2) - %5(2),
0
0.0"°(2) + 0(9.0""(2) — 0.9"%(2))] do.
Using the norm introduced in , these functions satisfy
lanllz 1, flaalls S 1, flazellz S 1, llas|s S 1. (73)
We now write equation as an integral fixed point equation. On the one hand,
0.A¢°(2) = C, — / P1[AGY, AY](s)ds

21

with C; = 0,A¢%(21). Since limg, , o 9.A¢°(2) = 0, we conclude that

0.80°) =~ [ DA, A5
and as a consequence, reasoning analogously,

AQ(z) = /_ [ P1[AGY, AY](0)do. (74)

100 J —400

On the other hand, recalling that £[Ay°] = 9?A¢? + Ay®) we have
. 1 2 ) z
AYO(z) = e (C’l + 2—/ e“h(s)d5> +e " <C’2 —/ e”h(s)ds)
? Z1 z2
with

2i€izl Cl = ?:AQ/J()(Zl) -+ (9ZA2/10(21), 22'672'2202 = iAw2(22> — (9ZA2/10(22),
Using (73)), taking 2> = —ix and imposing that limg,_,_o AY%(2) = 0, we obtain

z —i(s—z) )
) = [ SR, AUl ds + O

(75)

z ei(s—z)
- / PalA®, AgY)(s)ds

i 21
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1
Oy = Oy(k) = ?e" (iAY°(—ik) — 0.AY° (—ik)). (76)
0
We emphasize that, from item [1] of Theorem 2.8 [A¢°(2)| < |23, |A¢2(z)| < |2|°

uniformly on the domain R;’fﬁ and hence, using also bounds of a;;, the improper

integrals in and are well defined. Therefore, (A¢°?, AyP) satisfies the fixed
point equation

{ AP(2) = Gno P, [A¢%, Ay°](z), (77)

AYO(z) = Ope ™ + G o Po[Ag°, AyP](2).

where the constant Oy = Oy () is defined in (76), P in and G™ = (G, GI") is the

integral linear operator defined on functions A : R;n,’:“ — C, as

G ] (=) = — / h(o)do ds,
z emis=2)p (s

G e

ir 21

Denoting A®° = (A¢®, AyP), equation can be rewritten as

s, s,
o€

where P is the linear operator defined by
73 = (ﬁh ﬁg) = (gi“ o 731, ~12n o PQ) (78)

Notice that, if the operator Id — P were invertible, then we could write A®° = (Id —
ﬁ)_l[Aég] and study A®° through P and AL,
The following lemma specifies properties of the linear operator P. Its proof is

straightforward using the estimates in and the definition of the operators in ([78]),
where we also recall that Ry, is a subset of iR.

Lemma 5.7. The linear operator P Zyexp = Zxexp JIVEN N , is well defined.
Moreover, there exists a constant M such that for each k > 1,

(1) The linear operators ﬁl, 82731 P Zyexp — Zoexp Salisfy
~ M
1P1[AG°, A |lo,exp < §||A¢O||0,exp + M| AP o exp,
~ M
10-P1[AG°, Ap°][[o,exp < ;HAQﬁOHo,exp + M| AY° o exp-
(2) The linear operator 752 D Zy exp = Z0.exp SALiSfy

- M
HPQ [A(boa Awo] HO,eXp < ; ” (A¢07 Awo) HO,exp'
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This result of Lemma does not lead to check that P has small norm so that Id — P
is invertible. Hence we proceed in a similar way as in the proof of Theorem [2.14] We
emphasize that A®, is also a solution of

— — — D 0
ADY = ABD + P[AGY],  Ad)(z) = ABY(2) + (7’1 %‘Do]> , (79)

where P is the linear operator defined by

{ 721 (A, AyY] = 75:1 [A¢O>ﬁ2[A¢O>AwOH>
PalAd?, M) = Pol A Ay°),

Lemma implies that P satisfies
PlA¢®, Ay

1 0 0
X eXp S K HA¢ ’Aw H><,exp'

Then we conclude that, taking s big enough, Id — P is invertible in Zy exp- On the
other hand, using that AJ(z2) = (0, ©pe~*)T, formula of P; and that P, = G*o Py,

we obtain that
a0 _ (Pi[ARY(2)) _ (—Ooe
A(I)0<Z) - ( @Oe—iz - @Oe—iz € ZX,exp- (80)

As a consequence, it follows from equation that (Id — 7/5) AP0 = @8 € Zyexp
and we conclude .
AP? = (Id — P) [AD]] € Zy exp-

In addition, this implies that, for z € Rielfl’j,

(Aw(z) ~0 T oy )
Note that this asymptotic formula is not the one given in Proposition [5.6] Indeed, the
asymptotics here is given with respect to x~! whereas the one in Proposition is
given in terms of z~!. To improve the asymptotics, we need to define a new constant
© which is k7! close to O,.
We define the constant
—1300 62',27) A O’A 0 2
@:@0_/ 2A¢”, Ay)(2)

—1iK 21
Note that the fact that (A¢?, AYY) € Z, o, implies that the integral is convergent and
the constant © is well-defined.

Proposition (and hence the second statement of Theorem [2.8)) is a direct conse-
quence of the following lemma.

Lemma 5.8. The functions (A¢°, Ay°) satisfy that, for z € Ry""

0,k 7

(a%(3) e (o)

dz. (81)
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for some constant © € R.

Proof. We exploit the fact that we already have proven that (A¢®, AY®) € Z, op. We
obtain the asymptotic formula for each component. From and using definition
of ©, we note that, the second component can be written as

AY(2) = O™ + G [Pa[A¢°, AY°)] (2),

with (o) (o)
Sin B z 672 s—z h(S) z 61 55—z h(S)
Since (A@°, AYP) € Zy oyp, estimates imply that P[A¢°, AYP] € Z5 0y, and
[PaA0°, Ag°], S 1

Then, it is a straightforward computation to see that AY" — Oe™* € Z; oy, and
HAwo B @e_iz - Hgvén [7)2 [A¢O’ A¢O]] Hl,exp ’S 1

This completes the proof of the asymptotic formula for Ay°. Analogous computations
lead to the asymptotic formula for 0,A°.
Now we prove the asymptotic formula for the first component. To this end, using

that we rewrite the identity (see and ([80))
A¢¥(z) = Pi[ADY] (2) + Pi[A¢°, Ap0](2) = O™ + Py [A¢®, Po[A¢°, Av]] (2)

as

| | 1,exp

AP°(z) = —Oe™* + Py [A¢”, G [Py[A0°, Av0]]](2),
where we have used
Atjo(2) = Oge ™ + Po[A¢’, Ay°)(2) = O™ + G [PaA¢", AY°]] (2).
Then, it can be easily seen that
AP (2) + O™ = Py [A¢°, G [Po[A¢°, AY)]] € Ziep
and

< 1.

Hl,exp ~

|AG + @c
This completes the asymptotic formula for the first component and analogously we
have the one for its derivative.
It only remains to show that the constant © is real. This is a direct consequence
of the fact that the solutions (¢°*,¢%*), x = u,s are real-analytic and satisfy .
Indeed these two properties imply that, for z € R?I’: (recall that RE},’: C iR),

AYP(z) € R.
This implies that e*A¢°(z) € R and therefore © € R since it can be defined as
lim  e“AyY(2).

Q[z——00,2€1R

This completes the proof of Lemma [5.8|. U
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Finally, the fact that © = 0 if and only if A¢° does not vanish at one point is a direct
consequence of the asymptotic formula. This proves the third item of Theorem

6. MATCHING AROUND SINGULARITIES

Here we prove Theorem [2.10] We will give the proof only for the — case, being the
+ case is analogous. Due to this reason, we omit the sign £ in our notation and we
provide estimates for (£*,n") and (£*™*, n*™) around the singularity z_.

It is convenient to work with inner variables, see and , namely,

c=elo—al), #2) = —E(e-tez), Y(z)=—nla_+tez).  (82)

C_1 C_1

We define now the matching domain D, "™ by in the inner variable. We fix

01,02,V
0<v<land0 <6, <0 <0 <7, where 0 is the angle introduced in , and we

define
Dmatch - —
01,05, — IR, 21, 22,
the triangle with vertices —ik, 21, 2o, with
. 1 - . 1 ,
z1 = —IKk + ——e ’91, 2o = —IK — e,
81—1/ 81—1/

In addition, if we define
io(z) = uo(z- +¢€2),

we notice that, if z € Dgf;zmh, then |ez| < €” and therefore

1 1
ec1io(2) = ~ + €ch(gz)k = - + O(e),
k20 (83)

Moreover, defining

£ €
¢"(z) = —&(z_+ez), V(2)=——n"(2-+ez), H=mnaux (84)
1 1
with (&%, ") and (£, ™), given in Theorems and respectively, we have that
* 1 * 1 * 1
‘Cb (Z)‘ N W’ ]@gb (2)| S 2—147 W (Z)| N W (85)
Now we rephrase Theorem [2.10] in the inner variables as follows.
Theorem 6.1. Let 0 > 0, r¢ be fized as in Theorems and[2.8 Take 0 < 6, <
0 <6, <% andv € (0,1). We introduce the functions
3

o™ (2) = Ci_lég*(a: +ez), o(z) = 66—_1(577*(:1: +ez2), *=u,aux,
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with &, on* defined in Theorem|2.1(}. Then there exist k1 > ko and a constant M > 0
such that for all kK > Ky and z € Dypach

01,02,v
. 81_V ) El—u
6% (2)] < M’10g5|W, 060" (2)| < M|10g5\W7
Z_:171/ 6171/
|on*(2)] < M\loga]W, |0.0n% (2)] < M|log€\|7.

Remark 6.2. We emphasize that we already know the existence of d¢*,0Y* in the
matching domain and that, using and Theorem

66°(2)| < [6°2)| + |6 ()] S =, |66 ()| < |67 )| + |69 ()| S

zf? I

and also !@(5@5*‘ < |2|™*. However, these estimates do not imply that, when ¢ = 0,

0™, 0™ = 0.
The remaining part of this section is devoted to prove Theorem [6.1, The prove for

* = u, aux are identical and, therefore, we only present the first one.

6.1. Reformulation of the problem. To prove Theorem [6.1] we look for differential
equations which have (0", dn"), as a solutions. To this end, let (£",7") be the solution
of equation provided in Theorem and consider the function (¢",¢") defined
in . Applying the change of coordinates to equation (20) we have that

{ »Clln[Qbu] —_ lmatch[qsu’,[?bu;e] = jﬁn[¢u’¢u] +A1[¢u7¢u;€]7
EIQHWJu] — %match[¢u7wu;€] e 21n[¢u7,¢u] +A2[¢u7wu;€]7

where Eijn and jjin, j = 1,2 are introduced in and .
We introduce the notation ® = (¢, ¢), A[P;e] = (A;[P; ¢], Az P; €]),

Lh@] = (L7[0) L2 [W]),  TM@] = (7"[2], (@),
and
T[] = (], N e]) = 7] + Aldie].
Since, by Theorem 2.8 ®*% = (¢%U ¢%%) is a solution of £[@%%] = F™1[d*1] and
U satisfies L[®V] = T™[P"] + A[P"; €], using the mean value theorem, we have that
G = " — POV satisfies
ﬁin [6(1)11] :ﬁin [@u] (Z) _ Ein[(I)O,u] (Z)

= [ DT A = B (2) - (87() = 90 () A+ A )

+ /0 Do J " [@™ + A(@" — @™)](2) - (0:0"(2) — 0:0™"(2)) dA.
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We denote
! : 0 -1
B = [ Dagieor @t e an- (o ).
0

BY:) = [ Do "0 @ - 42 (56)

Bs(Z)Z(g _01),

and A"(z) = A[®";¢](z). We emphasize that B}, By and A" are known functions that
depend on the solutions @ = (¢", ") and ®*" = (g% %), which have already
been constructed above. We then obtain that J®" = (J¢", Jip") satisfies the non-
homogeneous linear equation

L0 (2) = BI(2)00"(2) + BY(2)0.66"(2) + By(2)60"(2) + A'(2).  (87)

The following lemma characterizes the solutions of L£™[®] = h with given initial
conditions. Its proof is straightforward and is omitted.

Lemma 6.3. Let ® be a solution of L™[®] = h defined in Dg;?;;f;. Then, ® = (¢,)
15 given by

Z3aq§ + %bqb match
(I)(Z) - ( €i(z_zl)a,¢ 4 e—i(z—zz)bw + g [h]v

where

[\

z

a9 = £ (260(2) + 0:00(2)=), by = 2 (366(1) — D:56(2)=),
1

(88)
ay = %(w(zo —i0.0%(=1)), by = %(ww +i0:0¢(22)),

and Gmath[p] = (gmateh[p,] gmatchip, 1) s the linear operator (compare with ) de-

fined by
3 z z
match z h(S) 1 3
i t [h] (Z) = g /Z; ?ds — g . S h(S)dS,
1 (59)

match _ —i(s—z) . i(s—z)
5 h](2) —22,/ e h(s)ds % /22 e h(s)ds.

21

Since 69" is a solution of , Lemma implies that §®" satisfies the following
fixed point (affine) equation

u 23 + %b " mate " gmatch S (2
0P (Z) = < ei(z_zl)aw(i + €ii(?_z2)b¢u ) +G t h[A ](Z) — ( 1 [0¢ ]( ) (90)
4 gmatch[[)nil . (S(I)u](Z) 4 gmatch[B; . azéq)uKz),
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where agu, by, @yu, byu are defined by and we have used definition of Bs. To
shorten the notation we introduce

u _ 6¢8(2) _ 23a¢" + z%b@l match[ qu
5CI)O<Z) - <5¢8(2) - ei(z—zl)awu + e—i(z—zg)bwu + g [A ](2)7 (91)

matc ‘Fmat(:h 5¢ martc. u matc: u
Freain] = (Thalyg)) = OB 081 + "By - 0.00](2),
after which we rewrite equation as
match u
SO — 5(1)8 - < [5¢ ]( ) ) —|—fmatCh[5(I)u]_ (92)

Using that 0®" is a solution of , we observe that 6®" must be also a solution of
SO = §DU 4 Fmatch[5pu], (93)
with
— match
5P = 50U — ( [5%]( ) ) 7

Fmatehsp) — — ( ot [f;““ch [60]] (=)

match
0 )+f [50].

6.2. The matching error. For fixed ¢ € R, we introduce the norm

Iflle="sup [ f(2)]

match
Z€D01 by

and the Banach spaces
Ye=A{f: Dyt — C; fis an analytic function and || f|l, < oo},
DY, = {f : Dy, — C; fis an analytic function and || fl¢ + || f'l|e41 < oo}
These Banach spaces satisfy the following properties.

Lemma 6.4. Let (1,05 € R. Then
(1) If f € Yy, then f € Wy, for all by € R. Moreover for {1 > {5

1 lle S 5271 Ny

and for 1 < g,
1flle, S @m0,

Y

(2) ]ff € yf1 andg € yfzi then ”ngfH-lz < Hf”fl”gHb'

We define the product Banach space YV, = DY, x )V endowed with the product
norm

1(6,9) [ x = max{]|[l2 + [|0:¢]l3, [[¢]l4}- (95)
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We note that, as claimed in Remark , ot € DYs, o € Vs with ||0¢"|s +
10604, [|0¢" |5 < 1 and therefore, by Lemma[6.4]

1
109%]1x = max{|6¢®l2 + [10:09% s, |09 [la} < — (96)

We now start estimating all the elements in the fixed point equation (92). The
following lemma, whose proof is given in Section , deals with the operators Gmatch
and F™h defined in and respectively.

Lemma 6.5. If k is big enough, the following statements are satisfied:
(1) If h € Yy with £ > 4, then G [h] € Yy and

G hllle-2 < Nlle; 107 [Allle-1 < IRl

(2) If h € Yo with £ > 0, then GP**N[h] € YV, and || G0 [R]|, < (A
(3) If h € Vs, then G [h] € Yy and [|GF*"[h][|> < [loge|[|h]l2.
(4) If h € DYs X Yy, then F™2h[p] = (Fprateh(p], Fprateh[p]) € DYy x Vo with

IF R R+ 110 (FP < ) s + 172 [A]lls < 1l
As a consequence, by definition of || - Ix, we have [|G™=* (]|« < LA x.

We claim now that the operator Fmateh . Yy — Yy defined in satisfies that, for
Kk big enough,

Amac 1
I Zm e S 5 Al (97)

Indeed, by item[d]in Lemmal6.5] if 2 € Y, then F5at<h[h] € V5. Therefore, Gatch | Fmateh []] ¢
DY, and the estimates in item 1 of Lemma [6.5] apply. By Lemma |6.4] we have

matc matc matc matc 1
|G (F Bl + 10-G [ FF ™ Rllls S 51l

Then, the claim follows from item {| of Lemma and definition of Fmatch,
It follows from that

(Id — Frmateh) 5ou = 5y,

Therefore, using that 6®* € Y. (see ) and that, by , Id — Fmatch . Yy — Vi is
invertible, we obtain that

§O" = (Id — F™N) 7508 and |60« < (0D

Theorem is then a consequence of the following lemma whose proof is given in

Section [6.4]
Lemma 6.6. Let v € (0,1). If k is big enough, then H(S/QT}}HX < |logelet.
It remains to prove Lemmas6.5] and [6.6]



HOMOCLINIC ORBITS ARISING NEAR A SADDLE-CENTER POINT 49

6.3. Proof of Lemma [6.5. The proof of the three first items of Lemma [6.5| can be
found in the proof of Lemma 6.2 in [28] (see also [3]).
Now we prove item [l We first note that, from definition of Jin, Jin,

~26-662 -1 )
e A

in 1 1 !
Daorfal(z) = (0.-24 (1 +6) (-5 +0)) |
where

g[@](2) = —12 G +¢> <¢+2 G+¢)3) — 36 <£+¢)4 —12 (-%+@Z¢)2.

Let us denote

Darf0l(:) = (

P(2) = Do J™[@)(z) - < o ) L Q(2) = Dyo T (2).

Then, P = (P,;);,; is a 2 x 2 matrix and, for ® € V5 x Vs, its coefficients satisfy

1 1 1

P, <—, P =0, |P < — P < —
1Pu(2)] S 2[4 12(2) | Pa(2)] S 2[4 |Poa(2)] S 2]

whereas () is a 2-dimensional vector which, for ® € Y3 x ), satisfies
Q=0 (IS
Finally, by definition of B} (z),B5(z), if h € DY, x Y4, then we have
1By - hlle, 1B - hlls < (1R[],

and by item |1| and item [2| of Lemma , Fmatchipl e DY, x Vs with bounded norm.
This completes the proof of Lemma [6.5]

6.4. Proof of Lemma [6.6. We introduce
_ 1 — . .
(qubl = Zgad)u —+ —2b¢u, (Slpg = 61(2721)6%1)11 + 672(2722)191/”,
z
where agu, by, aye and byu are defined by with ¢ = ¢" and ¢ = ¥". From (94)),
we have that 608 = (6§, 01y is defined by
003(2) = 60} (=) — G [5ug] = 05 (=) + G A}) (=) — G [3u],
0Py (2) = 095 (2) = 0u (2) + G5 A3](2),
where A" = (A}, A}) is defined by
A'(z) = A[")(2) = TN (@] (2) — J7"[@"](2). (98)
We recall that ¢ € DY5 and " € Vs, see . The following lemma estimates d¢g(2).
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Lemma 6.7. Fizv € (0,1). Ife > 0 is small enough, then we have for all z € Dgfggf;

Y

22805 ()| + |2°0.008(=)] + |60 (=)| S
Proof. By definition , we have

< 56(1 v)

1 _ _
| ¢| ~ ‘ |6 ~ ’ | ;| 5 -1 551 Vv |a’112|7|bZ| 555(1 V)'

|21
Then, for 2 € Dy’ mateh using that 2] < min{|z, 22|} < e 07, we obtain
’z%qﬁ‘&(z)’ = [2ag + by| S 22807 gl L gl
|20y (2)| < e300 |4 (e=3C—2) 4 63(z—z2)) <l
where in the last inequality we have used that Sz > Sz > Jz;. O
Next we analyze Gm#2[A"]. To do so, we look for an explicit expression of Jmatch,

Lemma 6.8. The fized point equation in the inner variables (82)) can be written

as
{ L1 = TN g, el
Lp = T3 g, el
with
{ TN b, s e](z) = jln[ﬁb, Y](2) + Ai[g, i el(2)
T3 g, s e](2) = T"(9, )(2) + Ao, ¥; €](2)
where, for z € Dp%®
A G S T Ml )] S (99)

Proof. An straightforward computation shows that in the inner variables, the fixed
point equation can be expressed as

{ Eingb maﬂ:ch[¢7 ,¢’ 5]’
Elnw match [¢7 w’ Ef],
with

T p, b e](2) = e2(2) [=1 4 2up(z_ + £2)]
+¢(z) [675 uo(x + 62) + Z%}
e 1 Filetel1¢, e 3c 1] (w_ + £2),
mateh [ ah: e](2) = e2c 1 Fale teo1¢, e e 1) (z + €2).

Using the expression of F = (F1,F2) we obtain
PG €] (2) = — 26— 26° + Al (o)
=T (¢, ¥](2) + Ao, ¥i €] (2),
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with
Ai[g, ¥3€](2) =e*(2) [-1 + 2a0(2)] + () {6%2@13@) + %}

6
+ (015 + 6eye_11o(2) + ;) 2.

Analogously, tedious but easy computations lead to

matchi e ] (z) = 6(§+¢>2<w+2(§+¢>3>—12< )( iz z¢>
—6<%+¢)20[¢,¢;€](Z)+<¢+2< +¢)) Ble:e](2)

+ Blgiel(2) - Clo, i el(2) + Do, ¥;¢](2)
=T"10,9)(2) + Aa[e, 1; €](2)
with
Bl¢;e](z) =—6 <sc 1Uo — é) <% + 20+ 50%120) +2ec_y(ec 1l + @),

Clo, ¥ el(2) =e*(ecZytio + ¢) — ec1(ec” iy + ¢)?
2
+2 (86 1o — %) [(80:1110 + qf))? (50_1160 + ¢) (é + gb) + (% + gb)

D[¢, ;€] (z) =2c_1e(ecZiay + 0,¢)% — 12 (50 1o — i) (ecZ}iip + (9z¢)2

1 1 1
—12 (; + ¢> (50 1o + ;) (28Z¢ +ec iy — ;) :

To prove the bounds for A;[¢% 9% ], Ao[@", 1% €], we recall that ¢”} = /|| with
~v < 0 and take into account and , to obtain

1
PR OIS
The proof of . follows from these bounds and the explicit expressions of the functions

involved. O

Lemma [6.8] together with items [I] and 2] of Lemma implies that, for all z €

Dy, we have

|22GTH N AY] (2)| + |22 0,67 M [AY] (2) | + |1 G M A3](2)] < ellogel,

where we recall that A"(z) = A[¢", "] (see ) This estimate and Lemmal6.7]imply
that for all z € D% | we have

22005 (2)| + |2°0.005(2)| + |z 0w (2)] S &',

ec iy + —| < e
z

ec 1ty — ;‘ Se,
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To estimate gqb\(‘)‘(z), it only remains to analyze G"®*"[§y3]. To this end, it is enough
to recall that [2*6¢(z)| < '™ and Lemma (6.5 imply
|2*Gr M [oyp](2)] < [logele'™.

match

b1 650 WE have

Therefore, we conclude that, for all z € D

|z2(5¢3(z)| + ‘2382(5¢3(z)] + \z4w3(2)‘ < e logel.
This completes the proof of Lemma [6.6]

7. THE DIFFERENCE BETWEEN THE INVARIANT MANIFOLDS

Here we prove Proposition for An". The proof for An® is analogous. We define
first the following Banach spaces with norms with exponential weights

E = {h: E"" — C; h real-analytic, ||h/¢exp < 00},

where

[Blleesy = sup |(x =2 )" (@ —ay) (x — 2 ) (x = 24) e Dn@)|. (100)

weEgte
We also consider the Banach space
Ex = {h = (h1,hy) : E°"" — C?; h real-analytic, ||| x < oo},
where
1llx = max{e™" |hallo.cxps [|h2llo.exp + €llOshallo.exp } - (101)

We look for an integral equation in these Banach spaces which has as a unique solution
(AC", An"). The following lemma presents suitable inverses of the operators £; and

Lo defined by and respectively. Its proof follows the same lines as the proof
of Lemma 7.1 in [2§].

Lemma 7.1. The operators

and

) i 7
2sin (pfspf) P

_ iz () e [ gty
2sin (Z=2=) -

with p_ = x_ — ike, have the following properties.
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e Fix ! € R. The operator 61 is well defined from &, to & and satisfies

|

It is also well-defined from &, to & and satisfies
‘ Me

< WHhH&exp‘
Furthermore, 21 o Q\l =1d and, for h € &,
Gi(h)(0) = 0.
o [z ¢ > 1. The operator Gy is well defined from & to & and satisfies
< Me

0,exp ( )Z 1

Gilnl||, < Mef|hlleey
£,exp

G 1)

0,exp

|Gtn

1Ple.exps

M
< Wﬂhﬂé,exp-

0,Gal1]|

0,exp
Furthermore, Ly 0 Gy = 1d and, for h € &

Golh(p-) =0 and Galh](p=) = 0.

The functions (A", An") introduced in Lemma [2 E 2.6| satisfy equatlon . Now, by

the properties of the operators Ql and Qg introduced in Lemma the functions
(AC", An") must be a fixed point of the operator

g1 ONl[AC AUaA"?}( )
PIAG An) () = (Cues +Cye™ % + Gy o N [AC, An, Ar] (x)) 1o

for some constants C}', C¥ satisfying (37).
Note that by Lemma[7.1] the function R" introduced in Lemma [2.7] is given by

RY = Gy o Ny [ACY, An®, 9,An")].

and it satisfies the properties in . Therefore, it only remains to obtain the estimates
in (39).

To this end, we use a fixed point argument relying on . However, the operator
P is not contractive and, therefore, proceeding as in Section 3| we consider the operator

PIAC, An) = <P1 [Ag [?C [AACU ﬁﬁﬂ)

which has the same fixed points as P and is contractive. Note that both operators P
and P are affine. The following lemma gives the Lipschitz constant of the operator P.
Its proof is a direct consequence of Lemmas [2.6] and [7.1]
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Lemma 7.2. There exists M > 0 such that, for any (A, An), (A, Ans) € Ex, the
operator P satisfies

||731 [AG, A ] = Pi[AG, Ang] HO,exp <Me ||An — Ang

H 0,exp

M
+ = (DG, Am) = (AG, M),
M
||732 [AQ, A771] — P, [Afz,A%] HOexp = [(AG, Am) = (AGe, Anp)ll,

|0:P2[AG, Any] — 8, P2 [AGy, A <% [(AC, Anr) = (AGe, Ang)]|

HOexp

Lemma implies that P satisfies

~ ~ M
|Pr[ac an] - P[Ac, Am|| < —I1(Ac, Am) — (A6, Am)l,

Therefore, taking x > 0 large enough, P is contractive and has the unique fixed point
(ACY, AnY).

We use P to obtain estimates of the fixed point with respect to the norm introduced
in (101)). Indeed, since it is a fixed point, it can be written as

(A", An") = P[0,0) + [P[AC", An*] — Pl0, 0]
and, therefore,

lacs, anl, <||PO.0)| +|[Pac an) - P.0)|

~ M
<|Po.0)| +=lacanl,
Taking x large enough implies that
I(ACT, An)|l

Therefore, it only remains to estimate
p _ (Pi[o,0](@)Y _ (P10, P[0, )] (x)
PIo. 0)() = (732[070]@) \Cles +Cge % )7

where C}, Cy are constants satisfying (37)).
By the definition of the norm (100]), we have

s

1P2[0, 0]llp exp < (ICT] +1C51) €%,
which by Lemma [7.2] implies
1P1[0, P[0, 0]]llg exp < (ICF] + IC51) €%

Therefore, we obtain

us

(A", an)l, < 2||Plo,0l| 5 (Cvl+Icshet.
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Finally, by definition
R = P2 [ACH, Ant] — P2[0,0],

we obtain
T
T

IR lg,exp < — IACY, Al S = (ICT] + 1C5]) e,

which concludes the proof of Proposition [2.7]

M
K

x|

APPENDIX A. PROOF OF LEMMA 2.1

We take = /T+ 97 € (0,1). Tt is straightforward to check that uf(z) = 0 if and
only if
fcosh?x — coshx — 28 =0
so that .

h :—<1i 1 2) R.
cosh x 25 + 862 ) €

Writing * = a + ib, we have that

1
coshacosb+isinhasinb = % (1 +1 +8B2> )

Therefore, sinhasinb = 0. If a = 0, then

cosb = g+ (f) == % <1 ++1+4 8B2> :

We impose

1+ /1+832 <28

+/14 852 < —1 — 242
that it is always true, taking the negative sign and § € (0,1). This implies that, for
B e (0,1),

and obtain the condition

1
1 —<1:|: 1 82) 0
<25 +84%) <

and therefore b = acos(g_f3)) € (%, 7). Then ufj(£ib) = 0.
On the other hand, if b = 0, then

1
cosha = g+ () = 35 <1 +4/1 +852> :
Since g_ () < —1, we need to study the zeros of cosha = g, (). We notice that, since

B € (0,1),

cosha = g () > % > 1

and that implies that a = acosh(g;(5)) > a and uj(+a) = 0.
Finally, when b = £, then

cosha = —g. () = % (i 14852 — 1)
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so that

cosha = —g, (B) = % (x/l + 852 — 1) < %

APPENDIX B. PROOF OF PROPOSITION

Here we prove that the constant © is not zero. To this end, it is convenient to work
with just one function instead of two, as in the inner equation . Indeed, note that
it is easy to check that if one defines

1
¢ = - + ¢7
z
it satisfies the fourth order equation
01D + 02® = 20°. (B.1)
We have the following lemma.

Lemma B.1. The functions

(o) = -+ 6 (2),

where ¢°* are the functions obtained in Theorem are asymptotic to the same series
at z = oo (within their domain of definition), which is of the form

~ Qap,
b(2) =D i

n>0
with coefficients satisfying that a, € R,
a,(=1)" >0 (B.2)
and
0] > (2n)1. (B.3)

Proof. To prove the lemma, we look for a recurrence to define the coefficients of ®.
First note that by Theorem [2.§ it must be of the form

@@:%+o(%)

Tt is straightforward to see from (B.1)) that the series has only odd powers. We obtain
that
1
Apyq =
T 2n+3)(2n+4) — 6

+6 Z gy Oy + 2 Z Ay Aoy Qs

k1,k2>1 k1,k2,k3>1
k1+ka=n+1 k1+ko+kz=n+1

which, by induction, implies a,, € R and (B.2)).

—2n+1)(2n+2)2n+3)(2n + 4)a,

Y
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Moreover, for all n > 0,

2n+1)2n+2)(2n+3)(2n +4)
(2n+3)(2n+4) — 6

>(2n+1)(2n + 2)|ay,],

which implies (B.3)). O

The fact that © # 0 is a direct consequence of Lemma By the third statement
of Theorem it is enough to prove that there exists zy € Ry, such that A¢®(z) # 0,

or equivalently

|an+1| > |an|

@"(20) — D*(20) £ 0.
We argue by contradiction. Assume that ®"(z) = ®%(2) for all z € R},. Since, by
Theorem @' @5 are real-analytic, they must coincide also in

—in

Ro,.=1{2:Z€Ry,}.

Therefore, the functions ®", ®° can be analytically extended to the neighborhood of
infinity |z| > & and, thus, are analytic at infinity. This contradicts the fact that the
asymptotic series of these functions at infinity have coefficients growing faster than a
factorial.

APPENDIX C. THE RIGHT INVERSES OF [,

Here we prove Lemmas [3.4] [3.6] 4.3 and [£.4]

C.1. Proof of Lemmas and [4.3] We first prove Lemma [3.4] in Section [C.I1.1]
Then, we prove Lemma in Section as an straightforward consequence of
Lemma 3.4

C.1.1. Proof of Lemma[3.4 Let (1(x) = uf(z). In D2, it only vanishes at z = 0
(see[7). We rewrite as
(£) -
G 7

which is equivalent at the domain D?"*"\{0}. For x € B, C C, the open ball centered
at the origin of radius r,

G(x) = chx%_l, ¢ # 0.
k=1

Therefore, writing Z”g = (o¢;* we have that

o~ 1 1
T _ 2%k
G(x) = = go drx

G(r)
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which implies that

= 1 A _op—1
= —— — B,. 1
Go(x) o +co+;2kx , T € (C.1)
As a consequence, taking ¢y = 0 yields
G(r) = G(@)(x) = -1+ aa*,  2€B, (C.2)
k=1

which defines an even real analytic function in B,. Notice that (3(0) = —1 # 0. For
xr € DM\ B, we define (3(x) as

I f_”d] et (C3)
G(x) |G(=r)+ [7, 0] ds} if R < 0,

with 62 defined in ((C.1]), which is the even analytic extension at D" of (5 defined
in (C.2).
We notice that since ¢; = uy € & 2, then for x € D" N {Rz < —10},

1 -r
|G(2)| S ———— [1 +/ COSh28d8:| < cosh Rz < |cosh x|,
R

™~ | cosh z| .

where we have used cosh Rs < | cosh s| < cosh Rs.
When z € D2 N {Rx > —10}, |G(2)] < |G (z)] and we conclude that ¢ € E_1 5.

C.1.2. Proof of Lemma . On D™ see and Figure , (1 has simple zeroes at
0,4m, —im. Then, denoting ¢ = 0, im, —im, one has (;(x) = {{(xo)(z — z0) + Oz — 1)?
with (f(zo) # 0, and, as a consequence, when z goes to z( in definition (C.3)) of (5, we
have

s q 1
Jim o) = Jim () [ s = s

In addition, xy do not belong to the segment between x € D2 and +r and then we

conclude that (, defined in ((C.3)) is, in fact, well defined and real analytic also at D".
Finally, using that (; = y}, € DY;, where DY} ) is defined by , we obtain the result.

C.2. Fundamental solutions of £[(] = 0. Here we provide new sets of fundamental
solutions of the linear second order differential equation £4[(] = 0, where £, is defined
in . We mainly follow the strategy in [28], being the first result below an adaptation
of Lemma A.1 in [28].

We fix the complex rectangle

R={zreC: —-10<Rzx<0, |Sz|<2rn} (C.4)
and we emphasize that, by Lemma (1 = uy is analytic in R\{z_,7_}.
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Lemma C.1. Let

D=6 [ g C@ =0 [

Then,
e (. are analytic solutions of L1[C] = 0 in the domain R\{x_,T_} satisfying
d
W(Ch () = Gl - / A
o They satisfy, for x € R with R defined in (C.4)),
-z -7
o) = G0, o) = (o) (©5)

where Zi are analytic functions in R and \Ei(a:)] < M for some constant M
(independent on x).
e For some constant c, we have

1

— —C = _(2). C.6
Gi(z) W (Cr(2) = (@), Gla) = c(z) +((2) (C.6)
Proof. On the rectangle R in (C.4)), the function (i(z) = uf(z), see (7)), has simple
zeroes only at x = 0, +im, £i27, that is, writing o = 0,im, —m, (1(z) = ({(z0)(z —
7o) + O(x — x9)? when x is close to xg. Moreover, for all x € R, the segments T, 7_
and z,7_ do not cross zy. Then, since (] (z¢) # 0,

1
A @) = a7
that implies that (s are well defined at the set R. In addition, the fact that ¢;? has
zeroes of order 4 at x_,7_ and it is uniformly bounded at R, implies that the estimates
in follow immediately and hence the second item of Lemma is already proven.
From the definition of (4, one can easily compute W ((.,(_). We check that it is
not zero. Indeed, we define

3

Up(t) = up(—a +1it) =
olf) = u ) cost + 1 —3+/|y|isint

and, after some tedious computations, we have that

1 B 1 (cost+1—3y/|ylisint)*

(wh(—a+it)? (1) 9(sint + 34/|y|icost)?

Then, again performing some tedious but straightforward computations, we obtain

/:ﬁclSZ—z’/ﬂ_ﬂﬁdt—?)m (m—%).

This ends the proof of the first item of Lemma [C.1]
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Finally, we prove the third item of Lemma [C.I] By the first item, (4, (_ are inde-
pendent solutions of £4[(] = 0, so that (; = ¢1(_ + (4. Evaluating at z_,7_ we
obtain the coefficients ¢y, co and the formula for ;. On the other hand, (, is a linear

combination of (,(_, which yields (C.6) since W((;,(2) # 0. O
Now we study

Ji(x) = : (C.7)

camﬂﬂg@M@m

which play a key role when bounding the norm of the linear operators G, G; defined
in and respectively. Since these operators are defined over analytic functions
in different domains, we introduce a new class of domains that posses the minimal
properties we need to be able to bound J...

Definition C.2. Let D C R, with R defined in (C.4)), be a closed bounded domain
satisfying that

e 0cint(D), x_,7- ¢ D,
o ifx € D, then Rz € D and the segments 0,z € D, x,Rx C D,
e there exists a constant ¥ € (0,1) such that if x € D either |Sz| < m, or

IRz + | > dmin{|z — z_|, |z — T_|}.

Remark C.3. Notice that D" N {—10 < R < 0} in and D™ in satisfy
the conditions in Definition [C.3

Lemma C.4. Let D be a domain satisfying the conditions in Definition [C.3 and fix
¢>5. If h: D — C, then

.

J < D
where J1 has been introduced in (C.7)) and
[he = sup (@) l|e — &[]z — 7"
zeD
Proof. We recall that x_ = —a + im with o > 0. We only provide the details for J,

being the corresponding for J_ analogous. When x € DN {zx € C: Rz > —¢}, then,
using the second item in Lemma

x |17—ZL'_‘3 v |_hJ£

L]

e —z |[F2r — T2
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Now we deal with z € DN {z € C: Rz < —5}. Since, by Lemma , (+ and h are
analytic functions in D C R, we write

0 [ Comds =G >[ C( ds+/< (s

= G1<I) + GQ( ),

with v, (t) = —t, for t € [0, —Rz] and 1 (t) = Rx + it, for t € 0,Jz. Notice that, by
Definition of D, the paths 71,7, C D. Then, we obtain

Gl /4 P /'m' 1),
+ N |z — 7|2 |t + x_|[t+2]t + 7|63

< LhJ l

~lr—a |F2r — T |

|G1(7)] =

where we have used that |t +z_|, |t +Z_| > 7 and that |z| < 1.
With respect to G5, we have that

jz —a P

|Ga(2)] S [Pl

S 1
/0 R+ it — 2 [ Re + it — 7| dt' ‘
Then, if Sz > 0, since |[Rz + it —T_| > 7, for t € [0, x|, we have that

/ 1
e =T o (Reta)+(t—m2)F
In the case Rz + o > V|z — x|,

3 +o0

1

v =T Ple — 2|

oz P

e

Gala)| S e dt.

S b

and the result follows provided ¢ > 5. If |Rzx + o] < J|x — z_|, then 0 < Sz < 7 and
m— Sz > V1 —19?|x — x_|. We obtain

o —ax_ |3 [F 1 |z —x_|3
|Ga(2)] S []e —2), (- dt S [ T-2(r — Q)

|z — 72 |z — T

and the result follows trivially also in this case.
The details in the case Sz < 0 are left to the reader. O

C.3. Proof of Lemma The result related to G, defined in is a straightfor-
ward consequence of Lemma 5.5 in [30].

We focus now on proving the results related to G;. To do so we follow the main
ingredients in the proof of Proposition 4.3 in [28]. When z € D" N {Rz < —10},
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by Lemma [3.4] |¢2(7)| < | coshz|. From here, using also that |{; ()| < |coshz|™! and
following exactly the same steps as the ones in [28], we prove that

| coshz|™|Gy[R](z)| S ||Allm.e, xr € D" N {Rx < —10}.

The case x € D" N {Rz > —10} is more involved. Indeed, the main obstacle to
overcome is that (i, (s have poles of order 2 at x = z_,7_. Following [28] we rewrite
Gy in (p9) in terms of (,,(_ in Lemma . Using the third item of this result, we
obtain that

G\ [h](x) = g, : [g; / C_(s)h(s) ds — C_(z) /:g;(s)h(s)ds]
— Go(w / Ci(s

By Remark [C.3] we can use the results in Lemma [C.4] to bound the two first integrals
defining G1[h]. To bound the third integral, we claim that is a convergent real integral
and that ||(2||—12 S 1. Then,

Cole t/ G(s)h(s) ds| 5 16 [l S -

Again, using that ¢ > 5, the first bound in Lemmal[3.6]is proven. To prove [|0,Gi[h]|1,0-1
we proceed analogously Indeed, we have that

0,G:[1)(z) = @) [ Cns)ds— @) [ ¢ (s)hls)ds
e (G [ ¢t / |
— Q@) / Glh(s)ds

(x—z_)?
CEESE
for (1 are analytic functions uniformly bounded at R.

To complete the proof of Lemma [3.6] we just recall that, by Lemma ¢y is an
even function.

|Folm.e

— - Ple =T

where

Co) = ——5G @), (@)= ——=C ()

C.4. Proof of Lemma We first notice that using relations (C.6|) between (1, (s
and (;,(_ we have that

Gilte) = e (e [[conea-c [ awimae) e

and that by Remark |C.3] E, we can apply the results in Lemma for x € D2 N {x €
C: Rz < 0}. Then, we have

GulH(@)| < I

|z — x_|¢-2|x — T |62
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so that, since 1 < |z — 24|, |z —T¢|, for v € D2 N {x € C: Rz < 0}, we obtain
GiR) (@) ||z = 2| Ple = 7 e | — 7 S e (C.9)

When z € D¥™N{x € C: Rz > 0}, we only need to define the new set of fundamental
solutions of £;[h] given by

— x 1 — x
G(@) = G(2) =7 ds, (- (@) = G(z) 5 ds
Ty <12(8> Ty <12(8>
and proceeding in an analogous way as for z € D*>* N {x € C: Rz < 0} to obtain the
bound (C.9) for z € D>**. By definition of the norm, ||G1[h]|le—2 < [|2]]e-
Differentiating (C.8]) with respect to z and performing similar bounds as the previous
one, we prove the result for 0,G;[h].

For the operator Gy in (64), we take 2 € D*> be such that Rz < 0 since the case
Rx > 0 is analogous. In this case 1 < |x — 24|, |z — T3 | and hence we have to prove

[12]]e
v — 2 ||z — 72"
By definition of G, it is enough to prove that for Rz < 0,
_ T h
e:i:zs lz/ eFie 1sh(8> dsl < e || ”f

+ip Yolr—r |fr -2t

|Ga()] S &

(C.10)

We deal with the bound for the integral from —2p. To prove the second one is analogous.
We write

6i€1$/ e~ Uh(s) ds = ei51$/ e~ h(s) ds + 6i€1$/ e~ *h(s) ds
—ip 7 V2
=: Gl(fl?) + GQ(.ﬁE),
where the paths 71,7y, are defined by
() =x+te™™, te€0,—sect) R, Yo(t) =it, t € tandRx, —p

with 9 > 0 such that v, (t) € D2™. We recall that Rz < 0 and hence 1 < |z — x4, |z —

Ty |. Therefore,
—e ltsing
e 3

. — dt.
—x_ + te—u9|€|x —T_ 4+ te—zﬁ|€

sect| Rz
Gi(x)] S|k /
L@l 5 lIRle | z

The geometry of the set D" implies that
ozt 2 le—a |, Jr—T e 2 -7

hence

|G1(l‘)| < Hth /oo 6—671tsin7§‘ dt < e ”h”f
e R ) Yol —w |t -7t
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The bound for G, follows using the same arguments. It is clear that |v — z_ +it| 2

|z —x_| and | —7_| 2 |xr — T_|. Hence,

— tan ¥|Rx| es’lt
G < ||h
Gal)] < s | R PR
0
S S PPN -
oo =77 ) PErar——

As a consequence, (C.10)) is proven.

1
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